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Syllabus Matching Grid

SLOs Domain A: Numbers and Operations Reference
M-08-A-01 Round off numbers up to 5 significant figures Chapter 1
M-08-A-02 Analyze approximation error when numbers are rounded off Chapter 1
M-08-A-03 Solve real-world word problems involving approximation Chapter 1
M-08-A-04 Convert Pakistani currency to well-known international currencies and vice versa Chapter 2
M-08-A-05 Differentiate between rational and irrational numbers Chapter 1
M-08-A-06 Represent real numbers on a number line and Recognise the absolute value of a real number Chapter 1
M-08-A-07 Demonstrate the ordering properties of real numbers Chapter 1

Demonstrate the following properties:
-closure property
M-08-A-08 -associative property - existence of identity element Chapter 1
-existence of inverses - commutative property - distributive property
M-08-A-09 Solve real-world word problems involving calculation with decimals and fractions Chapter 1
M-08-A-10 Identify ancll differentiate bet\x{een.d601mal npmbers as terminating Chapter 1
(non-recurring) and non- terminating (recurring)
Calculate direct and inverse and compound proportion and solve real-world word problems
M-08-A-11 . . - - . Chapter 1
related to direct, inverse and compound proportion. (using table, equation and graph)
M-08-A-12 Explain and calculate profit percentage, loss, percentage, and discount Chapter 2
M-08-A-13 Explain and calculate profit/markup, principal amount and markup rate Chapter 2
M-08-A-14 Explain insurance, partnership and inheritance Chapter 2
M-08-A-15 Solve real wprld word problems 1nv91vmg profit . ' ' Chapter 2
%, loss %, discount, profit, markup, insurance, partnership and inheritance
M-08-A-16 mel Fhe square root of natural numbers, common fractions and decimal numbers (up to Chapter 1
6-digit)
M-08-A-17 Solve real-world word problems involving squares and square roots Chapter 1
Recognise perfect cubes and find:
M-08-A-18 -cubes of up to 2-digit numbers Chapter 1
- cube roots of up to 5-digit numbers which are perfect cubes
M-08-A-19 Solve real-world word problems involving cubes and cube roots Chapter 1
M-08-A-20 Describe sets using language (tabular, descriptive and set- builder notation) and Venn diagrams Chapter 15
M-08-A-21 Find the power set (P) of set A where A has up to four elements Chapter 15
M-08-A-22 Descrlbe ope%ratlons on sets and verify commutative, associative, distributive laws with respect Chapter 15
to union and intersection
M-08-A-23 Verify De Morgan’s laws and represent through Venn Diagram Chapter 15
M-08-A-24 Apply sets in real-life word problems Chapter 15

SLOs Domain B: Algebra

M-08-B-01 Differentiate between an arithmetic sequence and a geometric sequence Chapter 3
Find terms of an arithmetic sequence using:

M-08-B-02 -term to term rule Chapter 3
-position to term rule
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M-08-B-03 Construct the formula for the general term (nth term) of an arithmetic sequence Chapter 3

M-08-B-04 Solve real life problems involving number sequences and patterns Chapter 3
Recall the difference between:

M-08-B-05 -open anvd close senter}ces Chapter 3
-expression and equation
-equation and inequality

M-08-B-06 Recall the addition and subtraction of polynomials Chapter 3

M-08-B-07 Recall the multiplication of polynomials Chapter 3
Divide a polynomial of degree up to 3 by

M-08-B-08 -a monomial Chapter 3
-a binomial

M-08-B-09 Simplify algebraic expressions involving addition, subtraction, multiplication and division Chapter 3
Recognise the following algebraic identities and use them to expand expressions:
(a+b)=a*+b*+2ab

M-08-B-10 (- b)2= 4+ b —2ab Chapter 3
(a+b)a-b)=a*-b*
Apply algebraic identities to solve problems like

M-08-B-11 (103)™ (1.03)%, Chapter 3
(99)°, 101 x 99
Factorize the following types of expressions:
-ka+kb +kc
- ac + ad + bc+ bd

M-08-B-12 —a242ab + b’ Chapter 3
-2t -b
-a’+2ab+ b’ -¢’
Manipulation of algebraic expressions

M-08-B-13 (a+by’ =2’ +3a’b +3ab> + b’ Chapter 3
(a-b)y’=a’-3a’ +3ab’- b’

M-08-B-14 Construct simultaneous linear equations in two variables Chapter 4
Solve simultaneous linear equations in two variables using:
- elimination method

M-08-B-15 - substitution method Chapter 4
- graphical method division and factorisation method

M-08-B-16 Solve real-world word problems involving two simultaneous linear equations in two variables Chapter 4

M-08-B-17 Identify base, index/ exponent and its value Chapter 5
Deduce and apply the following laws of Exponents/ Indices:
-Product Law

M-08-B-18 -Quotient Law Chapter 5
-Power Law

M-08-B-19 Solve simple linear inequalities i.e.,, ax >borcx <dax+b<c Chapter 6
ax + b>c

M-08-B-20 Represent the solution of linear inequality on the number line Chapter 6

M-08-B-21 Recognise the gradient of a straight line. Recall the equation of horizontal and vertical lines Chapter 5

M-08-B-22 Find the value of ‘y’ when ‘x’ is given from the equation and vice versa Chapter 5

M-08-B-23 Plot graphs of linear equations in two variables i.e.,, ¥ = mx and Chapter 5
y=mx+c

M-08-B-24 Interpret the gradient/ slope of the straight line Chapter 5

o
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M-08-B-25 Determine the y- intercept of a straight line Chapter 5
SLOs Domain C: Measurement
M-08-C-01 State the Pythagoras theorem and use it to solve right angled triangles Chapter 7
M-08-C-02 Calculate the arc length and the area of the sector of a circle Chapter 8
M-08-C-03 Solve real life word problems using Pythagoras theorem Chapter 7
M-08-C-04 Calculate the surface area and volume of the pyramid, sphere, hemisphere and cone Chapter 9
M-08-C-05 Solv.e real life word problems involving the surface area and volume pyramid, sphere, Chapter 9
hemisphere and cone
SLOs Domain D: Geometry
M-08-D-01 Rotate an object and find the centre of rotation by construction Chapter 12
M-08-D-02 Enlarge a figure (with the given scale factor) and find the centre and scale factor of Chapter 12
enlargement
M-08-D-03 Describe chord, arcs, major and mllnor.arc, semi-circle, segment of a circle, sector, central Chapter 8
angle, secant, tangent and concentric circles
Construct a triangle when: -three sides (SSS)
-two sides and included angle (SAS)
M-08-D-04 -two angles and included side Chapter 11
- aright- angled triangle when hypotenuse and one side (HS) are given
Construct different types of quadrilaterals (square, rectangle, parallelogram, trapezium,
M-08-D-05 rhombus and kite). Chapter 11
M-08-D-06 Draw angle and line bisectors to divide angles and sides of triangles and quadrilaterals Chapter 11
Identify congruent and similar figures (in your surroundings)
M-08-D-07 , apply properties of two figures to be congruent or similar and apply postulates for congruence Chapter 10
between triangles
SLOs Domain E: Statistics and Probability
M-08-E-01 Select apd justify the most appropriate graph(s) for a given data set and draw simple Chapter 13
conclusions based on the shape of the graph
M-08-E-02 Recognise the difference between discrete, continuous, grouped and ungrouped data Chapter 13
M-08-E-03 Calculate range, variance and standard deviation for ungrouped data and solve related real- Chapter 13
world problems
M-08-E-04 Construct frequency distribution tables, histograms (of equal widths) and frequency polygons Chapter 13
and solve related real-world problems
M-08-E-05 Explain and (?ompute the pI:Obabl%lty of; mutually exclusive, independent, simple combined Chapter 14
and equally likely events. (including real-world word problems
M-08-E-06 Perform prot?ablllty experlments (for e'xample tossqlg a coin, Tollmg a die, spinning a spinner Chapter 14
etc. for certain number of times) to estimate probability of a simple event
M-08-E-07 Compare experimental and theoretical probability in simple events Chapter 14
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Chapter 1 Number Operations and Direct and Inverse Proportions

TEACHING NOTES

Suggested Approach

Teachers can give real-life example when real numbers and approximation is used before getting them to discuss occasions when
real numbers and approximation is used in their daily life. Students will also be learning the five rules to identify significant
numbers. Furthermore, students will also learn to represent direct and indirect proportions as graphs..

Section 1.1:

Section 1.2:

Section 1.3:

Section 1.4:

Section 1.5:

Real Numbers

Traditionally, real numbers are classified as either rational or irrational numbers. Another way to classify real
numbers is according to whether their decimal forms are terminating, recurring, or non-recurring (see page 3 of
the textbook). If teachers show students the first million digits of & (see page 3 of the textbook), many students
may be surprised that it has so many digits! This suggests that students do not know that it has an infinite number
of decimal places. Teachers may wish to celebrate Pi Day with students on March 14 by talking about 7 or singing
the Pi song.

Square Roots and Cube Roots
Students will recall the previous concept of square and cute numbers and their square and cute roots. Teachers
will then use the same approach for square and cube root of real numbers as previously done.

Approximation
To make learning of mathematics relevant, students should know some reasons why they need to use approximations
in their daily lives (see Class Discussion: Actual and Approximated Values).

Teachers should do a recap with students on what they have learnt in previous grades, i.e. how to round off
numbers to the nearest tenth, whole number and 10 etc.

Significant Figures
Through the example on measuring cylinders on page 12 of the textbook, students will learn that a number is
more accurate when it is given to a greater number of significant figures.

After learning how to round off numbers to a specified number of significant figures, teachers can arouse students’
interest in this topic by bringing in real-life situations where they cannot just round off a number using the rules
they have learnt.

Rounding and Truncation Errors

The investigation on page 16 of the textbook highlights the importance of giving intermediate values correct
to four significant figures if we want the final answer to be accurate to three significant figures. Otherwise, a
rounding error may occur.

Students should also learn that there is a difference between ‘approximately 2.5 million’ and ‘equal to 2.5 million
(to 2 s.f.)’ (see the thinking time on page 17 of the textbook).

Teachers should tell students the difference between rounding off a number to, say, 3 significant figures and
truncating the same number to 3 significant figures.
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Section 1.6: Direct Proportion
When introducing direct proportion, rates need not be stated explicitly. Rates can be used implicitly (see
Investigation: Direct Proportion). By showing how one quantity increases proportionally with the other quantity,
the concept should be easily relatable. More examples of direct proportion should be discussed and explored to
test and enhance thinking and analysis skills.

Teachers should easily state the direct proportion formula between two quantities and the constant k. It is
important to highlight the condition k # 0 as the relation would not hold if k£ = 0 (see Thinking Time on page
21). Through studying how direct proportion means graphically (see Investigation: Graphical Representation of
Direct Proportion), students will gain an understanding on how direct proportion and linear functions are related,
particularly the positive gradient of the straight line and the graph passing through the origin. The graphical
representation will act as a test to determine if two variables are directly proportional.

Section 1.7: Inverse Proportion

The other form of proportion, inverse proportion, can be explored and studied by students (see Investigation:
Inverse Proportion). When one variable increases, the other variable decreases proportionally. It is the main
difference between direct and inverse proportion and must be emphasised clearly.

Students should be tasked with giving real-life examples of inverse proportion and explaining how they are
inversely proportional (see Class Discussion: Real-Life Examples of Quantities in Inverse Proportion).

Teachers should present another difference between both kinds of proportions by reminding students that 2 is
X

a constant in direct proportion while xy is a constant in inverse proportion (see page 20 of the textbook).

Similar to direct proportion teachers can write the inverse proportion formula between two quantities and the
constant k. It is important to highlight the condition k # O as the relation would not hold if £k = 0 (see Thinking
Time on page 28).

Although plotting y against x gives a hyperbola, and does not provide any useful information, teachers can show
by plotting y against 1 and showing direct proportionality between the two variables (see Investigation: Graphical
X

Representation of Inverse Proportion).
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WORKED SOLUTIONS

Investigation (Some Interesting Facts about the Irrational

Number )

1. The 1 000 000" digit of mis 1.

2. The 5 000 000 000 000" digit of m is 2.

3. LuChao, a graduate student from China, took 24 hours and 4 minutes
to recite 7 to 67 890 decimal places in 2005.

Class Discussion (Actual and Approximated Values)

1. The actual values indicated in the article include ‘7 267 582
passengers’, and ‘one terminal’ while approximated values include
‘over 25 airlines’ and ‘12 million passengers’. Actual values are exact
numbers while approximated values are values which are usually
rounded off.

2. (a) Itis not necessary to specify the actual number of airlines, as

an approximation is sufficient to show that Jinnah International
Airport carters many airlines.

(b) A headline serves as a brief summary of the article to draw
readers’ attentions, thus it is more appropriate to use an
approximated value instead of the actual value.

Investigation (The Missing 0.1% Votes)

1. The percentage of votes for each candidate given is correct to
3 significant figures. Due to rounding errors in the intermediate
steps, there is a follow-through error, resulting in the missing 0.1%
of the votes. If the final answer is correct to 2 significant figures, we
will obtain 100%. Hence, the final answer can only be accurate to
2 significant figures.

2. Percentage of votes for Bilal = % x 100%

=062.5% (to 3 s.f)

Percentage of votes for Rizwan = % x 100%

=17.3% (to 3 s.f.)

Percentage of votes for Anosha = % x 100%

=20.3% (to 3 s.f.)
Total percentage of votes = 62.5% + 17.3% + 20.3%
=100.1%

The percentage of votes for each candidate given is correct to
3 significant figures. Due to rounding errors in the intermediate
steps, which results in a follow through error, the total percentage of
votes is 100.1%. If the final answer is correct to 2 significant figures,
we will obtain 100%. Hence, the final answer can only be accurate
to 2 significant figures.

Thinking Time (Page 17)

1. (i) When the population of City A is approximately 2.5 million, it
is possible for the exact population size to be 2.47 million.

(ii) When the population of City A is approximately 2.5 million, it
is possible for the exact population size to be 2.6 million.

2. (i) When the population of City B is equal to 2.5 million (to 2 s.f.),
itis possible for the exact population size to be 2.47 million as it
is equal to 2.5 million when rounded off to 2 significant figures.

(ii) When the population of City B is equal to 2.5 million (to 2 s.f.),
it is not possible for the exact population size to be 2.6 million
as itis still equal to 2.6 million when rounded off to 2 significant

figures.

Note: There is a difference between ‘approximately 2.5 million” and
‘equal to 2.5 million (to 2 s.f.)’.

Investigation (Direct Proportion)

1. The fine will increase if the number of days a book is overdue
increases.
Fine when a book is overdue for 6 days 90
Fine when a book is overdue for 3 days 45

=2
The fine will be doubled if the number of days a book is overdue is
doubled.

Fine when a book is overdue for 6 days 9

3. Fine when a book is overdue for 2 days - 30
=3
The fine will be tripled if the number of days a book is overdue is
tripled.
4. Fine when a book is overdue for 5 days _ 75
Fine when a book is overdue for 10 days 150
_ 1
T2
The fine will be halved if the number of days a book is overdue is
halved.
5 Fine when a book is overdue for 3 days _ 45
* Fine when a book is overdue for 9 days ~ 135
_ 1
-3

The fine will be reduced to % of the original number if the number

of days a book is overdue is reduced to % of the original number.

Thinking Time (Page 21)

If we substitute £ = 0 into y = kx, then y = 0.
This implies that for all values of x, y = 0.

y cannot be directly proportional to x in this case.
Investigation (Graphical Representation of Direct
Proportion)

y = 15x in this context means that for any additional number of a day
a book is overdue, the fine will increase by PKR 15.
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Fig. 1.1
The graph is a straight line.
The graph passes through the origin.

Thinking Time (Page 22)

1.

Since y is directly proportional to x, y = kx

Since k # 0, then we can rename % =k, where k, is another constant.

Hence, x = k,y, where k, # 0 and x is directly proportional to y.

X = k,y is the equation of a straight line. When y =0, x = 0.

We will get a straight line of x against y that passes through the
origin.

If the graph of y does not pass through the origin, then y = kx + ¢,
when ¢ # 0. Since x and y are not related in the form y = kx, y is not
directly proportional to x.

As x increases, y also increases. This does not necessarily conclude
that y is directly proportional to x. It is important that when x
increases, y increases proportionally. Also, when x =0, y =0.

y = kx + c is an example of how x increases and y increases, but y is
not directly proportional to x.

Investigation (Inverse Proportion)

1. The time taken decreases when the speed of the car increases.

Time taken when speed of the caris 40 km/h 3
Time taken when speed of the caris 20 km/h ~ ¢

The time taken will be halved when the speed of the car is doubled.
Time taken when speed of the caris 60 km/h 9
Time taken when speed of the car is 20 km/h ~ g

The time taken will be reduced to % of the original number

when the speed of the car is tripled.

OXFORD
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Time taken when speed of the car is 30 km/h
Time taken when speed of the car is 60 km/h =
=2
The time taken will be doubled when the speed of the car is halved.
Time taken when speed of the car is 40 km/h 3
Time taken when speed of the car is 120 km/h ~— T

4
2

=3
The time taken will be tripled when the speed of the car is reduced

to % of its original speed.

Thinking Time (Page 28)

If we substitute k=0 into y = k ,theny=0.
X

This implies that for all values of x, y =0

y cannot be inversely proportional to x in this case.

Investigation (Graphical Representation of Inverse
Proportion)

1.

@

We would obtain a graph of a hyperbola.

Tin ﬁﬁn lﬁf)

Fig. 14
When x =20,y =6.
When x =40,y =3.

Change in value of y =

= N w

The value of y will be halved when the value of x is doubled.
Speed (x km/h) 10 | 20 30 40 50 60

1
=% 0.1

Time taken (y hours) | 12 6 4 3 24 2

0.05 {0.033|0.025] 0.02 | 0.017




Speed (xkm/h) | 70 | 80 | 90 [100| 110 | 120 Practise Now 2

=% 0.014{0.013|0.011 {0.01 |0.009 | 0.008 @)

Time taken (yhours) | 1.7 | 1.5 | 1.3 [ 1.2 | 1.1 1

B
IRl
2l

7

87 | 609
I 609

=
=5

V22.09=4.7
()

9.25
9 |8535625
+9 -81

182 456
+2 |-364

1845 | 9225
- 9225

0

) 1
)1 ) 03 4l )7 ).
0T

85.5625=9.25

Practise Now 3

5. The graph is a straight line that passes through the origin.

2 is a constant.
X

@ ,[16 =VI6

6. yis directly proportional to X. 21 V121

7. y = kX, where k is a constant. 2 is a constant and y is directly
X

IS

—
—_

proportional to X.
(b) 350464 _ V350464

Thinking Time (Page 26) 54756 54756
Since y is inversely proportional to x, y = k 592
x = 234
_k _ 2% _, 62
¥=2 BRI
Hence, x = g , where k # 0 and x is inversely proportional to y. Practise Now 4
(@) 29°=29x29x29
Practise Now 1 =24389
326 R
3 [Toes 76 (d) () 2744
+3 -9
62 | 162 = \EX2X2XTXT T
+2 | -124
646 3876 2
7 -
- 3876 -
0
106276 = 326

OXFORD
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Practise Now 8

2 | 45564 (a) The number 0.021 has 2 significant figures.
T 1372 (b) The number 0.603 has 3 significant figures.
- 636 (¢) The number 0.001 73 has 3 significant figures.
T 343 (d) The number 0.1090 has 4 significant figures.
7 [40 )
— Practise Now 9
717
] 1 (a) 3800 m, which is corrected to the nearest 10 m, has 3 significant
figures.
3 (b) 25000 km, which is corrected to the nearest km, has 5 significant
(i) /74088 figures
s (c) 100000 g, which is corrected to the nearest 10 000 g, has 2 significant
= 2 X 2 x 2 x3x3x3x7 x7 x7 figures.
=2x3x7
=42 Practise Now 10
i 74088 1. (a) 3748 =3750 (to 3 s.f.)
2 | 37044 (b) 0.004 709 89 = 0.004 710 (to 4 s.f.)
2 18522 (€) 4971 =5000 (to 2 s.f.)
319761 (d) 0.099 99 =0.10 (to 2 s.f.)
3 3087 0.099 99 = 0.100 (to 3 s.f.)
TW 2. Since 67 0X1 (to 3 s.f.), then the possible values of X are 5, 6, 7, 8
e or 9.
7 | 343 . .
m If 67 0X1 is a perfect square, then by trial and error, X = 8.
7
217 Practise Now 11
1

(i) Length of square = /105
Practise Now 5 =10.2 m (to 3 s.f.)
(ii) Perimeter of square = 10.25 x 4

(a) The number 192 has 3 significant figures. —41.0m (to 3 s.f)

(b) The number 83.76 has 4 significant figures.
(¢c) The number 3 has 1 significant figure.

Practise Now 12

(d) The number 4.5 has 2 significant figures. 1. (i) Since yis directly proportional to x,
then y = kx, where k is a constant.
Practise Now 6 Whenx=2,y=10,
10=kx2
(a) The number 506 has 3 significant figures. k=5
(b) The number 1.099 has 4 significant figures. vy =5x
(¢) The number 3.0021 has 5 significant figures. (i) When x = 10,
(d) The number 70.8001 has 6 significant figures. y=5x10
=50
Practise Now 7 Alternatively,
1. (a) The number 0.10 has 2 significant figures. when x = 10, (x increased by 5 times)
(b) The number 0.500 has 3 significant figures. ¥y =5 x 10 (y increased by 5 times)
(¢) The number 41.0320 has 6 significant figures. =50
(d) The number 6.090 has 4 significant figures. We can also use 22 = 2 )
2. 4.10 cmis more accurate because 4.10 cm is measured to 3 significant N X
figures, while 4.1 cm is measured to 2 significant figures. ie. X = 10
0 2
y=5x10
=50
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(iiif) When y = 60,

60 = 5x
_ 60
X = _—
=12
2. Since y is directly proportional to x,
B _ X
N X
X = 1
5 2
7
=_ x5
Y73
=175
3. x 4 5 7 8 9.5
y 24 30 42 48 57

Since y is directly proportional to x,

then y = kx, where k is a constant.

When x =35,y =30,

30 =
k=
Sy =

kx5
6
6x

When y =48,

48=6

X X

48
X= —

=8
When
57=6

y=5T7,
XX

57
x==

=9
When

6
.5
x=4,

y=6x4

=24

Whenx =7,
y=6x7

=42

Practise Now 13

(i) Since C is directly proportional to d,

then C = kd, where k is a constant.

When d = 60, C = 1000,
1000=

k x 60

3
50

S C=—7d

(ii) When

3
d=45,

50
=—x45

3

=75

.. The cost of transporting goods is PKR 750.

(iii) When C = 1200,

50
1200=? xd

d=120 x—
=120X5)

=72
.. The distance covered is 72 km.
. 50
(iv) C= ?d

Whend=0,C=0.
When d =3, C =50.

Practise Now 14

(i) Total monthly cost of running the kindergarten
=PKR 5000 + 200 x PKR 41
=PKR 13200

(ii) Variable amount = PKR 20 580 — PKR 5000

=PKR 15 580
15 580

T
=380
(iii) Variable amount = n x PKR 41
=PKR 41n
Total monthly cost = variable amount + fixed amount
.~ C =41n+ 5000

(iv) C=41n+ 5000

When n =0, C =5000.

When n =500, C =25 500.

Number of children enrolled =

C is not directly proportional to n because the line does not pass
through the origin.

OXFORD
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Practise Now 15
1. (i) Whenx =8, (x increased by 4 times)
= % (v decreased by 4 times)

=1.25
Alternatively,
X2y, = XY
8xy=2x5
- 10
8
=1.25
(ii) Since y is inversely proportional to x,

theny = k , where k is a constant.
X

Whenx=2,y=35,

sk
2
k=10
=&
X

(iii) When y = 10,
10=10
X
. 10
JoX = —
10

=1
2. Since y is inversely proportional to x,

XY = XY
3xy=2x9
y —3 g
3
=6
3. X 0.5 1 2 3 5
1

y 8 4 2 1g 0.8

Since y is inversely proportional to x,
theny = k , where k is a constant.

X
Whenx=2,y=2,

2

ok

k
2
4

Ly ==

OXFORD
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Practise Now 16

(i) Since [ is inversely proportional to R,
then I = % , where k is a constant.
When R=0.5,1=12,

12

~
I}
N
x| o &
=

o

When R =3,
]:E
3

=2
.. The current flowing through the wire is 2 A.
(ii) WhenI=3,

3:

R =

Wl x|

=2
.. The resistance of the wire is 2 Q.



Practise Now 17

Men

lSO
25

25 x x x 300 =50 20 60
y= 50x20 %60
25 x 300

x=28

8 days will be required.

Exercise 1A

1. @)

85
+5

1845

451

203401

-16

434
- 425

901
-901

0

203401 =451

(i)

+3

62
+ 2

645

325

1056 25

-9
156

- 124

3225

-3225

0

105625 =325

(iii)

427

0

182329 =427

41182329
+41-16

82| 223

+ 2|-164

645 5929
-5929

2. (a) (i) 283 =28 x 28 x 28

~21952
(i) 333 =33 x 33 x 33
~35937
(iii) 453 = 56 x 56 x 56
~ 91125
(b) @
23| 12167
23529
2323
R

12167 =23 x 23 x 23
=23

(i)

42875

8575

1715

343

49

| [ =] ]en ]

42875 =R x5 x5xTxTx7

2x7=35

(iii)
74088
37044
18522
9261
3087
1029
343
49

7

|2 [ = e || o] o]

74088 =2 X2 X2 X3 x3 %3 xTXT X7
= 2x3x7

= 42
(a) The number 39 018 has 5 significant figures.
(b) The number 0.028 030 has 5 significant figures.
(¢) 2900, which is corrected to the nearest 10, has 3 significant
figures.
(a) 728 =730 (to 2 s.f.)
(b) 503.88 =503.9 (to 4 s.f.)
(c) 0.0030185=0.003019 (to 4 s.f.)
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10.

11.

(d) 6396 = 6400 (to 2 s.f.)
6396 = 6400 (to 3 s.f.)

(e) 9.9999 = 10.0 (to 3 s.f.)

(f) 8.076 = 8.08 (to 3 s.f.)

Possible values of x=4, 5 or 6

(a) 9_19 =0.010 10 (to 4 s.f.)

(b) 871 x234=2032814
=200 000 (to 2 s.f.)
21°
0.219
=2013.7 (to 5 s.f.)
391 - 2.1
@ Al - 9.0 (to 2 s.f.)
Greatest number of sweets that can be bought
PKR 2
~ PKR 0.30

= 6 (to the nearest whole number)
(i) Length of square = 264
=16.2 cm (to 3 s.f)

(ii) Perimeter of square = 16.25 x 4
=65.0cm (to 3 s.f.)

(© =2013.698 63

. . . 136
(i) Radius of circle = Ers

=21.6 m (to 3 s.f.)
(i) Area of circle = m(21.65)’
= 1470 m’ (to 3 s.f.)
Area of square garden = 331.24m’

Length of it, one side =+/33 124m

18.2
0331.24
+1].01

28] 231
+ 8|-224

362 724
724

0

—

Length of its one side = 18.2m

289

Area of squared wall = o4

Height of wall =289 m
64

289

- P

—
~

OXFORD
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Volume of a cubical tank = 1331m’

Height of the tank = /1231 m

11 ] 1331

111121

11

11
1

height of the tank = 11m
13. Area of square blanket = 105625 cm’

Length of each side =+ 105625 cm
=325cm
14. Area of square wall = 24.9001 m’.

= 24.9001

_ ~24.9001

y 1000

499
41249001
+41-16

891 890
+ 9(-810

989 8901
-8901

_499
~ 100

=499
Length of wall is 4.99 m
15. Volume of a cube = 4913 cm’

Length of each side = {4913 cm

= U7X 17 % 17 e

= 17cm
16. Let’s try to find out the cube root of 4608.

4608
2304
1152
576
288
144
72
36
18

9

w

—_




(iii) When Q =42,

\3/4608 :\3/2><2><2><2><2><2><2><2><2><3><3 4;=Z><P
= 2x2x2x3x3 3. Since z is directly proportional to x,
=83x3 o _ A
=830 2 z;
To make this product a perfect cube, 3 is required to be multiplied % = 12
with 4608. 3
17. Length of a side of a cube = 12m TR 18
Volume of the cube = /* =45
=12°m 4. Since B is directly proportional to A,
=1728 m’ B, B
A, A
18. Since 21 X09 = 22 000 (to 2 s.f.), then the possible values of X are B _ 3
5,6,7,80r9. 2418
If 21 X009 is a perfect square, then by trial and error, X = 6. B = 3 % 24
19. Largest possible number of people at the concert = 21 249 418

Smallest possible number of people at the concert =21 150

20. (i) 987 654 321 + 0.000 007 — 987 654 321 = 0.000 007 5. (a) X 4 20 24 36 44
(ii) 987 654 321 + 0.000 007 — 987 654 321 =0

(iii) No, the answers for (i) and (ii) are different. This is because the

calculator truncates the value of 987 654 321 + 0.000 007 to

y 1 5 6 9 11

Since y is directly proportional to x, then y = kx, where k is a

constant.
give 987 654 321. Hence, the answer for (ii) is 0. When x = 24, y = 6,
Exercise 1B 6=kx24
k=1
1. (i) Sincey is directly proportional to x, 4
then y = kx, where k is a constant. sy = 1 X
Whenx=4.5,y=3, 4
3 =kx45 Wheny =9,
k= % 9= % X X
2 x=9x%x4
Sy = 3 X ~136
(ii) Wheny =6, Wheny=11,
2 1
6= 3 X 11= 7 X X
3 x=11x4
x=6x = _ a4
=9 When x =4,
(iii) When x = 12, y= 1 <d
y=2x12 4
3 =1
=38 When x = 20,
2. (i) Since Q is directly proportional to P, 1
then Q = kP, where k is a constant. rEg 20
When P =4, Q =28, =5
28 =kx4
k=7
L. Q=17P
(ii) When P =5,
Q0=7x5
=35
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(b) x 2 3 5.5

9.5

y 24 | 36 | 66

9.6

11.4

Since y is directly proportional to x,
then y = kx, where k is a constant.
When x=3,y=3.6,
36=kx3
k=12
sy =12x
When y =9.6,
9.6=12xx
_96
12
=8
Wheny =114,
114=12xx

X

Whenx=5.5,
y=12x%x55
=6.6
(i) Since y is directly proportional to x,
then y = kx, where k is a constant.
When x =5, y =20,
20=kx5
k=4
Sy =4x
(i) y=4x
When x=0,y=0.
When x=2,y=38.

(i) Since z is directly proportional to y,
then z = ky, where k is a constant.
When y =6, 7 =48,

48 =kx6
S k=8
soz=8y
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(ii) z=8y
Wheny=0,y=0.
Whenx=1,y=8.

(i) Since F is directly proportional to m,
then F = km, where k is a constant.
When m =5, F =49,

49 =kx5
S k=938
L F=98m

(ii) When m = 14,
F=98x14

=137.2

(iii) When F = 215.6,
215.6 =9.8 xm

w 215.6

9.8
=22
(iv) F=9.8m
Whenm =0, F=0.
Whenm =1, F=9.8.

—f

A B |
m |
T in}

(i) Since P is directly proportional to T,
then P = kT, where k is a constant.
When T'=10, y =25,

25 =kx 10
Sk =25
s P =25T

(ii) When T =24,
P=25x24

=60

(iii) When P = 12,
12=25xT

12
© 25
=438



(iv) P=2.5T
When T=0,P=0.
When T=2,P=5.

:::l:qq T

10. (i) Since Vis directly proportional to R,
then V = kR, where £ is a constant.
WhenR=6,V=9,

9=kx6
k=15
.. V=15R
(ii) When R =15,
V=15x15
=225
(iii) When V = 15,
15=15%xR
rR=1
1.5
=10
(iv) V=1.5R
When R=0, V=0.
WhenR=2,V=3.

s3]

11. (i) Total income for that month
=PKR 6000 + PKR 80 x 95

=PKR 13 600
(ii) Variable amount = PKR 13 600 — PKR 6000
=PKR 7600
7600
Number of tyres he sells in that month = =0
=95
(iii) Variable amount = n x PKR 80
=PKR 80n
Total income = variable amount + fixed amount
.. D =80n + 6000

(iv) D = 80n + 6000
When n =0, D = 6000.
When n =50, D = 10000.

g

D is not directly proportional to n because the line does not pass
through the origin.
12. Let the mass of ice produced be m tonnes,
the number of hours of production be T hours.
Since m is directly proportional to 7,
then m = kT, where k is a constant.
30 10 _ 1

WhenT=— - — = —,m=20,
60 60 3
20 =kx L
3
sk =60
s.om =60T

WhenT=175- 10
60

1
m =60 1'75_E

=95
.. The mass of ice manufactured is 95 tonnes.

Exercise 1C

1. (i) Since x is inversely proportional to y,
YoXo =YXy
25 xx =5x%x40
5 x40
X =
25
=8
(ii) Since x is inversely proportional to y,

k
then x = ; , where k is a constant.

When y =5, x =40,

4=k
5
- k=200
200
SoX= T —
y
(i) When x = 400,
200
400 = =
y
Lo 20
400
=05
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2. (i) Since Q is inversely proportional to P,
then Q = % , where k is a constant.

When P =2, Q0 =0.25,

025= K
2

- k=05

05

P

1

2P

(ii) When P =5,

_
2=7365)
=01
(i) When 0 = 0.2,
o2=_L

2P
2P = L
02

=5
P=25

..Q=

Men Hours Days
llOO T 8 T 35
X 10 25
xx 10 x25=100 x 8 x35
= 100 x8 x 35

10 x 25

= 28000
250
=112

112 men are required to complete the job.

4. Since z is inversely proportional to x,
X2y = X124
xx70=T7x5
r= 7x5
70
=05
5. Since B is inversely proportional to A,
A,B, = AB,
14xB=2x35
B= 2x35
1.4
=5
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(a) X 0.5 2 2.5 8
y 24 6 4.8 4 1.5
Since y is inversely proportional to x,
theny = E , where k is a constant.
X
Whenx=3,y=4,
4 = k
3
k=12
=12
X
When y = 24,
24 =12
X
12
x ==
24
=0.5
Wheny=1.5,
15=12
X
=12
1.5
=8
When x =2,
yo 12
2
=6
When x =2.5,
yo 12
2.5
=438
(b) X 3 4 4.5 14.4 25
y 12 9 8 2.5 1.44

Since y is inversely proportional to x,

theny = ﬁ , where k is a constant.
X

Whenx=4,y=9,

9=k
4




®

(i)

(i)

Wheny=2.5,

25=36
X
X = ﬁ
2.5
=144
When x =3,
_ 36
T3
=12
When x =25,
_ 36
TS
=1.44

Since fis inversely proportional to A,
then f= % , where k is a constant.

When A = 3000, f= 100,
_k
3000
.. k=300 000

300 000
~f= 7
When A = 500,

300 000
7= =500
=600

.. The frequency of the radio wave is 600 kHz.
When f'= 800,

300 000

100 =

800 =

A= 300 000
800
=375
.. The wavelength of the radio wave is 375 m.
Since # is inversely proportional to N,

then r = % , where k is a constant.

When N=3,7=8,
k

3
Sok=24

:%

N
When N =6,
[:g

6
=4

.. The number of hours needed by 6 men is 4 hours.

8 =

St

(iii) When 7 =

Alw

)

[\

24
N

= Blw

=24 x

W]

=32
.. 32 men need to be employed.

Review Exercise 1

1.

@

Since y is directly proportional to x,
then y = kx, where k is a constant.
Whenx=2,y=6,

6=kx2
sk=3
Sy =3x

(i) Whenx =11,

y=3x11
=33

(iii) When y = 12,

12=3xx
x=4

(iv) y=3x

®

Whenx=0,y=0.
Whenx=2,y=6.

Al
N
T
LT

Since A is directly proportional to B,
then A = kB, where k is a constant.

WhenB:é,A=1%,
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3.

4.

(if) When A = 7% ,

7L _oxB
2
B = 3 E
4
(i) Since y is inversely proportional to x,
theny = k , where k is a constant.
X
Whenx=3,y=4,
4 = E
3
k=12
. 12
Ly==
X
(ii) Whenx =6,
y — 2
6
(iii) When y = 24,
=12
X
12
x ==
24
=0.5
(i) Since z is inversely proportional to w + 3,
then z = L , where k is a constant.
w+3
Whenw =3,z=4,
4=_k_
3+3
sk =24
=4
w+3
Whenw =9,
= 24
9+3
=2
(ii) When z=124,
24= 2
w+3
w+3= 24
2.4
=10
w=7
(i) Total monthly charges
=PKR 981 + PKR 0.86 x 300
=PKR 1239
(ii) Variable amount = PKR 2056 — PKR 981
=PKR 1075
Duration of usage = 1075
0.86
= 1250 minutes
OXFORD
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(iii) Variable amount = n x PKR 0.86
=PKR 0.86n
Total income = variable amount + fixed amount
.. C =0.86n + 981
C-981 =0.86n
Since % =0.86 is a constant, then C — 981 is directly
proportional to n.
(i) Since G is directly proportional to A,
then G = kh, where k is a constant.
When h =40, G = 2200,
2200 =k x 40
Sk=55
.. G =55h
(ii) When h =22,
G =55x%x22
=1210
.. The gravitational potential energy of the objects is 1210 J.
(iii) When G = 3025,
3025 =55x%xh
po 3025
55
=85
.. The height of the object above the surface of the Earth
is 55 m.

(i) Since P is inversely proportional to V,
then P = é , where k is a constant.

When V =4000, P = 250,
250= K _
4000
. k=1000 000
1000 000
14
When V = 5000,
_ 1000000
~ 5000
=200
.. The pressure of the gas is 200 Pa.
(i) When P =125,

S P=

125 = 1000 000
V= 1000 000
125
= 8000

.. The volume of the gas is 8000 dm’.



Challenge Yourself

1. (a) Since A is directly proportional to C,
then A = k,C, where k, is a constant.
Since B is directly proportional to C,
then A = k,C, where k, is a constant.
A+B=kC+kC
= (k, + k,)C

A+ B

Since =k, + k, is a constant, then A + B is directly

proportional to C.

(b) From (a),
A-B=kC-kC
= (k, - k)C

A+ B

Since = k, — k, is a constant, then A — B is directly

proportional to C.
(©) AB = (k,O)(k,C)

= kk,C*
kk,C?
= kk,C
Since “23 = kk, is a constant, then vAB is directly

proportional to C.
2. (i) Since Tis directly proportional to B and inversely proportional
to P, then

T= k?B , where k is a constant.

When B=3,P=18,T =20,

20 = kx3
18
_k
"6
S k=120
_ 1208
==
(i) When B =4, P = 16,
T = 120 x 4
16
=30

.. The number of days needed is 30.
(iii) When B =10, T = 24,

5y 12010
P
po 120x10
24
=50

.. 50 painters need to be employed.
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Chapter 2 Financial Transactions

TEACHING NOTES

Suggested Approach

Teachers can get students to discuss examples of percentages, which are used in everyday life. Although the concepts covered
in this chapter are applicable to the real world, students might not have encountered the need to be familiar with them and
hence might not identify with the situations easily. Teachers should prepare more relatable material, such as advertisements on
discounted products, to allow students to appreciate the application of mathematics in practical situations.

Section 2.1:

Section 2.3:

Section 2.4:

Section 2.5:
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Financial Transactions
The definitions of profit and loss should be made clear to students, whereby:

Profit = Selling price — Cost price
Loss = Cost price — Selling price.

Teachers should also emphasise the difference between the expression of profit and loss as a percentage of the
cost price and the calculation of percentage gain or loss in terms of the selling price, that may occur in some
business transactions.

_Profit_ 100% _Loss s 100%
Cost price Cost price
Percentage gain = _ Profit x 100% Percentage loss = _ Loss x 100%
Selling price Selling price

Thus, teachers should remind students to read the questions carefully in order to ascertain the correct percentage
to report.

These real-world concepts would be useful for students when they start to work and plan their finances. However,
teachers should note that students may not encounter terms such as discount, and thus should explain the term
and clearly before going through the topic.

Simple Interest and Compound Interest

Teachers may apply the prevailing interest rate in the region to an investment example using both simple interest
and compound interest, in order to illustrate the effect of the significant difference in the final amount. Teachers
should highlight to students that the computation of interest would be different depending on whether a simple
or compounded interest is charged, and hence students need to be careful when faced with such questions.

Hire Purchase

To assert the real-world context of this section, teachers may show students some advertisements on posters or
other promotional material that feature the availability of a hire purchase alternative. Teachers can also suggest
to students to think about whether Shop A having a cheaper interest rate for the hire purchase of the exact same
item as compared to Shop B implies that a buyer should get the item from Shop A. There may be other hidden
terms and conditions that make Shop B’s item more attractive, such as a longer period of warranty for instance.

Money Exchange

Teachers may wish to conduct a class exercise by asking students to find out the current exchange rates of the
local currency against prominent currencies such as the US Dollar, Euro, Sterling Pound, Japanese Yen, etc.
compared to five to ten years ago. Based on the the trend, students can try to predict which currency would be a
good investment to make. Teachers can highlight to students that when exchanging money, the money changer
would offer both a buying and selling rate, and ensure that students are clear about the difference. Teachers can
then explain why the exchange of one currency to another, and back to the previous currency, will usually result
in a loss.



WORKED SOLUTIONS

Class Discussion (Body Mass index)

1. -
Medical practitioners make use of the BMI to determine which risk
category you belong to as shown in the Table 2.1 of the textbook.
With this information, they will outline patients’ health risks with
increasing obesity and provide the necessary advices such as to start
to eat more healthily and increase the activity level to lose weight.

3. Other real-life applications of rates include rate of flow of tap water,
mobile phone charges and housing loan rate.

Performance Task (Page 44)

Teachers may wish to ask the students to search on the internet to find
out the different interest rates as well as charges offered by the different
credit card companies such as HBL, UBL, Meezan Bank, Standard
Chartered and etc. Students will then present the findings to the class.

Investigation (Simple Interest and Compound Interest)

PRT
1. Interest = ——
100
_1000x2x3
100
=PKR 60
Total amount after 3 years = PKR 1000 + PKR 60

= PKR 1060
2. 1"year: Principal P, = PKR 1000
Interest 7, = PKR 1000 x 2%

=PKR 20
Total amount at the end of the 1" year,
A =P +1,
=PKR 1000 + PKR 20
=PKR 1020

2" year: Principal P, = A, = PKR 1020
Interest 7, = PKR 1020 x 2%
= PKR 20.40
Total amount at the end of the 2™ year,
A, =P+ 1,
=PKR 1020 + PKR 20.40
=PKR 1040.40
3™ year: Principal P, = A, = PKR 1040.40
Interest 7; = PKR 1040.40 x 2%
= PKR 20.808
Total amount at the end of the 3 year,
Ay =P+ 1L
=PKR 1040.40 + PKR 20.808
=PKR 1061.21 (to the nearest paisa)

3. Interest offered by Bank B = PKR 1061.21 — PKR 1000
=PKR 61.21

Difference in amount of interest offered by Bank A and Bank B

=PKR 61.21 — PKR 60
=PKR 1.21
.. Bank B offers a higher interest of PKR 1.21.

Practise Now 1
PKR 2400 — PKR 1800

1. (a) Required percentage = PKR 1800 x 100%

_ PKR 600
~ PKR 1800

x 100%

=33l%
3

(b) Required percentage = PKR 6000 - PKR 3000 x 100%
PKR 5000
_ PKR 1000
PKR 5000
=20%

2. (a) Selling price of chain = }(2)—(7) x PKR 500

x 100%

— PKR 635
(b) Selling price of car = % x PKR 78 400
= PKR 73 696
PKR 100 — PKR 88

3. Percentage discount = — PRR100 % 100%

_ PKR 12
= PKR 100

=12%

4. Sale price of toy car = % x PKR 600

x 100%

=PKR 564

Practise Now 2

1. P=PKR 180
R=6%
T =1 year § month =
Proﬁt=ﬂ

100
_ 180 x 6 %20

100 « 12
=PKR 18

20

E yrs

Practice Now 3

(a) Amount of interest the man has to pay at the end of 1 year

5.5
=PKR 150 000 x 100

=PKR 8250

Amount of interest the man has to pay at the end of 3 years
=PKR 8250 x 3

=PKR 24 750

Total amount he owes the bank

=PKR 150 000 + PKR 24 750

=PKR 174 750
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(b) Total amount of interest Shirley earns
=PKR 67 200 — PKR 60 000

=PKR 7200
Amount of interest Shirley earns per last year
3
=PKR 60 000 x 100
=PKR 1800
Time taken for her investment to grow to PKR 67 200
PKR 7200
~ PKR 1800
=4 years

Practise Now 4

1. P=PKR30000,R=5,n=4

At the end of 4 years, total amount accumulated is

A=P 1+i
100

5 4
=30 000 (1 + —)
100

= PKR 36465.19 (to the nearest paisa)
Total interest, / = A — P
=PKR 36 465.19 — PKR 3000
=PKR 6465.19
2. (@ P=PKR15000,R=2,n=2
At the end of 2 years, total amount accumulated is

A =P(1+i)
100
2
=15 ooo(1+ij
100

= PKR 15606 (to the nearest rupee)
Total interest,/ = A — P
=PKR 15 606 — PKR 15 000
=PKR 606
(b) Since interest is calculated monthly,

P =PKR 15000, R = % =é,n=2x12=24

At the end of 2 years, total amount accumulated is

aerfi
[1+5%5)

24
<)
=15000( 1+ \6)
100
=PKR 15 611.6 (to the nearest paisa)
Total interest,/ = A - P

=PKR 15611.6 — PKR 15 000
=PKR 611.6
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Since interest is calculated yearly,
P =PKR 4000, A =4243.60,n=2
At the end of 2 years, total amount accumulated is

A =P(1+i)
100

2
PKR 4243.60 = PKR 4000 (1 + %j

4000 U 100

1+ % =+/1.0609

— =+/1.0609 -1
100
R =100(+/1.0609 —1)

=3

.. The interest rate is 3%.

4243 .60 ( R)z
=1+

Practise Now 5

@

Downpayment = % x PKR 90 000

=PKR 18 000
Remaining amount = PKR 90 000 — PKR 18 000
=PKR 72 000

Amount of interest Amirah owes at the end of 1 year
=PKR 72 000 x 10
100

=PKR 7200

Amount of interest Amirah owes at the end of 4 years
=PKR 7200 x 4

=PKR 28 800

Total amount to be paid in monthly instalments
=PKR 72 000 + PKR 28 800

=PKR 100 800

PKR 100 800
48

=PKR 2100

Monthly instalment = (4 years = 48 months)

(ii) Total amount Amirah pays for the air conditioner

=PKR 100 800 + PKR 18 000
=PKR 118 800

(iii) She has to pay PKR (118 800 — 90 000) = PKR 28 800 more for

buying the air conditioner on hire purchase.

Practise Now 6

AED 1 =PKR 72.50

1.

(a) AED 4200 =PKR 72.50 x 4200
=PKR 304 500

(b) PKR 72.50 = AED 1

PKR 1= AED —L_
72.50

- 1
PKR 9500= AED 7350 x 9500

=AED 131.03 = AED 131



Exercise 2A

PKR 119 7
1. Profit = selling price - cost price 8. Interest rate = PKR 4800 = 100% + —
=PKR 3500 - PKR 300 =4l %
=PKR 500 . 4 .
Profi 9. Amount of interest Rizwan has to pay at the end of 1 year
Profit % = 21— x 100% 6
ostprice =PKR 480 000 x —
— __PKR 500 x 100% 100
PKR 3500 =PKR 28 800
=14.28% Amount of interest Rizwan has to pay at the end of 2 years
2. Loss = Cost price - selling price =PKR 28 800 x 2
=PKR 57 600
=PKR 750000 - PKR 200000
Total amount of money he has to pay at the end of 2 years
= PKR 25000 = PKR 480 000 + PKR 57 600
0/ — —==200 0,
Loss % Lost price x 100% — PKR 537 600
= % x 100% 10. Total amount of interest the man earns
3 S— . 5 =PKR 21 000
. Principal | Interest Time Simple Amount .
Amount of interest the man earns per last year
rate Interest 5
(a) | PKR 12000 | 8% 7years | PKR 6720 | PKR 18 720 = PKR 168,000 x 155
(b)| PKR 500 11% 4 years PKR 220 PKR 720 — PKR 8400
(¢) | PKR300 9% 4 years PKR 108 PKR 408 Time taken for his investment to grow to PKR 168 000
(d) | PKR 3000 4% 10 years | PKR 1200 | PKR 4200 PKR 21 000
(e) | PKR 3600 5% 2 years PKR 360 | PKR 3960 ~ PKR 8400
() | PKR 1800 7% 18 months | PKR 189 | PKR 1989 -2 1 vears
(g) | PKR 4500 6% 2 years PKR 540 | PKR 5040 2
()| PKR1200 | 5% | 18 months | PKR90 | PKR 1290 | 11- #=PKR500000,R=8,n=3
At the end of 3 years, total amount accumulated is
4. Amount of interest paid = PKR 550 RY
Let the sum of money borrowed be PKR x. A=P (1 + E)
PKR 550 = 12% x - x PKR x g\’
12 =500000| 14+ —
12 5 100
x=55 —@+E =PKR 629 856
=11 000 Total interest, I = A — P
.. The sum of money was PKR 11 000. =PKR 629 856 — PKR 500 000
205 =PKR 129 856
5. Total interest = 0 x 25 x PKR 6400 12. (a) P=PKR450,R=10,n=2

= PKR 3600
6. Annual interest on PKR 800 investment = % x PKR 800
=PKR 48
Annual interest on PKR 1200 investment = % x PKR 1200

=PKR 84
Total annual interest = PKR 48 + PKR 84
=PKR 132

7. Amount of interest earned per year = PKR 1250 x %

=PKR 75
PKR 750

~ PKR 75
=10 years

Time taken for interest to grow to PKR 750

At the end of 2 years, total amount accumulated is

acp(1+ Y
- 100

2
=450 1+£
100

= PKR 544.50
Total interest, [ = A — P
= PKR 544.50 — PKR 450
=PKR 94.50
(b) P=PKR700,R=11,n=3

At the end of 3 years, total amount accumulated is

A_P ]+i n
- 100

3
=700 (1 + i]
100

= PKR 957.34 (to the nearest paisa)
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Total interest, / = A — P
=PKR 957.34 — PKR 700
=PKR 257.34
(¢c) P=PKR 5000, R = ll%,n=2

At the end of 2 years, total amount accumulated is
acp(1+ 2]
- 100

2
)
4
100
= PKR 6244.03 (to the nearest paisa)
Total interest,/ = A — P
= PKR 6244.03— PKR 5000
=PKR 1244.03
(d) P=PKR 1200,R=4,n=3
At the end of 3 years, total amount accumulated is

a=p(re]
- 100

3
= 1200(1+ij

=5000| 1+

100
= PKR 1349.84 (to the nearest paisa)
Total interest, / = A — P
=PKR 1349.84 — PKR 1200
=PKR 149.84

(e) P=PKR 10000,R=7%,n=2

At the end of 2 years, total amount accumulated is
aop[1s )
- 100

")

=10000| 1 +-—=
100

2

=PKR 11 556.25
Total interest, = A - P
=PKR 11 556.25 — PKR 10 000
=PKR 1556.25

13. P=PKR5000,R=5i,n=3

At the end of 3 years, total amount accumulated is

R n
A:p(1+—j

100
1 3
[54)
100
= PKR 5829.57 (to the nearest paisa)

=5000(1+
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14.

15.

16.

17.

18.

Amount of interest from end March to June

=2 3 L PKR 6000
100 12
= PKR 45
Amount of interest from end June to December

= 3 % 5 L PKR (6000 + 4000)

100 12
=PKR 150
Total amount in the bank at the end of the year
= PKR 6000 + PKR 45 + PKR 4000 + PKR 150
=PKR 10195
Initially, at 3.5% interest rate, interest received
1

= PKR 6400 x 35 X —
100 2

=PKR 112
At new 4% interest rate, interest received
1

—PKR 6400 x —— x L
100 <2

=PKR 128
Difference in amount of interest = PKR 128 — PKR 112
=PKR 16
Interest received during first 2 years
71

= PKR 400 000 x —4 x2
100

=PKR 58 000
Interest received during next 5 years

= PKR 400 000 x 16 x5
100

=PKR 152 000

Total amount at the end of 7 years

= PKR 400 000 + PKR 58 000 + PKR 152 000

=PKR 610 000

Let the sum of money deposited by Daniyal be PKR x.

3é 3l
—4x— —2x =50
100 100
1
4 =50
100
x =20 000

.. The sum of money Daniyal deposits is PKR 20 000.
Interest received at 2.75% interest rate

_ 275
"~ 100
=PKR 550

Interest received at x% interest rate = PKR 550 — PKR 50

=PKR 500
$500
$20 000
=2.5%

x PKR 20 000

New simple interest, x% = x 100%

Sox=25



19. (a) Since interest is calculated monthly,
P =PKR 150 000, R = %,n=6x 12=72

At the end of 6 years, total amount accumulated is
R n
A=p (1 + R
100

(5.68) >
=150 000 14+~127

100
=PKR 21 0741.3 (to the nearest paisa)
(b) Since interest is calculated half-yearly,

P=PKR 15000, R = % =284,n=6x2=12

At the end of 6 years, total amount accumulated is

R n
A=P|1+—
( 100)
2.84)]2

=150 000(1+—
100

=PKR 20 991.14 (to the nearest paisa)
20. Since interest is calculated yearly,
P =PKR 5000, A = PKR 5800, n =5
At the end of 5 years, total amount accumulated is

R n
A=P|1+—
100

5
PKR 5800 = PKR 5000 (1 + ij
100

5800 (1+ R )5
5000 100
R 5
1+ — = 3116
100
R 5
= =3116-1
100

R=100(1.16 - 1)
=3.01 (to 3 s.f)
.. The interest rate is 3.01%.

21. Since interest is calculated quarterly,
P =PKR 96.60, R = % =105n=1x4=4

At the end of the first years, total amount accumulated is

a=pl1+-2
100

4
P + PKR 96.60 = P(l + EJ
100

P + PKR 96.60 = 1.0105°P
(1.0105" = 1)P = PKR 96.60
96.60
1.0105% -1
= PKR 2264.09 (to the nearest paisa)

P =PKR

22. Since interest is calculated monthly,
1

2= e
P=PKRS800,R= —2 = 22 =12
12 24

At the end of 1 year, total amount accumulated is
azp(1+ 8]
N 100

2
(25)
=800 1+A

100
= PKR 905.93 (to the nearest paisa)
Total interest, / = A — P
=PKR 905.93 — PKR 800
=PKR 105.93
23. Since interest is calculated daily,
P =PKR 90 000, R = L,n=3
365
At the end of 3 days, total amount accumulated is

acp[1+ B
h 100

[65)
=90000] 14 1365/
100

3

=PKR 90 014.8 (to the nearest paisa)
24, (i) Kiran should invest in Company B since the interest earned is
higher.
(i) For Company 4,

PRT
100
8000 x 4.9 x 4

- 100

=PKR 1568
For Company B,

I =

Since interest is calculated half-yearly,
P =PKR 8000, R = 478 =24,n=4x2=8

At the end of 6 years, total amount accumulated is

A=P(1+i)
100

= 8000(1 + ﬁjg
- 100

= PKR 9671.41 (to the nearest cent)
Total interest, ] = A — P
=PKR 9671.41 — PKR 8000
=PKR 1671.41
Difference in interest earned = PKR 1671.41 — PKR 1568
=PKR 103.41
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Exercise 2B

1. (@

(ii)

(b) @)

(i)

(©) ()

2. @ O

(ii)

(b) @)

(ii)

Amount paid by hire purchase

=PKR (400 x 10) + PKR 500

= PKR 4500

Additional amount paid = PKR 4500 — PKR 3600
= PKR 900

PKR 900

PKR 3600 ™
=25%

Amount paid by hire purchase

=PKR (7500 x 12) + PKR 15 000

=PKR 105 000

Additional amount paid = PKR 105 000 — PKR 90 000
=PKR 15 000

PKR 15 000

PKR 90 000

Percentage of cash price = 100%

Percentage of cash price = x 100%

=162%
3

Amount paid by hire purchase

=PKR (500 x 36) + PKR 10 000

=PKR 28 000

Additional amount paid = PKR 28 000 — PKR 25 000
= PKR 3000

000

$25 000
=12%

Amount paid by hire purchase

Percentage of cash price = x 100%

=PKR (900 x 24) + PKR (% x 20 000)

=PKR 21 600 + PKR 2000
=PKR 23 600
Additional amount = PKR 23 600 — PKR 20000
= PKR 3600

Percentage saved by paying cash

3600
=20 000
=18%
Amount paid by hire purchase

x 100%

=PKR (1800 x 20) + PKR (% x 35 000]

=PKR 36 000 + PKR 5250

=PKR 41250

Additional amount = PKR 41250 — PKR 35 000
=PKR 6250

Percentage saved by paying cash
6250
= 35000 * 100%

=17.9% (to 3 s.f.)
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3.

(0 ()

(ii)

(@) ()

(i)

(b) ()

(ii)

Amount paid by hire purchase
=PKR (5200 x 30) + PKR (% X 160 000]

=PKR 156 000 + PKR 40 000

=PKR 196 000

Additional amount = PKR 196 000 — PKR 160 000
=PKR 36 000

Percentage saved by paying cash
36 000

=160 000 X 100%

=225%

Downpayment = PKR 1000

Remaining amount = PKR 8000 — PKR 1000
= PKR 7000

Amount of interest owed at the end of 1 year

=PKR 7000 x 3
100

=PKR 560
Total amount to be paid in monthly instalments
= PKR 7000 + PKR 560

= PKR 7560

. PKR 7560
Monthly instalment = 1

=PKR 630
Difference as percentage of cash price
= >60 x 100%
8000

=7%

Downpayment = PKR 32 000
Remaining amount = PKR 80 000 — PKR 32 000
=PKR 48 000
Amount of interest owed at the end of 1 year
=PKR 48 000 x 10
100
= PKR 4800

Amount of interest owed at the end of 2 years

= PKR 4800 x 2%

=PKR 12 000
Total amount to be paid in monthly instalments
=PKR 48 000 + PKR 12 000

= PKR 60 000

. 60 000
Monthly instalment = PKR 1

=PKR 2500
Difference as percentage of cash price
_ 12000 009
80 000

=15%



(c)

4. (a) Percentage discount =

(i) Downpayment = PKR 2000
Remaining amount = PKR 12 000 — PKR 2000
=PKR 10 000
Amount of interest owed at the end of 1 year

=PKR 10 000 x 15
100

=PKR 1500

Amount of interest owed at the end of 1 years

=PKR 1500 x 1

=PKR 1500

Total amount to be paid in monthly instalments

=PKR 10 000 + PKR 2000

=PKR 12 000

PKR 12 000

Monthly instalment = PKR 12

=PKR 1000
(ii) Difference as percentage of cash price
2000

~ 12000

=162%
3

x 100%

PKR (21 980 — 17 980)
PKR 21 980
=18.2% (to 1 d.p.)

x 100%

(b) Hire purchase price = PKR 550 x 38

(0

= PKR 20 900
Difference = PKR 21 980 — PKR 20 900
=PKR 1080
Total amount of interest = PKR 20 900 — PKR 17 980
=PKR 2920

Amount of interest at the end of 1 year

PKR 2920
- 38
= PKR 922.10 (to the nearest paisa)
Let the rate of simple interest be x%.

x 1

PKR 922.1 = PKR 17 980 x ——
100

_922.1(100)

© 17980

=5.13 (to 3 s.f)
.. The rate of simple interest charged for hire purchase is 5.13%.
Downpayment

= % x PKR 32 000

= PKR 4800

Remaining amount

=PKR 32 000 — PKR 4800

=PKR 27 200

Amount of interest the man owes at the end of 1 year

= PKR 27 200 x 22
100

=PKR 2584.0

Amount of interest the man owes at the end of 2 years
=PKR 2584 x 2

=PKR 5168

Total amount to be paid in monthly instalments
=PKR 27 200 + PKR 5168

=PKR 32 368

Monthly instalment

_ PKR 32368
T

= PKR 1348.7 (to the nearest paisa)
(ii) Total amount the man pays for the computer system
=PKR 32 368 + PKR 4800
=PKR 37 168
(iii) He has to pay PKR (37 168 — 3200 ) = PKR 5168 more for

buying the computer system on hire purchase.

(2 years = 24 months)

Downpayment = 2, x PKR x
100

=PKR 0.25x
Remaining amount = PKR x — PKR 0.25x
=PKR 0.75x
Amount of interest the man owes at the end of 30 months

=PKRO.75x x 42 x 30

100 12
=PKR 0.975x
Total amount to be paid in monthly instalments
=PKR 520 x 30
=PKR 15 600
Hence 0.975x = 15 600
x =16 000

Exercise 2C

1.

$1=PKR 263
$59 = PKR 263 x 59
=PKR 15517
Half of the amount PKR 200000
—__PKR %OOOOO % 100%

= PKR 100000
=PKR 263 = US$1

- - 1
PKR 1 =US$ 763 x 100000

=US$ 380.23
Next day
PKR 262 =US$ 1

- 1
PKR 1=US$ 763

=PKR 100000 = US$ % x 100000

US $3810.68
Total amount in dollers = US$ (380.23+381.68)
=US$ 761.91
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3. (@ PKR69.80=1SAR

PKR 1= SAR

1
69.80

=_1
PKR 250 000 €9.80 x 250 000 SAR

=3581.66 SAR
(b) 1 SAR = PKR 69.80
3750 SAR = PKR 69.80 x 3750
= PKR 261 750

4. (a) £1=PKR 319.50
£320 = PKR 319.50 x 320
= PKR 102 240

(b) PKR319.50=£1

- 1
PKR1=% 319.50

- 1
PKR 965 600 = £ 31950 % 965 000

=£3022.22
5. PKR 194 = S$11

- 1
PKR 520000 = S$ 563 % 520000

=S$ 2680.
The couple spend S$ 2350
The remaining Amount = S$ (2680.41 - 2350)

S$1=PKR 194
S$0.41 =PKR 194 x 0.41

=PKR 79.54
5. PKR194=S§1

=s$-L_
PKR 1=S$ 104

PKR 520000 = S$ ~L— x 520000

263
=S$ 2680.
The couple spend S$ 2350
The remaining Amount = S$ (2680.41 - 2350)

S$1=PKR 194
S$0.41 = PKR 194 x 0.41
=PKR 79.54

Exercise 2D

. _ PKR 13500
1. Rate of the premium = PKR 450000 % 100%

=3%

2. Amount of annual premium = 2.8% of PKR 62000

— 28« PKR 620000
=PKR 17360
3. Insurance premium paid in
1st year:
4% of PKR 1000000
=5_2 x 1000000
100

= PKR 40000
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10.

In 2nd year
= 4% of PKR (1000000 - 5% of 1000000)
=4% of PKR (1000000 - 50000)
= 4% of PKR 950000
=1ag * 950000
= PKR 38000
In 3rd year
=4% of PKR (950000 - 5% of 950000)
= 4% of PKR (950000 - 47500)
=35 % 902500
=PKR 36100
Annual premium = 6.5% of PKR 750000
B3 750000
=PKR 48750
Total amount = PKR 178500
Widow’s share = % of PKR 1785000
=PKR 223125
Amount left = PKR 1785000 — 223125
2:1x%x2
2:2
1:1
KR L%WS—

Son’s share = P

=PKR 780937.5

Share of each daughter = PKR 780237’5

= PKR 390468.75
Total profit =2 x PKR 547350
=PKR 1094700
Amount of premium = 3% of insurance amount

PKR 26400 = 1(3) 0 X insurance amount

=PKR 88000
Each son gets = PKR 782500
Mr Zubair’s Total savings =3 x PKR 782500
=PKR 2347500
The amount is to be distributed in the ratio
4:3:3
A will receive amount as follows

3
33 x PKR 12850000

= PKR 5140000
B will receive
%0 x PKR 12850000

= PKR 3855000

C Will receive PKR 3855000.



11.

12.

Brother 1 received

_g x PKR 413700

=PKR 258562.5

Brother 2 received

PKR 413700 - PKR 258562.5

=PKR 155137.5

A:B:C=29680:37100

PKR (29680 + 44520 + 37100) = PKR 111300
A invested —22680_ 5 750000 = PKR 202500

111300

Binvested 44520 x 750000 =PKR 300000
111300

Cinvested 37100 x 750000 = PKR 250000
111300

Review Exercise 2

1.

Amount of interest earned for PKR 6000 at the end of 2011

= 3 X PKR 6000

100
=PKR 180
Amount of interest earned for PKR 6400 at the end of 2012

= 3 X PKR 6400

100
=PKR 192
Total amount Khairul has in the bank at the end of 2013
= PKR 6400 + PKR 180 + PKR 192 + PKR 192
= PKR 6964
(a) Since interest is calculated monthly,
P =PKR 1500000, R = %,n:?: x 12=36

At the end of 3 years, total amount accumulated is
RY
100
36
4.12
2

=1500000{ 1+

100
=PKR 3 125 298.93 (to the nearest paisa)

(b) Since interest is calculated half-yearly,

P =PKR 1500000, R = % =206,n=3x2=6

A=P[l+

At the end of 3 years, total amount accumulated is

A=P[1+ij
100
206
=1500000| 1+==2
100

=PKR 1 695 214.44 (to the nearest paisa)

3.

4.

Since interest is calculated half-yearly,
I =PKR 58 000, R = % =2,n=3%x2=6

At the end of the first year, total amount accumulated is

A=p[1+- K
100
2 6
P+PKR58000=P|1+—
100
P + PKR 58 000 = 1.02°P
(1.02° - 1)P = PKR 58 000
58 000
1.02° -1
= PKR 459 724 (to the nearest rupee)
(i) Downpayment

P =PKR

= — x PKR 4500

=PKR 675

Remaining amount

= PKR 4500 — PKR 675

= PKR 3825

Amount of interest owed at the end of 1 year

= PKR 3825 x 2

100
=PKR 459
Amount of interest owed at the end of 18 months

=PKR 459 x 18
12

=PKR 688.5

Total amount to be paid in monthly instalments
=PKR 3825 + PKR 688.5

=PKR 4513.5

Monthly instalment
PKR 4513.5

T8
=PKR 250.75

(ii) Total amount the man pays for the printer
=PKR 4500 + PKR 688.5
=PKR 5188.5

Premium amount = 2% of PKR 12000000

= 755 % PKR 12000000

=PKR 240000

Annual premium = M‘ggmﬁ x life insurance

PKR 17600 = 13%€% 5 pKR 550000

100
_17600x100
Rate 550000
Rate=3.2%
_ 29700100 _ o
Rate 900000 _ 7°
Rate =3.3%
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10.

11.

12.
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24.750
450000

Rate =5.5%

Rate = x 100%
A man left PKR 250000
His wife’s share = % x PKR 250000
=PKR 31250
His son’s and = 2 daughter’s share
2:1x2
2:2
1:1
His son’s share = PKR w

=PKR =PKR 109375

218750
2
Each daughter’s share = PKR L2375
= PKR 54687.5
2 sons : 1 daughter
2x2:1
4:1
2 son’s share = Si x PKR 30000
= PKR 24000
Each son will get PKRQﬂ =PKR 12000
Daughter’s share = ?1 x PKR 30000

= PKR 6000

Aslam receives % x PKR 250 000
=PKR 104 166.66

= Pervaiz receive % x PKR 50 000

=PKR 83 333.33

= Sana receive PKR 250000 — PKR 104166.66 — PKR 83333.33
=PKR 62 500

Since 5 partners invested equal amount of money hence, each will
get equal amount from the annual profit.

Each will get PKR250000 =PKR 50000
5

13.

3%4% x PKR 144000

Sibling 1 will receive

=3 x PKR 144000
12

= PKR 48000

Sibling 3 will get % x PKR 144000

= PKR 60000

Challenge Yourself

@

GST paid by Faiz = % x PKR 50 000

= PKR 8500

(ii) GST paid by Jamil = % x PKR 50 000

=PKR 7264.95

(iii) GST on PKR 50 000 is PKR 8500 which is the same answer as in (i).

The shopkeeper is not complaining about it because he rather pays a
GST of PKR 8500 than a GST of PKR 7264.95 to the government.

(iv) The amount paid by each customer at Shops B and C is PKR 8500.

(v)

As far as the government is concerned, this amount must be inclusive
of GST. Another way of looking at this is to ask how the government
can keep track of the shops which absorb GST and charge them a
different GST amount. All the shops will tell the government that the
final transacted amount is inclusive of GST because they can pay a
lower amount for GST, so this agrees with why the final transacted
amount is inclusive of GST regardless of whether the shops charge
or absorb GST.

Yes, it makes a difference. The difference is the original selling
price of the TV before the government announces that they will
charge GST. Shop C has been selling the TV for PKR 50 000 and
decides to absorb GST after the announcement, so it still sells the
TV for PKR 50 000 (inclusive of GST). If Shop C decides not to
absorb GST, they will sell the TV for PKR 50 000 (before GST)
or PKR 58 500(inclusive of GST), just like what Shop A does.
Since Shop B has been selling the TV for about PKR 42 735.29 and
decides to charge GST after the announcement, it sells the TV for
PKR 50 000 (inclusive of GST) now.



Chapter 3 Further Expansion and Factorisation of Algebraic Expressions

TEACHING NOTES
Suggested Approach

Students have done word problems involving number sequences and patterns in previous classes. These word problems required
the students to recognise simple patterns from various number sequences and determine either the next few terms or a specific
term.

The general form of a quadratic expression in one variable is ax’ + bx + ¢, where x is the variable and a, b and c are given
numbers. In the expression, ¢ is known as the constant term as it does not involve the variable x. When we expand the product
of two linear expressions in x, we obtain a quadratic expression in x.

Factorisation is the reverse of expansion. When we expand the product of two linear expressions, we obtain a quadratic expression.
By reversing the process, we factorise the quadratic expression into a product of two linear factors.

Teachers can use the Concrete-Pictorial-Approach using the algebra discs to illustrate the process of expansion and factorisation
of quadratic expressions. However, the emphasis should be for the students to use a Multiplication Frame when factorising any
quadratic expressions.

Section 3.1: General Term of a Number Sequence
Teachers can explain students how to observe a number sequence and look for a pattern so that they can use
algebra and find a formula for the general term, 7, = n" term.

Teachers can get students to work in pairs to find a formula for the general term and hence find a specific term
for different number sequences (see Class Discussion: Generalising Simple Sequences). After the students have
learnt how to generalise simple sequences, they should know that the aim is not to simply solve the problem but
to represent it so that it becomes a general expression which can be used to find specific terms.

Section 3.2: Number Patterns
Teachers can get students to work in pairs to find a formula for the general term and hence find a specific term
for different number patterns. They need only to find the formula for the general term and they are able to find
n by substituting the value into the formula. They should also learn that with the formula, they can find 7, easily
for any n.

Section 3.3: Number Patterns in Real-World Contexts
Teachers may get students to discover number patterns in real-world contexts (e.g. shells, pine cones, rocks,
wallpaper, floor tiles) and ask them to represent that number pattern into a general expression.

Through Worked Example 3, students will learn that in the real world, which in this case in Chemistry, the general
term of a number sequence is important and advantageous in finding specific terms. In this worked example,
finding the general term of the number of hydrogen atoms allowed one to find the member number, number of
carbon atom(s) and number of hydrogen atoms easily without going through tedious workings, especially if the
value of the specific term is large. For other figures, students should consider drawing the next figure in the
sequence so as to identify the pattern.

Section 3.5: Expansion and Factorisation of Algebraic Expressions
In this section, students should have ample practice to expand and factorise slightly more difficult and complicated
algebraic expressions. The focus for expansion of algebraic expressions should be on applying the Distributive
Law while for factorisation of algebraic expressions, students should be using the Multiplication Frame.

Section 3.6: Expansion Using Special Algebraic Identities
The area of squares and rectangles can be used to show the expansion of the three special algebraic identities.
Teachers can also guide students to complete the Class Discussion on page 86 (see Class Discussion: Special
Algebraic Identities).
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From the Class Discussion activity, students should conclude that these algebraic identities known as perfect
squares, (¢ + b)* and (a — b)” and the difference of two squares (a + b)(a — b), are useful for expanding algebraic

expressions.
Special Algebraic Identity 1 <«———a——pabr>
Expand (a + b). I
Area of square = (a + b)’ a 2 ”
=a’+ab+ab+ b’
=a’ +2ab + b’
*
b ab b
v
Special Algebraic Identity 2 <+——da-b—patb>
Expand (a — b)™. I
Area of small square N @-by (a—bb
=(a-b)
=a’-b*-2(a-b)b
=a’—b"—2ab +2b’
=d’ - 2ab + b’ 4
1; (a-b)b v

A
)
\

Special Algebraic Identity 3 T
Area of rectangle a & ab
=(a+ b)(a->b)
= (a* - ab) + (ab - b
=a’—ab+ab-b’ <« a——pab>
_ 2 32
=a-b < a+b >
atb (a+b)a-Db)
N .
b s
i a LD
Vo Lot

As an additional activity, teachers may want to ask students the following:
Is (a + b)* = a’ + b and (a — b)* = @’ — b*? Explain your answer.
Below are some common misconceptions regarding expansion that teachers may want to remind students of.

e (x+2)°=x"+4instead of (x +2)° = x" + 4x + 4
e (2x—1)’=4x" - 1 instead of 2x — 1)’ =4x" —4x + 1
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Section 3.7

Section 3.8:

Factorisation Using Special Algebraic Identities
Since factorisation is the reverse of expansion, when we factorise the quadratic expression using the special
algebraic identities, we have

o &’ +2ab+ b =(a+b)
o &*—2ab+ b =(a-b)
e d*—b =(a+b)a-b)

Teachers should provide ample practice for students to check if the given quadratic expression can be factorised
using the special algebraic identities. Get students to learn to identify the ‘a’ and ‘b’ terms in any given expression.

Factorisation by Grouping
Students have learnt how to factorise algebraic expressions of the form ax + ay by identifying the common factors
(either common numbers or common variables of the terms).

To factorise algebraic expressions of the form ax + bx + kay + kby, it may be necessary to regroup the terms of
the algebraic expression before being able to identify the common factors. The idea is to identify the common
factor(s) in the first two terms and another common factor(s).

For example, to factorise by grouping, we have

ax + bx + kay + kby
=x(a + b) + ky(a + b)
=(a+b)(x+ky)
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WORKED SOLUTIONS

Class Discussion (Generalising Simple Sequences)

(a) Hence, T, =3n.
100" term, T, = 3 x 100
=300
(b) Hence, T, = n’.
100™ term, Ty, = 100
=10 000
(¢) Hence, T, =n’.
100" term, Ty, = 100°
=1 000 000

Investigation (Page 69)

1. Michaelmas Daisy has 55 petals.
2. 4,6;7,10

Thinking Time (Page 82)

(a+b)(c+d+e)=alc+d+e)+b(c+d+e)
=ac+ ad + ae + bc + bd + be

Class Discussion (Special Algebraic Identities)

1. (a+b)Y=(a+b)a+b)
=a(a+b)+bla+b)
=d+ab+ab+1’
=d*+2ab+ 1’

2. (@-b) =(@-b)a-b)
=ala—-b)-bla-Db)
=d'—ab—ab+ b’
=d’—2ab+ b’

3. (a+b)a-b) =ala-b)+bla->b)

=a*—ab+ab-b

2 2
=a -b

Thinking Time (Page 102)

5x*—12x-9 =5 - 15x+3x-9
=5x(x-3)+3(x-3)
=0Bx+3)(x-3)

Class Discussion (Equivalent Expressions)

A=@x-y’=(x-yx-y =1
A=(x—y)2=x2—2xy+y2=M
B=(x+y)x+y)=x+y’=G
B=(x+y)x+y)=xX"+2xy+y'=0
D=02w-x)(z-3y)=2wz—-6wy+3xy—xz=F
E=-5x+28x-24=2x—(x-4)(5x-6)=L
J=x'—y'=(+ya-»=K
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Journal Writing (Page 169)

Pascal’s Triangle was developed by the French Mathematician Blaise
Pascal. It is formed by starting with the number 1. Each number in the
subsequent rows is obtained by finding the sum of the number which is
diagonally above it to the left and that which is diagonally above it to
the right. 0 is used as a substitute in the absence of a number in either
of the two positions.

The Fibonacci sequence is a set of numbers that begins with 1 and
1, and each subsequent term is the sum of the previous two terms,
ie. 1,1,2,3,5,8, 13,21, ... The sums of the numbers on the diagonals

of Pascal’s Triangle form the Fibonacci sequence, as illustrated.

Teachers may wish to get students to describe the symmetry in Pascal’s
Triangle and to identify other patterns that can be observed from the

triangle.

Practise Now 1

1. (a) Since the common difference is 4, T, =4n + .
The term before T is ¢ = T,
=5-4
=1.
.. General term of sequence, 7, = 4n + 1
(b) Since the common difference is 5, 7, = 5n + 7.
The term before T is ¢ = T,
=7-5
=2.
.. General term of sequence, T, = 5n + 2
(¢) Since the common difference is 6, 7, = 6n + 7.
The term before T is ¢ = T,
=2-6
=—4,
.. General term of sequence, 7, = 6n—4
(d) Since the common difference is 3, 7, = 3n + ?.
The term before 7, is ¢ =T,
=1-3
=-2.

.. General term of sequence, 7, =3n -2

2. () 23,27

(ii) Since the common difference is 4, T,=4n + ?.
The term before T, is ¢ = T,
=3-4
=-1.

.. General term of sequence, 7, =4n — 1

>



(iii) 75, = 4(50) - 1 (iii) Let 2k + 2 = 120.

=200-1 2k =120-2
=199 =118
k=59
Practise Now 2 When n =k =59,
. n+1=59+1
1. (@) (XX XY XX X
eecccoe ° ° =60
° ° ° °
: : : : Number of carbon atoms the member has = 60
ceccees HYYYYT T
Figure 5 Figure 6 Practise Now 4
1. (a)
(ii) | Figure Number | Number of Dots
1 2+1x4=6 3 -—x-7
5 _ _
2 2+2x4=10 x;lei 5% — 35x
15x°
3 2+3x4=14 —5x
2
4 2+4x4=18 +—5x
5 2+5x4=22 —35x
—35x
6 2+6x4=26 "
. The quotient is 3x’— x —7 and remainder is o.
n 24nx4=4n+2 (b)
20+ x—1
(iii) When n = 2013, 3x+2)6x°+ 7x° — 2
4n+2 =4(2013) + 2 6x° + 4x°
= 8054 G
-~ =
Number of dots in 2013" figure = 8054 3x2— x
. . 6x + 2x
2. (i) 8"line:72=8x9 o
(ii) Since 110=10x 11 =10(10 + 1), 3x-2
k=10. —3x-2
+ +
Practise Now 3 . The quotient is 2x° + x —1 and remainder is o.
(i) | Member | Number of carbon Number of
Number atoms hydrogen atoms Practise Now 5
! 2 4 1. (@) Sxx6y=(5xx)x(6xY)
2 3 6 =5x6)xxxy
3 4 8 =30xy
4 5 10 (b) (Bx) x2y =(-8xx)x(2x}y)
5 6 12 =(-8x2)xxxy
=-16
6 7 14 2 2 >
(€ xXyzxyz=Q@xxxy%x7)x(yXxyx2)
=(xxx)x (yxyxy)x(zxz)
n n+1 2n+2 = x2y3zz

(@) (=xy) x (-11xy")

(ii) Leth +1=>55.
=(-1xxxy)x (-1l xxxxXxXXXYyXY)

h=55-1
=54 =[x (1D x(rxxxxxx) X (yXxyxy)
= _ 4.3
When n=h = 54, =R g
2n+2=2(54) +2 2. %ax(‘gb) =(§XG) x(—gxb)
=110 1 8
Number of hydrogen atoms the member has = 110 =[§X (_g)] xaxb
=—iab
3
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Practise Now 6

(@) —y(5 —2x) =5y + 2xy
(b) 2x(7x + 3y) = 14x” + 6xy

Practise Now 7

(a) 4x(3y —5z) — 5x(2y — 3z) = 12xy — 20xz — 10xy + 15xz
=12xy — 10xy — 20xz + 15xz

=2xy — 5xz

(b) x(2x —y) + 3x(y = 3x) = 2x" — xy + 3xy — 9%’
=2x"—9x" — xy + 3xy

=-T7x* + 2xy

Practise Now 8

(@) (x+9y)(2x-y) =x(2x—y) + 9y(2x ~y)
=2x" — xy + 18xy -9y
=22+ 17xy - 9y’

(b) (=3)6x+T)=x"(6x+7)=3(6x+7)
=61+ 7x" — 18x - 21

Practise Now 9

2x(3x — 4y) — (x = y)(x + 3y)

= 6" — 8xy — [x(x + 3y) — y(x + 3y)]
=6x" — 8xy — (" + 3xy —xy — 3y°)
=6x" — 8xy — (&> + 2xy — 3y%)

=6x" — 8xy — x> — 2xy + 3y’
=6x"—x" — 8xy — 2xy + 3y’

=5x" - 10xy + 3y’

Practise Now 10

(@ (x=5y(x+4y-1)
=x(x+4y-1)-5y(x+4y-1)
=x"+ 4xy — x — Sxy — 20y + 5y
= X"+ 4xy — 5xy —x — 20y* + 5y
=x"—xy—x—-20y"+ 5y

(b) (x+3)x*-Tx-2)
=x(x> = Tx=2) + 3(x~ Tx - 2)
=X -7 -2x+3x -21x-6
=X =T+ 3= 2x-21x-6
=x —4x'-23x-6

Practise Now 11

1. (@) X=xxx
—15y2 =y x (-=15y) or (-y) x 15y
=3y x (=5y) or (-3y) x 5y

X by =Sy

X X —Sxy

3y 3xy | -15y°

3xy + (-5xy) = —2xy
oo X =2xy =15y = (x + 3y)(x - 5y)

OXFORD
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(b) 6x* = 6x x x or 3x x 2x
5y" =y x 5y or (=y) x (-5y)
X X y

6x 6x° 6xy

2

Sy Sxy Sy

Sxy + 6xy = 11xy
56X+ 1lxy + 597 = (6x + 5y)(x +y)
2. 3x%y* =3xy x xy
16=1x 16 or (-1) x (-16)
=2x8or(-2) x (-8)
=4 x4or(-4)x(-4)

X Xy -2

3xy | 32"y | —6xy
-8 | 8xy | 16

(-8xy) + (-6xy) = —14xy
203x%Y — 14wy + 16 = Bxy — 8)(xy — 2)

Practise Now 12

1. @) +2’=x+2x)Q2)+2°

=X +4x+4
() (5x+3)* = (5x)" + 2(5x)(3) + 3°
=258 +30x+9
L5 1 1 ,
2. | g*t =|3%] +2|2% (3)+3
1 >
= _x"+3x+9
4

Practise Now 13

1. (@ (1-3x"=1"-2(1)(3x) + (3x)
=1-6x+9x°
(b) (2x-3y)*=(2x)’ - 2(20)3y) + (3y)’

=4x - 12xy + 9y’
1y 1 1y
2. (X—g)’) =x2—2(x)(§y) +(§)’)

. 21,
=X - Zxy+ —
30T gY

Practise Now 14

1. (@) (5x+8)(5x—8)=(5x) -8

=25x" - 64
(b) (2x+7y)(2x = Ty) = (-2x)" = (Ty)’
= 4x% — 49y’
X X X
2 (50)(5) -(5)
e,
16



Practise Now 15

1. (a) 1001%= (1000 + 1)
= 1000% + 2(1000)(1) + 1
=1000 000 + 2000 + 1
=1002001
(b) 797*= (800 — 3)°
= 8007 — 2(800)(3) + 3
=640 000 — 4800 + 9
=635 209
(c) 305 x 295 = (305 + 5)(300 — 5)
=300 - 5
=90 000 — 25
=89975

Practise Now 16

(x—y)* =441
¥ —2xy +y =441
Since xy = 46,
SoXP—2(46) + ¥ =441
X =92+ =441
X +y'=533
Practise Now 17

(@) (x+3)
=)’ +3x @ x3+3xx)xB)’+@3)
=x+3xx*x3+3xxx9+27
=x+9x*+27x+27

(b) (" +2y)’
=D +3x () x 2 +3 x5 x (2 + ()
=x"+3xx'x2p+3xx* x4’ +8)°
=x*+ 6x’y + 12x%)° + 8y

Practise Now 18

(105)°

(105)*= (100 + 5)°
=(100)* + 3 x (100)* x 5 + 3 x 100 x (5)*+ (5)°
=1000000 + 3 x 10000 x 5 + 7500 + 125
=1000000 + 150000 + 7500 + 125

=1157625
Practise Now 19

=8’ + 36x°y + 54x1°+ 27y

=(2x)° +3 x ()’ x 3y + 3 x 2x x (3y)* + (3y)°
= (2x+3y)’
=Q2x(1)+3x2)
=(2+6)’

=43

=64

[whenx =-1and y =2]

Practise Now 20

=1.34x .34 +6x 1.34 x 0.66 + 0.66 x 0.66 x 00.66
=(1.34) +3 x 2 x 1.34 x 0.66 + (0.66)’

=(1.34) + 3 x (1.34 + 0.66) + (0.66)’
=(1.34+0.66)°

=93

=8

Practise Now 21

Gp-9)’ +@Bp+q) +18p (ap’— )
Let3p—g=aand3p+g=>
atb=3p—q+3pt+tqg==06p
and ab =Gp-9Gp+9=%"-¢
=@p-q)'+@p+q)+3x9p’—¢) x6pas:

RHS of the equation = (3p — q)’ + 3p + ¢q)* + 3 (ap” — ¢°) x 6p
LHS of the equation = (a + b)’

= (6p)’

=216p’

Practise Now 22

2a=1-b

Cubing both sides , (2a)’ = (1 — by’

8a’ = (1)’ + (1-b)’ + 3(1) (=b) (1+(-b))
= (1) + (1-b)’ + 3(1) (-b) (1-b)
=1-b"-3b(2a) [given that 2a = 1-b]
=1-b'—6ab

84’ + b* + 6ab = 1 proved

Practise Now 23

g+2h=2gh+1

Cubing both sides , (g + 24)’ = (2gh + 1)’

(g + 8K’ + 6gh (g + 2h) = 2gh)’ + (1)’ 3 x 2gh x 12gh + 1)
g+ 81+ 6gh (g+ 2h) =8zl + 1 + 6gh(g + 2h)

[given that g+ 2h =2g gh + 1]

g + 8h’ =8g’h’+1 Proved

Practise Now 24

=y —3x%yz
() = ()’ =3 - y)
o=y
= 7 [given that X2 —y =2z]

Practise Now 25

b k=2

Cubing both sides ,( %(2 -1y =(2)’
(LY@ 3@ —#)=8
%ﬂ —kﬁ—s(%z -i)=-8

L p_32)=-38 [given thatL, —#=-2

K K
%(, —K-6=-38
%ﬁ —K=-8-6=-14
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Practise Now 26

1. (@) X+ 12x+36 =x" +2(x)(6) + 6
= (x + 6)

(b) 4x* + 20x + 25 = (2x)* + 2(2x)(5) + 5°

=(2x +5)

1 1\’
2. 4%+ 2x+ % =(2x)’+ 2(2)‘)(5) + (E)

2
(20+4)
Practise Now 27
1. (a) 4—36x+81x* =27 —2(2)(9) + (9x)*
=(2-9x)
(b) 25x* = 10xy + y* = (5x%) = 2(5x)(1) + y*
= (5x-y)’
3. 366 —duy+ Ly = @0 — 260 2y 4[5y
. x—xy+§y—(x)—(x)3 +13

2

=(6x—%y)

2

Practise Now 28

1. (a) 36x"—121y* = (6x)° = (11y)
=(6x + 11y)(6x— 11y)
(b) —4x* + 81 =81 —4x”
=97 (2x)
=(9 +2x)(9 - 2x)

3
2. 4¢- %yz =(2x)2—(gy)

oo

3. 4(x+ 1) -49=2(x+ D*-7*
=Rx+ D+ 7]2x+1)-7]
=2x+92x-5)

Practise Now 29

256° — 156% = (256 + 156)(256 — 156)
=412 x 100
=41 200

Practise Now 30

(@) 8x’y +4x=4x(2xy + 1)

(b) w’ +mrl = qor(r + )

(¢) —a’by + a’y = a’y(-ab + 1)

d) 3¢%d + 6 d" + 3¢” =36%(d + 2d” + ¢)

Practise Now 31

(@) 2+ D +a(l +x) = (x+ D2 +a)
(b) 9(x +2) = b(x +2) = (x + 2)(9 - b)
(©) 3¢(2x —3) = 6d(2x — 3) = 3[c(2x — 3) — 2d(2x — 3)]
=32x-3)(c-2d)
(@) Th(4—x)— (x—4) = Th(4 —x) + (4 - x)
=(@d-x)(Th+1)
OXFORD
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Practise Now 32

@ xy+4x+3y+12=x(y+4)+3(y+4)

=@y +4x+3)

(b) 3by + 4ax + 12ay + bx = 4ax + 12ay + bx + 3by
=4a(x + 3y) + b(x + 3y)
=(x+3y)4a+b)

© xX—xX—l+x=x—-x"+x-1

=xX(x-1D+@x-1)
=@x-DE+1)

(d) 6xy—4x—2z+ 3yz = 6xy —4x + 3yz -2z

=2x(3y-2) +z(3y-2)
=By-2)2x+72)

Exercise 3A

1. (a) Since the common difference is 6, 7, = 6n + ?.
The term before T is ¢ = T,
=7-6
=1.
.. General term of sequence, 7, = 6n + 1
(b) Since the common difference is 3, T, =3n + ?.
The term before T is ¢ = T,
=-4-3
=-7.
.. General term of sequence, 7,,=3n -7
(¢) Since the common differenceis 7, T,=7n + 7.
The term before T is ¢ = T,
=60-7
=53.
.. General term of sequence, T, = 7n + 53
(d) Since the common difference is -3, 7, =-3n + 2.
The term before T is ¢ = T,
=14+3
=17.
.. General term of sequence, 7, = -3n + 17
2. (i) 18,21
(ii) Since the common difference is 3, 7, =3n + 7.
The term before T, is ¢ =T,
=3-3
=0.
.. General term of sequence, T, = 3n
(iii) 7,05 = 3(105)
=315
3. () 30,34
(ii) Since the common difference is 4, T, =4n + ?.
The term before T is ¢ = T,
=10-4
=6.
.. General term of sequence, 7, =4n + 6



6.

(i) Ty = 4(200) + 6

=800+ 6

=806
)
Ni f
umberof | 2 3 4 5 6
points
Numberof | 1+1 | 2+1 | 3+1 | 4+1 [5+1 | 6+1
segments =2 =3 =4 =5 =6 =7

(ii) Let the number of points be n.
Number of segments =7 + 1.
When n = 49, number of segments =49 + 1

=50
(iii) 101 =n+1
Son=101-1
=100
Figure 5 Figure 6
(ii) | Figure Number of Intersection(s)
Number between the Circles
1 0
2 1
3 2
4 3
5 4
6 5
n n—1

(iii) Let n— 1 = 28.

n=28+1
=29
(a) Whenn=1,

2+ 1=2(1+1
=2+1
=3

Whenn =2,

200+ 1 =227 +1
=8+1
=9

When n =3,

2 +1 =237 +1
=18+1
=19

When n =4,

2P+ 1 =247 +1
=32+1
=33

The first four terms of the sequence are 3, 9, 19 and 33.

(b) (i) General term of sequence, T, = 2n° + 1 — 2
=2’ —1
(i) Ty =2(388) —1
=301088 -1
=301 087

. N

Figure 5 Figure 6
(ii) | Figure Number | Number of Small Triangles

1 4

2 9

3 16

4 25

5 36

6 49

n (n+1)

(iii) When n = 20,
(n+17=20+1)
=21’
=441
Number of triangles in 20" figure = 441
@iv) Let (n + 1)> = 121.
n+l=11 or n+l1=-11
n=-11-1
=-12 (N.A. since n > 0)

n=11-1 or
=10 or
(i) 6"line:54=6x9
(ii) Since 208 =13 x 16 = 13(13 + 3),
k=13.
@ 5"line: 1+3+5+7+9+11=36=6"=(5+1)
i) ¢ = V169
=13
d+1=13
d=13-1
=12
a=13+12
=25
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10. (a) Number of

(@)
people

Number of
tables 2

... |Number
(i) 1
of tables

Number
2(1)+2=4
of people

22)+2=6

23)+2=8

2(4)+2=10

25)+2=12

26)+2=14

(b) (i) From (a)(i): When n = 20,

n-2_20-2

2 2
=9

.. 9 tables will be needed to seat 20 people.

(ii) When n =30,
n-2_30-2

2 2
=14

.. 14 tables will be needed to seat 30 people.

(¢) (i) From (a)(ii): When n =22,

2(22) +2 =46

.. 46 people can be seated at 22 tables.

(ii) When n = 36,
2(36)+2 =74

.. 74 people can be seated at 36 tables.

11. (i) | Number of
points on the
line segments
AB (including
the points A

and B)

Number of

5% (5-1)

6x(6-1)

7x(7-1)

possible line 2
segments

=10

=15

=21

(i) Number of points including AB = 18
=20

Number of possible line segments =

+2

20 x (20 -1)

=190
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2201 5 10 10 5 1

(ii) Row Sum
1 1=1=2°
2 1+1=2=2
3 1+2+1=4=22
4 1+3+3+1=8=2°
5 1+4+6+4+1=16=2"
6 1+5+10+10+5+1=32=2°
n l+(n-D+=+m-1)+1=2""
13. (a) |Figure 1 2 3 4 5 6
Number of black
1 2 3 4 5 6
squares (b)
Number of white
1x2+1=3 |2x2+1=5 [3x2+1=7 |4x2+1=9 |5x2+1=11|6x2+1=13
squares (w)
Area of whole
4 7 10 13 16 19
figure (b + w)
Perimeter of
20+4)=10 |22 +4) =12 |23 +4) =14 [24+4)=16 [2G5+4) =18 |2(6+4)=20

whole figure (cm)

(b) (i) Number of white squares in Figure 9 =9 x 2 + 1

=19
(ii) Perimeter of Figure 9 =2(9 + 4)
=26 cm
(iiif) Number of white squares in Figure n =n (2 + 1)
=2n+1

(iv) Perimeter of Figure n = 2(n + 4)
=2n+8)cm
2 1 2 1

14. (i) 8"line: — = =_ — 2 4+ —
8x9x10 8 9 10

(ii) Based on the pattern, n" line:

2 12
nn+1)(n+2) " n  p4l n+2
S
10 11 12 10x11xI2

)

T 1320

1

"~ 660

iy 2. -L_._2 , 1

7980 p p+l p+2
po.2 v 2
p p+l p+2 7 plp+D(p+2)

sopp+ D)(p+2) =7980
@ +p)p+2) =7980
P +2p +p +2p—7980 =0
P +3p"+2p—7980 =0
s.p=19or
p=-11+17.292 (5 s.f.) (reject, p is a whole number) or
p=-11-17.292 (5§ s.f.) (reject, p > 1)
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15. (a) (1) 11,13
(i) 24,28
(iii) 84, 112
(iv) 85, 113
(b) 6" line: 13” + 84° = 85°
7" line: 15% + 112% = 113?

16. (i) | Member | Number of carbon Number of
Number atoms hydrogen atoms
1 3 4
2 4 6
3 5 8
4 6 10
5 7 12
6 8 14
n n+2 2n+2

(ii) Leth +2=25.

h=25-2
=23
Whenn=h=23,
2n+2=2123)+2
=48

Number of hydrogen atoms the member has = 48
(iii) Let 2k + 2 = 64.

2k =64 -2
=62
k =31
When n=k=31,
n+2=31+2
=33

Number of carbon atoms the member has = 33
17. (i)

e 1" Generation Ancestor

Number of 4" generation ancestors a male bee has = 5
(ii) The number of n™ generation ancestors forms a sequence:
1,2, 3,5, ... The first two numbers of the sequence are 1 and 2,

and each subsequent term is the sum of the previous two terms.
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(iii) Number of 5" generation ancestors a male bee has =3 + 5
=8

o 1™ Generation Ancestor

(iv) The sequence for the number of n" generation ancestors is
1,2,3,5,8, 13,21, 34,55, ...
Number of 10" generation ancestors a male bee has = 34 + 55
=89

Exercise 3B
1. (a)
at+b
a+b)

ab+ b’
ab+ b’
0

The quotient is a + b and remainder is o.
(b)
& +b—ab
a+b)g+b
a+ab

b —d’b
b+ ab?
a’b—ab’
a’b+ ab’
+ +

0

The quotient is * + b°— ab and remainder is 0.

2. (a) 6xx(=2y)=(6xx)x (-2 xy)
=[6x(-2)]xxxy

=—12xy
1
(b) 14x x %y:(l4xx)x(§x)’)
1
- 14)(5 XXXy
=Txy



3.

(a) 8x(y—1)=8xy—8x
(b) -9x(3y —2z) =27xy + 18xz
(c) 3x(2x +7y) = 6x" + 21xy
(d) 3y(x— 11y) = 3xy — 33y
(&) —3a(2a + 3b) =—-6a* — 9ab
) —4c(2c - 5d) =-8¢* + 20cd
(g) —6h(Tk — 3h) = —42hk + 18K
(h) -8m(—=12m — Tn) = 96m* + 56mn
@A) 2pBp+q+7r)=6p> +2pq + 14pr
() —7s(s—4t—3u) =75+ 28st + 21su
(@) 7a(3b—4c) +4a(3¢c —2b) =21ab - 28ac + 12ac — 8ab
=2lab - 8ab - 28ac + 12ac
= 13ab - 16ac
(b) 4d(d - 5f) + 2f(3d + Tf) = 4d" — 20df + 6df + 14f°
=4d" — 14df + 14f°
(@) (x+y)(x+6y)=x(x+6y) + y(x + 6y)
= X"+ 6xy + xy + 6y’
=x" + Txy + 6y
b) P +2)x+35)=x"(x+5)+2(x+5)
=X +5x+2x+ 10

56> —3b+2
4b)20b6°— 126+ 8b
200°

125

- 120

+
8h
8b

0

The quotient is 55° — 3b + 2 and remainder is 0.

9.

(a) _Ex x&y: _éxﬂ XXXy
7 9 7 9

(b) 9’y x 38’ = (O xxxxxxXY) X BXXXXXYXY)
=Ox3)x@AXXXXXXXX)X(YXYXY)
=27xy’

(©) 2X'yx(=13y) =2 xxxxxxxy) x (=13 x y x y)
=2x(-13)]x (xxxxx)x (yxyxYy)
=-26xy’

(d) (—4xyz) x (202"
S(AXXXYXD)X(2XXXXXYXYXYXZIXIXZIXZ)
=[x (2)] X (XxxxX)X(YXYXYXY)X(ZXZXZXZXZ)
=8x3y415

(a) —3xy(x —2y) = -3x"y + 6xy°

(b) 9x(-3x"y — Txz) = 27xy — 63xz

(¢) —13x"y(3x —y) =-39x’y + 13x%y’

(d) =5x(—6x — 4x’y — 3y) = 30x” + 20x"y + 15xy

(@) a(5b + c)—2a(3¢c —b)=>5ab + ac — 6ac + 2ab

=5ab + 2ab + ac — 6ac
=T7ab - Sac

10.

11.

12.

13.

(b) —2d(4f — 5h) — f(3d + Th)
= —8df + 10dh — 3df - Tfh
=—8df - 3df + 10dh — Tfh
=—11df+ 10dh - Tfh

(¢) 4k(3k + m) — 3k(2k — 5m)
= 12K* + 4km — 6k* + 15km
= 12k — 6k* + 4km + 15km
= 6k* + 19km

(d) 2n(p —2n) — 4n(n — 2p)
=2np —4n’* —4n’ + 8np
=—4n* —4n” + 2np + 8np
=-8n’ + 10np

(@) (a+3b)a->b)=ala-b)+3bla-D>b)

=a*—ab + 3ab - 3b*
=a’*+2ab -3’

(b) Bc+7d)(c—2d) =3c(c—2d) +Td(c-2d)
=3¢’ = 6¢d + Ted — 14d°
=3+ cd - 14d°

(¢) Bk —5h)(—h —Tk)=3k(~h — Tk) — Sh(—h — Tk)
=—3hk —21k* + 5h* + 35hk
=—21k* = 3hk + 35hk + 5k
=21k + 32hk + 5K

(d) (7Tm’* +2)(m—4) = Tm*(m — 4) + 2(m — 4)

=7m’ - 28m* + 2m - 8

(@) Sx(x—6y)+ (x +3y)(3x—4y)
= 5x" - 30xy + x(3x — 4y) + 3y(3x — 4y)
=5x" — 30xy + 3x% — 4xy + 9xy — 12y’
= 5x" + 3x% = 30xy — 4xy + 9xy — 12y’
=8x" — 25xy — 12y

(b) (7x—3y)(x—4y) + (5x - 9y)(y — 2x)
=Tx(x — 4y) — 3y(x — 4y) + 5x(y — 2x) — 9y(y — 2x)
=7x" — 28xy — 3xy + 12" + 5xy — 10x° — 9y” + 18xy
=7x" — 10x* = 28xy — 3xy + Sxy + 18xy + 12y — 9y’
=-3x* - 8xy + 3y

@ (x+9)x+3y+1)

=x(x+3y+1)+9yx+3y+1)
=x" +3xy +x + 9xy + 279" + 9y
=2 +x+3xy + 9xy + 9y + 27y
=X +x+ 12xy+ 9y + 27y’

) x+2)P+x+1)
=x(+x+ D+2(7 +x+1)
=X+ +x+ 287+ 2x+2
=X+ + 2% +x+2x+2
=X +3°%+3x+2

(@ d=axa
—4b* = b x (—4b) or (-b) x 4b

=2b x (=2b) or (2b) x 2b

x a 4b

a a 4ab

—4p*

-b —ab

(—ab) + 4ab = 3ab
oo +3ab—4b* = (a - b)(a + 4b)
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(b)

(c)

C2 =CXC
21d* =d x (-21b) or (—d) x 21d
=3d x (<7d) or (-3d) x 7d

x c -7d

c Vg —Tcd
3d | 3ed | 214

3cd + (—Ted) = —4cd
s P —ded=21d = (¢ + 3d)(c - 7d)
21 =2h x h
—15K* = k x (~15k) or (—k) x 15k

= 3k x (=5k) or (-3k) x 5k

x h 5k
2h 21 | 10hk
-3k | =3hk | 15k

(=3hk) + 10hk = Thk
o 20 + Thk — 15k* = (2h - 3k)(h + 5k)

d) 3m*=3mxm

(e)

®

—12n* = n x (=12n) or (—n) x 12n
=2n x (=6n) or (-2n) x 6n
=3n x (—=4n) or (-3n) x 4n

x m —6n

2

3m 3m —18mn

2n 2mn -1247

2mn + (=18mn) = —16mn
= 3m” = 16mn — 120 = 3m + 2n)(m — 6n)
3p” + 15pg + 184" = 3(p” + 5pq + 64°)
p'=pxp
64" = q x 6q or (—q) x (-6¢)

=2q x 3q or (-2q) x (-3¢q)

X p 3q

2

p P 3pq

2

2q | 2pq | 6p

2pq + 3pq = 5pq
=3P + 15pg + 1847 = 3(p + 29)(p + 39)
217t — 9rst + 105° = 1(2r* — 9rs + 10s%)
2/ =2rxr
10s* = s x 10s or (—s) x (=10s)

=25 x 55 or (-2s) x (-5s)

X r -2s

2r 2/ —4rs

—5s | =5rs | 10s®

(=5rs) + (—4rs) =-Ors
o 2%t = Orst + 105°t = t2r — 55)(r — 25)
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1, 16 , 1 16
14. Rl ?yz =(Zxxxxxy)x ?xyxzxzxz
1 16
= ZX? X@Xxx)x(yxy)x(zxz%x2)
=ix2y223
5 .

15. (a) (8x—y)(x +3y) — (4x + y)(9y — 2x)
= 8x(x + 3y) — y(x + 3y) — [4x(9y — 2x) + y(9y — 2x)]
= 8x” + 24xy — xy — 3y" — (36xy — 8x* + 9y” — 2xy)
= 8x" + 24xy — xy — 3y* — 36xy + 8x* — 9y + 2xy
= 8x” + 8x” + 24xy — xy — 36xy + 2xy — 35" - 9y’
=16x"— 11xy — 12y’
(b) (10x + y)(3x + 2y) — (5x — 4y)(=x — 6y)
= 10x(3x + 2y) + y(3x + 2y) — [5x(—x — 6y) — 4y(—x — 6y)]
= 30x" + 20xy + 3xy + 2y —(=5x" — 30xy + 4xy + 24y°%)
=30x" + 20xy + 3xy + 2" + 5x% + 30xy — dxy — 24y°
=30x" + 5x° + 20xy + 3xy + 30xy — 4xy + 2y° — 24y’
=35x" + 49xy — 22"
16. (a) 2x-3y)(x+5y-2)
=2x(x +5y-2)-3y(x+5y-2)
=2x" + 10xy — 4x — 3xy — 15y” + 6y
=2x" —4x + 10xy — 3xy + 6y — 15)°
=22 —4x + Txy + 6y — 15y’
b) x+4)*-5x+7)
=x(*-5x+7)+4(* - 5x+7)
=x =58+ Tx +4x* = 20x + 28
=x =58 +4x* + Tx - 20x + 28
=x —-x —13x+28
© (x-DE*+2x-1)
=x(*+2x-D - +2x-1)
=X+ —x—xX—2x+1
=X+ 27— —x-2x+1
=X +x—3x+1
d) G =3x+43B-x)
=33 -x)-3x3-x)+43 - x)
=0x" —3x —Ox+3x" + 12— dx
=32+ 9% + 3¢ - 9x —dx + 12
=3+ 128 - 13x + 12
17. (a) ¥y’ =xy x xy
—-15=1x(-15)or (-1) x 15
=3x (=5 or(-3)x5

x Xy 5

2.2

Xy Xy S5xy
=3 | Bxy | -15

(=3xy) + 5xy = 2xy
XY+ 2xy— 15 = (xy - 3)(xy + 5)
(b) 12x’y* = 12xy x xy or 6xy x 2xy or 4xy x 3xy
—40 =1 x (=40) or (-1) x 40
=2 x (-20) or (-2) x 20
=4 x (-10) or (-4) x 10
=5x(-8)or(-5)x8



X 3xy -8

4xy 12x%y° | =32xy
5 15xy -40

15xy + (=32xy) = —17xy
oo 126y — 17xy — 40 = (4xy + 5)(3xy — 8)
(c) 4x’y’z—22xyz + 247 =2z(2x°y" — 11xy + 12)
2x°y* = 2xy x xy
12=1x12o0r (-1) x (-12)
=2x6o0r(-2) x (-6)
=3x4or(-3)x(-4)

X Xy —4

2xy | 24" | —8xy

-3 | 3xy 12

(-3xy) + (-8xy) =-11xy
o AX7Y'z — 22xy7 + 247 = 22(2xy — 3)(xy — 4)

@) 22 + %xy—2y2= %(6x2+5xy+ 6?)

6x* = 6x x x or 3x x 2x
-6y’ =y x (=6y) or (-y) x 6y
=2y x (=3y) or (=2y) x 3y

X 2x 3y
3x 6x° 9xy
-2y | —4xy 12

(—4xy) + 9xy = Sxy
S 2%+ %xy _2y= % (Bx — 2y)(2x + 3y)
Exercise 3C

1. @) (@+4Y=d"+2a)4) +4
=a*+8a+16
(b) (3b+2)* =(3b)’ +23b)(2) +2°
=90+ 12b+ 4
(©) (c+4d) =c*+2(c)4d) + (4d)
="+ 8cd + 164
(d) (9K + 2k)* = (9h) + 2(9h)(2k) + (2k)
= 81h* + 36hk + 4k
2. (@) (m—-9Y=m"-2(m)9)+9
=m*—18m + 81
(b) (5n—4)" =(5n)’ =2(5n)(4) + 4°
=251 -40n + 16
(© (9-5p) = 9*—2(9)(5p) + (5p)*
=81-90p +25p°
(d) 3g—8r)" =(39)" - 2(3¢)(8r) + (8r)’
=9q" — 48qr + 64r°
3. @ (s=5)@E+5=5-5
=525
() Ct+1DQ2t-11) =)’ -11°
=47 - 121
(©) (7+2u)(7-2u)=7-(Qu)
=49 -4’

(d) (w—10x)(w + 10x) = w* — (10x)*
=w’ - 100x*
(a) 1203°= (1200 + 3)
= 1200 + 2(1200)(3) + 3
=1 440 000 + 7200 + 9
=1 447209
(b) 892 = (900 — 8)
= 900" — 2(900)(8) + &
=810 000 — 14 400 + 64
=795 664
(¢) 1998 x 2002 = (2000 — 2)(2000 + 2)
=12000” — 2
=4000 000 — 4
=3999 996
(x—y’=x-2xy+)y
=x"+ y2 —2xy
Since x* + y* = 80 and xy = 12,
S (x—y)=80-2(12)
=56
-y =@+yx-y)
Sincex+y=10and x—y=-4,
L=y =10 x (-4)

=-40
1 oy (1 .
(a) (ga+ 3b) =(§a) +2|5%) (3b) +(3b)’
=L Swpior
25 5

- %hz— 15hk + 25K
2 2

6 6 6 ,
(b) (—gm—3n) =(—§m) —2(—gm) (3n) + (3n)

= §m2+ ﬁmn+9n2
25 5

(@) (6p +5)(5-6p) =(5+6p)5-6p)
=5"—(6p)’
=25 -36p°
=-36p°+25

o)) -3

2
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d) W+2)u-2)u*+4) = =2’ +4) (ii) Let p =5330and g = 10,

=W -4W’+4) 5310 — 5330 x 5290
=) -4 =[5330 — 2(10)]* - 5330[5330 — 4(10)]
=u'-16 =4(10)°  (From (i))
10. (@) 4(x+3)° =3(x +4)(x—-4) =400
=4[ +2(x)(3) + 3*] - 3(x* — 4%) 15. () i’—-(m-a)n+a)=n"—@ -d)
=4(x" + 6x +9) = 3(x* - 16) =n’-n’+d
=4x" + 24x + 36 — 3x” + 48 =d
=4x" — 3% + 24x + 36 + 48 (i) Letn=16947 and a =3,
=x* +24x + 84 16 947° — 16 944 x 16 950
(b) (5x—T7y)(5x + Ty) = 2(x = 2y)° =16 947" = (16 947 — 3)(16 947 + 3)
= (5x)" = (Ty)’ = 2[x* = 2(x)(2y) + (2y)°] =3’ (From (i)
=25x" —49y° — 2(x" — 4xy + 4))) =9
=25x" —49y° — 2x" + 8xy — 8y’
=25x = 2x* + 8xy — 49y° — 8y’ Exercise 3D
L 2?‘2 +, 8%y ‘157y2 L L\ 1. G) a+4b
11. (E" + Ey) = (Ex) + 2(5)6) (gy) + (gy) (a + 4b)’ = (a)’ + 3(a)’ (4b) + 3(a) (4b)* + (4b)’
Lo - =a’+12d°b +3(a) (16 b*) + 64 b’
=Yty =a’+12d°b + 48 ab® + 64 b’
1y 1., 1 (ii) ax + by
SRRt (ax + by)’ = (ax)’ + 3(ax)’ (by) + 3(ax) (by)’ + (by)’
1., o 1 = a’x’ + 3a’%* by + 3(ax) (by)* + (by)’
= W)+ S xy (i) o+ b
Since X’ +y* = ldandxy=5, @+ )= (@) +3@) ) +3@) (b + )
: (lx+ly) “Lame L =a’+3d'b’ + 3a°b* + b°
S ) 4 ) (iv) 42
=6 (42)* = (40 +2)°
12. 2x° —2y* =125 = (40)’ + 3 (40)* (2) + 3(40) (2)* + (2)°
2(x*—y?) =125 = 64000 + 3x1600 x2 + 3x40x4 + 8
2(x +y)x—y) =125 = 64000 + 9600 + 482 + 8
Since x —y =2.5, = 74088
52+ y)(2.5) =125 2. (i) ax—by
5 +y) =125 (ax — by)’ = (ax)’ + 3(ax)’ (-by) + 3(ax) (-by)’ + (-by)’
x+y=25 =ax’+3d’b’y+3ab’ xy' + b’y
L ey ey
(@ —=b)=(@)y+3@@) (=b)+3(@) (b)) +(=b)
1, 1 o\[r1y 1y =a'+3d' b’ +3 b +1°
=(Ex T 257 )[(Z") _(Ey) } (iii) 2a - 3bc>
R RV (2a - 3b°° = (2a)’ + 3(2a)* (=3bc) + 3(2a) (-3bc)* + (-3bc)’
=(Ex +gy )(Ex ~ 257 ) =8a’ - 36a’bc + 54 ab** -27 b ¢
) ) @iv) (1 +a-2b)°
1, L,
_(16)6) _(gy) let] +a=x
(x = 2b)’ = () + 3(x)* (=2b) + 3(x) (=2b)* + (=2b)’
=L Ly =X -6 b+ 12xb*-8b° )

256 625°

14. () (p-29)°-pp-4q)
=p"=2(P)2q) + (29 - p* +4pq
=p —4pq+4q - p’ +4pq

=p = p'—4pq +4pq + 4q

= 4q2

Substitute x=1 + a in (1)

(1+a-2b)=(1+a)-6(1 +a)*b + 12 (1+a)b* - 8b’

=1+3a+3d+a’ -6 (1 +2a+d) b + 12b* + 12ab*— 8b°

=1+3a+3a’ +a’ — 6b— 12ab — 6a°b + 12b* + 12ab* - 8b°

=1+a +8b° +3a” + 126> — 126> — 6a°b + 12ab* + 3a — 6b
—12ab

OXFORD



(v) (399)°
(400 — 1)’ = (400)° + 3(400)* (-1) + 3(400) (-1)* + (1)’
= 64000000 = 480000 + 1200 —1
=63521199
v) (999)°
(1000 — 1)* = (1000)* + 3(1000)* (1) + 3(1000) (-1)* + (1)}
= 1000000000 = 3000000 + 3000 —1
=997002999
. @ +9d°+27a +30
=(3)’+9 (3)*+ 27 (3) + 30 (substitute a = 3)
=27 +9%x9 + 27x3 + 30
=27+ 81 +81 + 30
=219
. (B’ +3x(B1)* x 19 +3x3 1 x (19)* + (19)° (1)
Apply cubes of the sum of two terms, i.e
(a+bY’=d’+3a’b+3ab> + b’
In the given questiona =31 and [ = 19
. (1) becomes (31 + 19)°
= (50)°
= 125000
@Y -y +6x (- y)
X +3°Y 35+ Y + X = 3wy + 3xy — ¥’ + 61’ 6xy’
=8x" + Bxy* — Bxy’
=8x°

(@) 13x13x13+4+3x13x13x7+3x13xTx7+7Tx7x%x7

= (13)’ + 3(13)* x 7+ 3(13) (7)* + (7)°
= (13 + 7)’ (apply the formula of cube of sum of two terms ;
=(20)(a + b)’=a’+3a’ + 3ab>+ b’
=8000

(ii) 0.6 x0.6x06+24x24x24+3%x06%x0.6%x24+3x
0.6x24x24
Apply the formula (a + b)’ = a’ + b* + 3a’b + we get
=(0.6)" + (2.4) x 3 x (0.6)*(2.4) + 3(0.6) (2.4)°
=0.216+13.824 +3x 036 x2.4+3 x0.6 x 5.76
=0.216 + 13.824 + 2.592 + 10.368
=27.

(iii) 51 x51x51 -3 x51%x51%x46+3 x51x46x46—-46 x 46
x 46
= (51) = 3(51)* (46)+ 3(51) (46)*— (46)’
= (51 — 46)’ (Apply the formula @* — 3a’b + 3ab’— b’ = (a—b)’
=(5)’
=125

(iv) 31.6 x31.6 x31.6 -3 x31.6 x31.6 x31.6x28.6+3x31.6
% 28.6 x 28.6 x 28.6 — 28.6 x 28.6 x 28.6
=(31.6)' =3 (31.6)* (28.6) + 3 (31.6) (28.6)* — (28.6)°
= (31.6 — 28.6)’ (Apply the formula @’ — 3a’b + 3ab’ — b’)
=3
=27

10.

11.

12.

p+3¢q-2=0

p+3g=2

Take the cube of both sides of equation
(p+39)' =)

P +27¢ +9°q+2Tpg’ =8
P’+27¢ +9q (p+3g)=8

P’ +27q +9gx2=8(given:p+3g=2)
p3+ 27 q3 + 18pg = 8 (proved)
p=2q+4

p-29)=4

taking the cube of both the sides
(p-29° =)’

P’ —8q’ —6p’q + 12pq° = 64

P’ =8¢’ —6pq (p—2q) = 64 (given : p — 2g = 4)
P’ —8¢—6pg x 4 =64

P’ — 84’ —24pq = 64 (proved)
x+3y=3xy+1

Cubing bith the sides,

X+ 27y + 3xxx3y (x + 3y)

X+ 27y + 9xy (x + 3y) =x" + 27y’ + 9xy (x + 3y)
X +27y £ 98- F3y) =27 X' y+ 1 + Qo-rF3y)
X' +27y'=27 X y*+ 1 (proved)

p3 + q3 — r3

Taking cube of both the sides

P’ +a3=0")
p9+3p6q3+3p3q6+q9=r9

p() + q9 + 3p3q3 (p3 + q?) - r9

p9 & q‘) + 3p3q3 }’3 - r‘)

x+y=38

Taking cube of the equation
@+y) = @)

X +y +3x%y +3x° =512

X4y +3xy (x+y)=512

X +y +3xyx8=512

X +y +24xy=512

m+n+3=0

m+n =-3

Taking the cube

(m+n)’ = (=3’

m’+n + 3m’n + 3mn® = =27

m’ +n°+ 3mn (m+n) = 27

m’+n’ + 3mn (=3) = =27

m’+n’ —9mn = — 27
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Taking cube of both the sides,
2
a—1

(=B

@-1y _

a® -3a+3d*-1

— =1
a

a®-3a’ (@-1)-1_
(13 -

3d(d? -1
_24 A _

1

6
a—

—

i a

a1 _3@-D _,

a ~ a -

6 2

aa—l =1+3(a 71)

a

6

a7—1 =1+3

6 2_

%=4(0_U=1
a

14.x—y=4and xy=21

(=)' =x" -y’ =32’y + 3xy”

=x' =y = 3xy + (x-y)

=x =y = (-y) + 3xy + (x-)

=4y +3x21 x4( substituting x—y = 4 and xy = 21)
=64 + 252

=316

15. 4’ - b’ = (a - b)(@® + ab+ b?)

=2(4+1)
=2x5
=10

Exercise 3E

1.

3.

(@) @’ +14a+49 =a* + 2(a)(7) + 7
=(a+7)
(b) 46> +4b + 1 = (2b)* +2(2b)(1) + 17
=2b+1)
(©) C+2cd+d*=(c+dYy
(d) 4h% + 20hk + 25K* = (2h)* + 2(2h)(5k) + (5k)*
= (2h + 5k)’
@) m’—10m+25 =m’> = 2(m)(5) + 5°
=(m-5)
(b) 169> —52n + 4 = (13n)* = 2(13n)(2) + 2°
=(13n-2)"
(c) 81—180p + 100p* = 9% — 2(9)(10p) + (10p)*
=(9-10p)’
(d) 49¢° — 42gr + 9 = (7q)* = 2(19)(3r) + (3r)
=(1q-3r)
(@ - 144 =s*—12°
=(s+ 12)(s - 12)
OXFORD
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(b) 367 — 25 = (61)* - 5
= (61 + 5)(61 - 5)
(c) 225-491% = 15— (Tu)’
= (15 + 7Tu)(15 = Tu)
(d) 49w’ — 81x% = (Tw)’ — (9x)°
= (7w + 9x)(7Tw — 9x)
(@) 59°—41%7=(59 + 41)(59 - 41)
=100 x 18
= 1800
(b) 7.77=2.3 =(7.7+23)7.7-2.3)
=10x54
=54
@) 3d”+ 12a+ 12 =3(* + da + 4)
=3[d* + 2(a)(2) + 2%
=3(a+2)

1 1
(b) 25b° + Shc + %cz =(5b)* + 2(5b)(5c) + (Ec)

1 2
= (Sb + 56)

© e Lae Lr-(30) 54 (3) -

4 1)
= (76{ + gf)

d) 1+ 21k + K= (K" + 2(W) (k) + k&

=W+ k)’

(a) 36m* — 48mn + 16n° = 4(9m* — 12mn + 4n°)
=4[(Bm)* - 2(3m)(2n) + (2n)*]
=43m-2n)’

1 » 2 I »_ 1, 2 2

(b) 3P 3Pt 34 = E(p 2pq+q)

10 -20)@) + )

% P-97°
2 l 2 2 l l
(¢) 16r —rs+ as =(4r) —2(4r)(85) +(8s)
] 2
— (4;’ - §S)
(d) 25— 10tu + £’ = 5> = 2(5)(tu) + (tu)’*
=(5-t)’

(a) 324% - 98h* = 2(164* — 49b%)

=2[(4a)’ - (7b)’]

=2(4a +7b)(4a - 7b)

2 1 2 _ 2 l
() ¢ —Zd =c -(261)

(e L)1)

2
9h? ,_(3h 2
© <55 16k _(10 — (4k)

3h 3h

2



d) m* - 64n* = m* - (8n)’
= (m + 8n)(m — 8n)
8. @ (@+3)Y-9=(a+3)1-3"
=[(a+3)+3][(a+3)-3]
=a(a + 6)
(b) 16 -25(b +3)* =—{[5(b +3)]* -4%}
=—[5(b+3)+ 4150 + 3) - 4]
=—(5b+ 19)(5b + 11)
© A=d+2Y =[c+d+2lc—-(d+2)]
=(c+d+2)(c-d-2)
d) Qh—17—4k =Q2h—-1)" -2k’
=Qh-1+2k)2h-1-2k)
(e) 25m* = (n—1)" =(5m)* = (n— 1)
=[5m+ (n— DI[5m - (n-1)]
=Bm+n-1)(5m-n+1)
® @+1)’-@-1’=[@+D)+@-DIp+D-(@p-1)]
=2p(2)
=4p
9. (i) Let the length of the cube be / cm.
P=x"+4x+4
=X +2(0)(2) + 22
=(x+2)

I=+(x+2? (>0)

=x+2
.. The length of the cube is (x + 2) cm.
(ii) Volume of the cube 4.
=P
=P
=(x+2)(X* +4x +4)
=x( +4x+4) +2(7 +4x + 4)
=X +4x +4x+2x" + 8x + 8
=X +4° +2X +4x + 8x + 8
= +6x+12x+ 8) cm’
.. The volume of the cube is (x’ + 6x* + 12x + 8) cm’.
10. (a) 4(x—1)"—81(x + 1)
=2 = DI = [9G + DP
=RE-D+9x+ DI2x-1)=9(x + 1)]
=2x-2+9%+9)2x-2-9x-9)
=(1lx+7)(7x-11)
=—(1lx+7)(Tx+11)
(b) 16x° + 8x+ 1 -9y 5.
= [(4%)” + 2(4x)(1) + 1°] - By)’
= (4x+ 1)’ = (3y)’
=@x+1+3y)4x+1-3y)
(c) 4 -y +4y—4
=4 - (Y —dy+4)
=20’ - [y’ - 20)(2) + 2]
=)= (y-2)
=[2x+ (- D[2x - (y-2)]
=2(x+y-2)2x-y+2)

1.

(d) 132+ 26xy + 13y* - 13
=137+ 2xy+y* - 1)
= 13{[x* + 20 () + 1 - 1%}
= 13[(x+y)’ - 17]
=13x+y+Dx+y-1)

Exercise 3F

(a) 45x —8lxy =9x(5x —9y)

(b) 39xy — 15x°z = 3x(13y — 5x2)

(©) xy'2 —xy =y’ — xy)

(d) 157’y — 10mx’ = -5’3y + 2)

(@) 6a(x—2y)+5(x—2y)=(x—2y)6a+5)

(b) 2b(x + 3y) —c(3y + x) =2b(x + 3y) — c(x + 3y)

= +3y)2b-c)

(©) 3d(5x—y)—4f(5x—y) = (5x - y)(3d - 4f)

(d) 5h(x + 3y) + 10k(x + 3y) = S5[h(x + 3y) + 2k(x + 3y)]

=5(x + 3y)(h + 2k)

(@) ax—5a+4x-20 =a(x-5)+4(x-5)

=(x-5)@a+4)

(b) ax+ bx+ ay + by =x(a+ b) + y(a + b)

=(a+b)x+Yy)

(© x+xy+2y+2y"=x(1+y)+2y(1 +y)

=(1+y)(x+2y)

(d) X* = 3x + 2xy — 6y = x(x — 3) + 2y(x - 3)

= -3)(x+2y)

@ (x+y)Na+b)—(y+z)a+b)
=(a+Db)(x+y)-(+2)]
=@+blx+y-y-2
=(a+b)(x—-2)

() (c+2d)Y - (c+2d)Bc-17d)
=(c+2d)[(c+2d)—(Bc-7d)]
=(c+2d)c+2d-3c+7d)
=(c+2d)(-2c+9d)

(¢) x(2h —k) + 3y(k—2h)
=x(2h — k) - 3y(2h — k)
=(2h - k)(x - 3y)

(d) 6x(4m —n) —2y(n —4m)
=2[3x(4m — n) — y(n — 4m)]
=2[3x(4m — n) + y(4m — n)]
=2(4m-n)(3x +y)

(a) 3ax+ 28by +4ay + 21bx
=3ax + 4ay + 21bx + 28by
=aBx +4y) +7b(3x + 4y)
= Bx+4y)a+7b)

(b) 12¢y +20c —15-9y
=4c(3y +5)-3(5+3y)
=4c(By+5)-33y+5)
=By +5)4c-3)

(© dy+fy-fe—dz=yd+f)-zf+d)

=y(d+f)-zd+f)
=d+/)y-2)

vvvvvvvvvvv



8.

(d) 3x° + 6xy — 4xz — 8yz
=3x(x + 2y) — 4z(x + 2y)
=(x+2y)(3x-42)

(€) 2xy—8x+12-3y=2x(y—4)+3(4-y)
=2x(y—4)-3(y-4)
=(y-4)(2x-3)

) 5xy—25x+ 50x — 10y

=5(xy — 5x” + 10x - 2y)
=5[x(y = 5x) + 2(5x - y)]
=5[x(y = 5x) = 2(y = 5%)]
=5 —5x)(x-2)

(8 X’y —5x"y—5xy" +xy°
= xy(xy — 5x =5y +y°)
= xylx(y = 5) + y(=5 + )]
= xy[x(y = 5) + y(y - 5)]
=xy(y = 5)x+y)

(h) kx + hy — hx —ky =kx — hx —ky + hy
=x(k—h) + y(—k + h)
=x(k—h)—y(k—h)
=(k-h)x-y)

(a) 144p(y — 5x%) — 12¢(10x* = 2y)

= 144p(y — 5x%) + 24q(y - 5x%)
=24[6p(y - 5x") + q(y — 5x7)]
=24(y - 5x))(6p + q)

(b) 2(5x + 10y)(2y — X’ - 4(6y + 3x)(x —2y)
=10(x + 2y)(2y — xz) =122y + x)(x - 2y)
=10(x + 2y)(x — 2y)° — 12(x + 2y)(x — 2y)
=2(x + 2y)(x — 2y)[5(x - 2y) — 6]
=2(x + 2y)(x — 2y)(5x — 10y — 6)

@ %pzq + %pzr = %pz(q +4r)

(i) Whenp=12,g=36andr =16,

L 122 x36+ 2 x12°x 16
3 3

(1.2)°[36 + 4(16)]
(1.44)(36 + 64)

(1.44)(100)

W= W= W= W=

x 144

48
() X +3x-x-3
=x(x2 + 3)—(x2+ 3)
= +3)x-1)
(i) (-3 -Q2-x)+3(*-3)
=(* =3’ +3("-3)-(x*-2)
=( =3’ +3(7=3) - [P =3+ IT
=( =3’ +3(7=3) - [ =3 +2(x’=3) + 1]
=(=-3) +3(-3)-(* -3 -2(x’-3)-1
=W -3) + (@ -3) - -3)Y-1
= -3V +3(7-3)-(x*-3-3-2("-3)+2
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=[(* =3P +3(7-3) - (*=3)*-3]-2[(**-3)-1]
=[(x* =3 +3](x*-3-1)-2(x*-4) (From (i))

= [(P) =20)B) + 3 +3](x* -4 - 2(x* - 4)

=(x -6+ 12)( - 4) - 2(x* - 4)

=@ -6+ 12-2)(x* - 4)

= @' -6+ 10)(x* — 4)

Review Exercise 3

1.

(i) (Gx+2y)’
= (30" + 3(3%)°(2y) + 3(30)(2y)” +(2y)’
=9x” + 54x7y + 36xy” + 8y’
(i) (a+bc)
= (@) +3(a)(bc) + 3(a*)(be) +(be)’
=a® + 3a’be + 3a°b*c* +b°¢?
(iii) (-7a +2b%)’
= (2b* -Ta)’
= (2b%)’ = 32b**(Ta) + 3(7a)’(2b*) — (Ta)’
= 8b° —84ab* + 294a’b’ - 343a’
(iv) (- y=2)’
=[K¥-@+2)TI
= () =3()(y+2) + 350+’ - (v +2)°
=X -3+ ) + 3O+ 22+ D) -y =3y -3y -7
=20 = 3xYy = 3x'z + 3%+ 6xPyz + 30—y = 3y’ r -3y -7
(v) (a-2b-3¢)
=la-Q2b-307
=a —3a’2b + 3¢) + 3a(2b + 3¢)* — (2b + 3¢)’

=a’ —3d*(2b + 3¢) + 2a(4b* + 12bc + 9¢%) — 8b° — 36b°c —
54bc*

=a - 6a’b—9d’c + 8ab® + 24abc +18ac” — 8b* — 36b°c —
54bc* - 9¢®
i) (' ~q’ -1’
=lp’- (@ -
= (")’ -3(p)(q" + 1) +3p(@ + 1)’ - (q* + 1)’
=p° = 3p*(q’+ 1) +3p(q" + 24" +1) - (49" - 3(q)() -
3¢°(r) - ()3
(5.83)" - 3(5.83)°(3.83) + 3(5.83)(3.83)" - (3.83)’
Using cube of the difference of two terms, we get
=(5.83 - 3.83)°

=(2.00)°
=8.00



3.

5.

(@) —2a(a—5b+7)=-2a"+ 10ab — 14a

(b) 2c +3d)(3c +4d) =2¢(3c¢ + 4d) + 3d(3¢ + 4d)
=6¢" + 8cd + 9cd + 124
=6¢ + 17cd + 12d4°

(¢) (k+3h)(5h —4k) = k(5h — 4k) + 3h(5h — 4k)

= Shk — 4K* + 15h°— 12hk
=417 + 5hk — 12hk + 15K
=—4k* — Thk + 151*

d) Cm+ D) +3m—1) =2m@m* + 3m— 1) + (m* +3m—1)
=2m’ + 6m* = 2m+m*+3m—1
=2m’ + 6m* + m* = 2m +3m—1
=2m’+Tm*+m—1

() 2p(3p —59) - q(2q—3p) = 6p° — 10pg —2q" + 3pq

=6p” — 10pq + 3pq - 24"
=6p’~Tpq-2q’

(b) —4s(Bs + 4r) — 2r(2r — 55) = —125* — 1657 — 4r* + 10sr
=-125" — 16sr + 10sr — 47°
=—125" — 6sr — 41°

(€) (Bt—u)(t+9u)—tQRu—17t) = 8t(t + u) — u(t + Yu) — tQu — 7t)

=87 + 72tu—tu—9u* —2tu + ¢
=87 +7F + T2tu — tu — 2tu — 9’
=15¢ + 691u — 9u’

(d) 2w+ 3x)(w—5x) — Bw + Tx)(w = Tx)

=2w(w — 5x) + 3x(w — 5x) — [Bw(w — Tx) + Tx(w — Tx)]
=2w" — 10wx + 3wx — 15x* — Bw* = 21wx + Twx — 49x7)
=2w? — 10wx + 3wx — 15x% = 3w’ + 21wx — Twx + 49x°
=2w” — 3w’ — 10wx + 3wx + 21wx — Twx — 15x° + 49x°
= —w? + Twx — 34x°

(a) ¥=xxx

—63y” =y x (—63y) or (—y) x 63y
=3y x (-21y) or (-3y) x 21y
=Ty x (-9y) or (-7y) x 9y

X X 9y

X X 9xy

Ty | -Txy | 63y’

(=Txy) + 9xy = 2xy

S X+ 2xy — 637 = (x = Ty)(x + 9y)
(b) 2xX* =2x xx

3y* =y x 3yor (-y) x (-3y)

X X y

2x 27 2xy

2

3y 3xy 3y

3xy + 2xy = Sxy
22+ Sxy 4+ 3y = 2x + 3y)(x + y)

(¢) 6x°y" =6xy x xy or 3xy x 2xy
—4=1x(-4)or(-1)x4
=2x(-2)or(-2)x2

X 2xy 1

3xy | 6x%y* | 3xy

-4 —8xy -4

(-8xy) + 3xy =-5xy
S6xXY = 5xy—4=Cxy—-4)2xy + 1)
(d) 37— 8xyz + 4x’y’z = 2(3 — 8xy + 4x’y")
3=3x1
4x7y* = xy x 4xy or (=xy) x (4xy)
= 2xy x 2xy or (—2xy) x (-2xy)
X 1 —2xy

3 3 —6xy

“2xy | =2xy | 4x%y°

(=2xy) + (-6xy) = -8xy
o 32— 8xyz + 4x°y’z = 2(3 - 2xy)(1 — 2xy)
(@) (—x+5y) = (%)’ + 2(-=0)(5y) + (5y)°
=x" — 10xy + 25y°
(b) &+ -y =) -y
=xt_ yz
2 4 2

() (3x + %y) =(3x)2+2(3x)(§y) + (%y)

24 16 »
=0+ Zxy4+ 2
TR

@ Hx‘éy)z =(—%X)2 o -33)(-50) +(-5)

Teely, Ly
16 12 36

(e (Sx - %y) (Sx + %y) = (sx)Z_(%y)

49 ,
=25x- 22
16”

2

|
/)N
Al
=
|
AN
W | =
IS
A

3 1 3 1
(f) (ny + EZ) (ny - EZ)

(@ 1-121x%=1"-(11x)"°
=(1+ 11x0)(1 = 11x)

(b) x*+6xy + 9y =2+ 2(x)(3y) + (3y)’

=(x+3y)’

(¢) 25x°—100xy + 100y” = 25(x” — 4xy + 4y°)
=25[x" - 2(x)(2y) + (2y)’]
=25(x — 2y)*

(d) 36> —49(x + 1) = (6y)* - [7(x + DT’

= [6y + 7(x + D][6y — 7(x + 1)]
=(6y+Tx+T7)6y—-Tx-T)
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8. (a) —ldxy—21y" =-Ty(2x + 3y)

(b) 9xy2 - 36x2y = 9xy(y — 4x)

(©) 2x=3y)a+b)+(x-y)b+a)
=2x-3y)a+b)+(x—y)a+Db)
=(a+b)2x-3y+x-Yy)
=(a+ b)(3x—4y)

(d) 5(x—2y) - (x—2y)" = (x = 2y)[5 - (x - 2y)]

=(x=29)5-x+2y)

(€) X +3xy +2x+ 6y =x(x + 3y) + 2(x + 3y)

=(x+3y)(x+2)

) 38 -2 +3x-2 =xBx-2)+(3x-2)

=GBx-2)(* +1)

(g) 4cx—6¢y —8dx + 12dy =2(2cx — 3¢y — 4dx + 6dy)
=2[c(2x - 3y) — 2d(2x - 3y)]
=2(2x - 3y)(c - 2d)

(h) 5xy—10x— 12y + 6y = 5x(y = 2) + 6y(=2 + y)

=5x(y = 2) + 6y(y - 2)
=(y—2)(5x + 6y)
9. X¥+xX—4x-4=xX(x+1)—-4(x+1)
=@+ D(*-4)
=(x+ D" =29
=(x+ Dx+2)(x-2)
10. (a) 899% = (900 — 1)’
=900% - 2(900) + 1°
=810 000 — 1800 + 1
=808 201
(b) 6597 —341% = (659 + 341)(659 — 341)
=1000 x 318
=318000
11. 2(x -y’ =116
(x—y)’ =58

X —2xy+y =58

Since xy = 24,

X =2024) +y =58

X —48 +y* =58
¥ +y =106
12. G) (F+3)7 = +2(N3)+3°
= +6f+9
(ii) From (i),
[Rh+k) +37=Qh+k)’+6(2h+k) +9
=Qh)* +2Qh) (k) + K + 12h + 6k + 9
=4h* + 4hk + K + 12h + 6k + 9
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Challenge Yourself

(a+by’=d+b
a* +2ab + b =d* + b*
2ab =0
ab =0
s Jab =0
Leta=h +K and b=m’+n".
R+k-m’-n*=15
K+kE—m*+n’)=15
a-b=15
(W + 15 + (m* + nY)* =240.5
a*+b* =240.5
(a=by =a’-2ab+ 1’
=a*+ b’ —2ab
15 =240.5 - 2ab
2ab =240.5 - 225
=15.5
(a+bY=d’+2ab+ b
=d*+ b’ +2ab
=240.5+ 155
=256
S+ +mi+nt=a+b

= /256

=16

W+ +m* +n*>0)



Chapter 4 Graphs of Linear Equations and Simultaneous Linear Equations
TEACHING NOTES
Suggested Approach

In this chapter, students will learn linear equations in the form ax + by = k.

They have learnt how to solve simple linear equations. Here, they will be learning how to solve simultaneous linear equations,
where a pair of values of x and of y satisfies two linear equations simultaneously, or at the same time. Students are expected to
know how to solve them graphically and algebraically and apply this to real-life scenarios by the end of the chapter.

Teachers can build up on past knowledge learnt by students when covering this chapter.

Section 4.1: Gradient of a Straight Line
Teachers should teach students how to take two points on the line and use it to calculate the vertical change (rise)
and horizontal change (run), and then the gradient of the straight line.

To make learning more interactive, students can explore how the graph of a straight line in the form y = mx + ¢
changes when either m or ¢ varies (see Investigation: Equation of a Straight Line). Through this investigation,
students should be able to observe what happens to the line when m varies. Students should also learn how to
differentiate between lines with a positive value of m, a negative value of m and when the value of m is 0.

Section 4.2: Further Applications of Linear Graphs in Real-World Contexts
Teachers can give examples of linear graphs used in many daily situations and explain what each of the graphs
is used for. Through Worked Example 2, students will learn how the concepts of gradient and y-intercept can be
applied and about their significance in real-world contexts and hence solve similar problems.

Section 4.3: Graphs of Linear Equations in the form ax + by = k
Before students start plotting the functions, they should revise the choice of scales and labelling of scales on
both axes. Students are often weak in some of these areas. Many errors in students’ work arise from their choice
of scales. Teachers should spend some time to ensure students learn how to choose an appropriate scale. At this
stage however, the choice of scales are specified in most questions.

Section 4.4: Solving Simultaneous Linear Equations Using Graphical Method
It is important teachers state the concept clearly that the point(s) of intersection of two graphs given the
solution of a pair of simultaneous equations and this can be illustrated by solving a pair of linear
simultaneous equations and then plotting the graphs of these two linear equations to verify the results
(see Investigation: Solving Simultaneous Linear Equations Graphically)

Teachers should show clearly that a pair of simultaneous linear equations may have an infinite number of solutions
or no solution (see Class Discussion: Coincident Lines and Parallel Lines, and Thinking Time on page 127).

Section 4.5: Solving Simultaneous Linear Equations Using Algebraic Methods
The ability to solve equations is crucial to the study of mathematics. The concept of solving simultaneous linear
equations by adding or subtracting both sides of equations can be illustrated using physical examples. An example
is drawing a balance and adding or removing coins from both sides of the balance.

Some students make common errors when they are careless in the multiplication or division of both sides
of an equation and they may forget that all terms must be multiplied or divided by the same number throughout.
The following are some examples.

OXFORD



* x + 3y =>5is taken to imply 2x + 6y =5
* 5x + 15y = 14 is taken to imply x + 3y = 14, and then x = 14 — 3y

Section 4.6: Applications of Simultaneous Equations in Real-World Contexts
Weaker students may have problems translating words into simultaneous linear equations. Teachers may wish
to show more examples and allow more practice for students. Teachers may also want to group students of
varying ability together, so that the better students can help the weaker students.

Challenge Yourself
Question 1 can be solved if the Thinking Time activity on page 127 has been discussed. The simultaneous
equations in Question 2 can be converted to a familiar form by substituting < with a and 3 with b.

Teachers can slowly guide the students for Question 3 if they need help in forming the simultaneous equations.

For Questions 4 and 5, teachers can advise students to eliminate one unknown variable and then applying the
guess and check method.
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WORKED SOLUTIONS

Investigation (Equation of a Straight Line)

1.

As the value of ¢ changes, the y-coordinate of the point of intersection
of the line with the y-axis changes. The coordinates of the point
where the line cuts the y-axis are (0, ¢).

As the value of m increases from O to 5, the steepness of the line
increases.

As the value of m decreases from O to —5, the steepness of the line
increases.

A line with a positive value for m slopes upwards from the left to
the right while a line with a negative value for m slopes downwards
from the left to the right.

Class Discussion (Gradients of Straight Lines)

Y

2

(i) Gradient of DE = %

=2

(ii) Yes, gradient of DE = gradient of AB.
(iii) Hence, we can choose any two points on a line to find its gradient

because the gradient of a straight line is constant.

Class Discussion (Gradients in the Real World)

1.

Angle of inclination = 45°

~

> 2 units

Angle of inclination = 63°

1.
—unit
> uni

Angle of inclination = 27°

A road with a gradient of 1 is generally considered to be steep.

Teachers may wish to get students to name some roads in Pakistan
which they think may have an approximate gradient of 1 and to ask
students how they can determine the gradients of the roads they have
named.

A road with a gradient of % is generally considered to be steep.

Investigation (Graphs of ax + by = k)

1.

@

(ii) The point A(2, —1) lies on the graph. The point B(-2, 5)
does not lie on the graph.
Whenx=2,2(2) +y=3

4+y=3
y=-1
When x=-2,2(-2)+y =3
—4+y=3
y=7#5

A(2, —1) satisfies the equation 2x + y = 3. B(-2, 5) does not
satisfy the equation 2x +y = 3.

(iii) Whenx=1,y=p=1.

(iv) Wheny=-7,x=¢g=5.

(v) The graph of y = —2x + 3 coincides with the graph of
2x+y=3.

2x+y=3
2x—2x+y =-2x+3  (Subtract 2x from both sides)
y=-2x+3

®
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(ii) Whenx=2,y=r=0
(iii) When y=-1.5,x=5=0
(iv) The coordinates of two other points are (-2, —3) and (4, 1.5).

Other points can be used, as long as they lie on the line.

(v) The graph of y = %x - % coincides with the graph of

3x—4y =6.
3x—4y=6
3x-3x-4y=-3x+6 (Subtract 3x from both sides)
—4y=-3x+6
4y _ 3X+ 6 pivide both sides by —4)
-4 -4
po 3,3
4 2

Investigation (Solving Simultaneous Linear Equation
Graphically)

1.

@

5 B!

="

(ENENE NN N EEEE RN/

/

(i) The coordinates of the point of intersection of the two graphs
are (1, 1).
(iii) For 2x + 3y =5
When x=-2,2(-2)+3y=5
y=3
Whenx=0,2(0)+3y=5
2

y=1§ F )
Whenx=1,2(1) +3y=5

y=1
When x=2,2(2)+3y=5

1

y= 3 #4
When x=4,2(4)+3y=5

y=-1
For3x-y=2
When x=-2,3(-2) —y=2

y=-8#3

Whenx=0,30)-y=2

y=-2
Whenx=1,3(1)—y=2

y=1
Whenx=2,32)—-y=2

y=4
Whenx=4,3(4)-y=2

y=10
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2.

The pair of values satisfying both equations isx =1,y = 1.
The pair of values is the same as the point of intersection of the
two graphs.

@ :

(ii) The coordinates of the point of intersection of the two graphs
are (2,-1)

(iii) The pair of values of x and y that satisfies both equations are
x=2andy=-1.

The coordinates of the point of intersection of the two graphs

is the pair of values of x and y that satisfies both the equations.

A coordinates that lies on one line will satisfy the equation of
that line. The same applies to the second line. Hence, the
coordinates of the point of intersection is the same as the point
that lies on both lines and that satisfy both equations.

Class Discussion (Choice of Appropriate Scales for Graphs
and Accuracy of Graphs)

1.

The graphs should look different to students who have used different
scales in both axes.

Teachers should remind students to make a table of values, with at
least 3 points, so as to construct the graph of a linear equation.
Though two points are sufficient to draw a straight line, the third
point will act as a check for the accuracy of the straight line.

1t is likely that most students will use 1 cm to 1 unit for both scales.
For the better students, prompt them to experiment with other scales,
such as 2 cm to 1 unit, 4 cm to 1 unit or 5 cm to 1 unit.

i y=29

(i) x=-0.6

If students use 1 cm to 1 unit for both scales, they would discover
that the point in (i) lies between squares on the graph paper.

By substituting the given value into the linear equation, one can
check for the accuracy of the answers.

Use a larger scale (from 1 cm to 1 unit to 2 cm to 1 unit) and redraw
the graph.



Class Discussion (Coincident Lines and Parallel Lines)

1.

2.

(@) () )

=
¢

(i)

=

(iii)

(b) The graphs of each pair of simultaneous equations are a pair
of lines that coincide.

(¢) Yes, each pair of simultaneous equations has solutions.
The solutions are all the points that lie on the line.

@ O

(i)

(iii)

(b) The graphs of each pair of simultaneous equations are a pair of
parallel lines.

(¢) No, each pair of simultaneous equations does not have any
solution since they do not intersect and have any point of
intersection.

Thinking Time (Page 127)

(a)

(b)

A pair of simultaneous equations where one equation can be obtained
from the other equation through multiplication or division, that is,
both equations are equivalent, has infinitely many solutions.

A pair of simultaneous equations where one equation can be
contradicted by the other equation has no solution.

Besides the equations in the Class Discussion on the same page,
teachers may wish to ask students to come up with their own pairs
of simultaneous equations with infinitely many solutions or no
solutions.

Thinking Time (Page 129)

The solutions to a linear equation in two variables are the set of x values

and y values that satisfy the linear equation. There are infinitely many

solutions for all real values of x and y.

For example, the solutions to the equation 2x + y = 13 is the set
{(x,¥): 2x+y = 13}. Some solutions in the set are (1, 11), (2, 9),
3,7) etc.
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Thinking Time (Page 132)

13x-6y =20 — (1)
Ix+4y=18 — (2)

Tx(1):91x-42y=140 — (3)
13 x(2): 91lx + 52y =234 — (4)

(3) - (:
(91x —42y) — (91x + 52y) = 140 — 234
94y =-94
y=1
Substitute y = 1 into (1): 13x - 61(1) =20
13x =26

x=2
.. The solutionisx=2and y=1.
No. it is not easier to eliminate x first as the LCM of 13 and 7 is larger
than 12.

Thinking Time (Page 134)
Tx—2y =21 — (1)
4x+y=57 —(2)

From (2), x = 574_‘y — 3

Substitute (3) into (1):
57T-y
4 — 2y =21

7(57—y) -8y =284
399 - 7y —8y=84

15y =315
y=21
Substitute y = 21 into (3): x = 57-21
=9

.. The solution is x =9 and y = 21.

If x is made the subject of equation (1) or (2), we will get the same
solution. Making y as the subject of equation is easier since algebraic
fractions will not be introduced then.

Thinking Time (Page 135)

2x+y=6 — (1)

1
=1-—-y —(2
x 5 2

2x(2):2x=2-y

2x+y=2 —(3)
Comparing (1) and (3), we notice that the gradients of the 2 equations
are the same but with different constants; i.e. they are parallel lines with
no solution.

Thinking Time (Page 140)

Let the smaller number be x. Then the greater number is 67 — x.

S(67-x)—x=3
67-2x=3
2x =64
Sox=32
Greater number = 67 — 32
=35
The two numbers are 32 and 35.

Practice Now 1

(a) :

T
T

Gradient = 2
4

=3

(b)

Gradient = —

N — ool &

(c) 7

Gradient =

N|w A~

1l
—_
N —
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@/

Gradient = — %

=6

Practise Now 2

(a) Time taken for the technician to repair each computer = 20 minutes
(b) Distance between the technician’s workshop and his first customer
=9km

(¢) (i) Gradientof OA = %

The average speed of the technician was % km/min.

(ii) Gradient of AB=0
The average speed of the technician was 0 km/min.

(iiii) Gradient of BC = —%

The average speed of the technician was % km/min.

(iv) Gradient of CD =0
The average speed of the technician was 0 km/min.

(v) Gradient of DE = —%

The average speed of the technician was % km/min.

Practise Now 3

(a) Whenx=-2,y=p,

3(2)+p=1
-6+p=1
p=1

(b)

X < t
= Tt T jmi

(¢) From the graph in (b),
When x = -1,
q = y =] 4

(d) (ii) x-coordinate = 0.5

Practise Now 4

1. x+y=3
x 0 2 4
y 1 -1
3x+y=5
x 0 2 4
y -1 -7
40 3

Scale: x-axis: 1 cm to 1 unit
y-axis: 1 cm to 2 units

The graphs intersect at the point (1, 2).
.. The solutionis x =1 and y = 2.
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2. Tx-2y+11=0

x -2 0 2

y -1.5 5.5 12.5
6x+y+4=0

x -2 0 2

y 8 -4 -16

==
«

Scale: x-axis: 1 cm to 1 unit

y-axis: 1 cm to 5 units

The graphs intersect at the point (-1, 2).
.. The solutionis x =-1 and y = 2.

Practise Now 5

1. @ x-y=3 — ()
dx+y =17 — (2)

)+ (1):
@x+y)+x-y)=17+3
4x+y+x-y=20

5x =20
x=4
Substitute x = 4 into (2):
44 +y=17
16+y=17
y=1
.. The solutionisx=4andy=1.
(b) Tx+2y=19 — (1)
Ix+8y=13 — (2)
@) -
(7x+8y)—(7Tx+2y)=13-19
Tx+8y—Tx-2y =-6

6y =-6
y=-1
Substitute y = —1 into (1):
Tx+2(-1)=19
Tx-2=19
Tx =21
x=3

.. The solutionisx =3 and y =-1.
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(© 13x+9y=4 —(1)
17x -9y =26 — (2)
M +Q):
(13x+9y) + (17x-9y) =4 + 26
13x+9y+17x -9y =30

30x =30
x=1
Substitute x = 1 into (1):
13(1)+9y =4
13+9y =4
9y =-9
y=-1

. The solutionisx=1and y =-1.
(d) 4x-5y =17 — (1)
x-5y=8 —(2)
1) -2
(4x-5y)—(x-5y)=17-8
4x-5y-x+5y=9

3x =9
x=3
Substitute x = 3 into (2):
3-5y=8
Sy =5
y=-1

.. The solutionis x =3 and y = 1.
2. 3x-y+14=0 — (1
2x+y+1=0 —(2)
1 +Q2):
Bx-y+14)+2x+y+1)=0+0
3x-y+14+2x+y+1=0

S5x+15 =0
5x =-15
x =-3

Substitute x = -3 into (2):
2(-3)+y+1 =0
y=-5=0
y =5
.. The solution is x =-3 and y = 5.

Practise Now 6

(a) 2x+3y=18 — (1)
3x-y=5 —(Q)
3x(2):9%-3y=15 — (3)
M +3):
2x+3y)+(9x-3y)=18+15

2x+3y+9x-3y =33

11x =33
x=3
Substitute x = 3 into (2):
33)-y=5
9-y=5
y=4

.. The solution is x =3 and y = 4.



(b) 4x+y=11 — (1)
x+2y=7 — ()
2x(1):8x+2y=22 — (3)
3) -2
Bx+2y)—(Bx+2y)=22-7

8x+2y—-3x-2y=15

S5x=15
x=3
Substitute x = 3 into (1):
43)+y =11
12+y=11
y=-1

.. The solutionisx =3 and y = -1.

Practise Now 7

@ 9x+2y=5 — ()
Tx-3y =13 —(2)
3x(1):27x+6y=15 — (3)
2x(2): 14x—6y=26 — (4)
3)+@):
27x + 6y) + (14x - 6y) = 15+ 26
27x + 6y + 14x — 6y =41

41x =41
x=1
Substitute x = 1 into (1):
9(1)+2y =5
9+2y=5
2y =4
y=-2

.. The solution is x =1 and y = -2.

(b) Sx-4y=17 — (1)
2x=3y=11 —(2)
2x(1): 10x-8y=34 — (3)
5x(2): 10x—15y=55 — 4)
(3) -
(10x — 8y) — (10x — 15y) =34 - 55
10x — 8y — 10x + 15y =-21

Ty =-21
y=-3
Substitute y = -3 into (2):
2x-3(-3)=11
2x+9 =11
2x =2
x=1

.. The solution is x =1 and y = -3.

Practise Now 8

Method 1:

1 X Y
Ex(l).z 7 2 3)

@-0:

2.y XY
(EX_E)—(4 6

1,
2
22 _xyy gl
5 6 4 6 2
ix:ll
20 2
x =10
Substitute x = 10 into (1):
10 _y_y4
2 3
5-2=4
3
=1
3
y=3
.. The solution is x =10 and y = 3.
Method 2:
Y4 _q
505 M
2 y 1
Zx-<L=3= —(2
5 6 2 )

30 x (1): 15x— 10y =120 — (3)
60 x (2): 24x — 10y =210 — (4)
4) -3
(24x — 10y) — (15x - 10y) =210 - 120
24x — 10y — 15x + 10y =90
9x =90
x =10
Substitute x = 10 into (3):
15(10) — 10y = 120
150 — 10y = 120
-10y =-30
y=3
.. The solution is x = 10 and y = 3.

Practise Now 9

3y—-x=7 — (1)
2x+3y=4 — (2)
From (1), x=3y-7 — (3)
Substitute (3) into (2):
23y-7)+3y=4
6y—14 +3y =4
9y =18
y=2
Substitute y = 2 into (3):
x =32)-7
=-1
.. The solutionis x =-1 and y = 2.
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Practise Now 10 Substitute x = -3 into (3):
y=-2(=3)

=6
.. The solution is x =-3 and y = 6.

3x-2y=8 — (1)
4x+3y =5 —(2)
From (1), 3x =2y +8

X = 2y;- 8 _ 3) Practise Now 12
Substitute (3) into (2): 1. Let the smaller number be x and the greater number be y.
2y +8 - _
4( y3 ) +3y=5 x+y=36 — (1)
y=x=9 —(2
42y +8)+9y =15 D+ (2):
8y+32+9y =15 2y =45
17y+32=15 y=225
17y =-17 Substitute y = 22.5 into (1):
y=-1 x+22.5=36
Substitute y = -1 into (3): x=13.5
X = 2D +8 .. The two numbers are 13.5 and 22.5.
3 2. Let the smaller angle be x and the greater angle be y.
=2

1 o
.. The solution is x=2 and y =-1. g(x+)’)=60 — ()

1 _ hgo
Practise Now 11 7] (y—x)=28° —(2)

3x(1):x+y=180° — (3)

x—-1 2
@ 3 3=3—-O 4x2:y-x=112° — (@)
x-2 1 3)+4):
y-1-5 —@ 2y = 292°
From (1), y =146°
3x—-1)=2(y-3) Substitute y = 146° into (3):
3x-3=2y-6 X+ 146° = 180°
3x-2y=-3 —(3) x =34°
From (2), .. The two angles are 34° and 146°.
20-2)=y-1 3. x+y+2=2x+1 — (1)
2x—-4=y-1 2y=x+2 —(2)
y=2x-3 — &) From (1),
Substitute (4) into (3): y=x-1 —03)
3x-22x-3)=-3 Substitute (3) into (2):
3x-4x+6=-3 2-1)=x+2
x+6=-3 2x-2=x+2
x=9 x=4
Substitute x = 9 into (4): Substitute x = 4 into (3):
y=209)-3 y=4-1
=15 =3
.. The solution is x =9 and y = 15. Length of rectangle = 2(4) + 1
(b) 3x+2y=3 — (1 =9cm
L 3 @ Breadth of rectangle = 2(3)
xX+y x+2y =6cm
From (2), Perimeter of rectangle = 2(9 + 6)
x+2y=3(x+y) =30cm
=3x+3y .. The perimeter of the rectangle is 30 cm.
y=-2 — ()
Substitute (3) into (1):
3x+2(2x)=3
3x—4x =3
x=-3
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Practise Now 13

Let the numerator of the fraction be x and its denominator be y,
x

i.e. let the fraction be ; .

x+1
y+1 =
x=35
y-5-
From (1),
Sx+1)=4@y+1)
5x+5=4y+4
Sx-4y=-1 — (3)
From (2),
2x-=5)=y-5
2x—-10=y-5
y=2x-5 —(4)
Substitute (4) into (3):
Sx—42x-5)=-1
Sx-8x+20=1
3x =-21
x=7
Substitute x = 7 into (4):
y=2(7)-5
=9

— (@

ROl— b~

)

.. The fraction is % .

Practise Now 14

1. Let the present age of Kiran be x years and that of Kiran’s father be
y years.
Then in 5 years’ time, Kiran’s father will be (y + 5) years old and
Kiran will be (x + 5) years old.
4 years ago, Kiran’s father was (y — 4) years old and and Kiran was
(x —4) years old.
y+5=3(x+5) — (1)
y—4=6x-4) — (2
From (1),
y+5=3x+15
y=3x+10 — (3)
Substitute (3) into (2):
3x+10-4 =6(x-4)
=6x-24
3x =30
x =10
Substitute x = 10 into (3):
y=3(10) + 10
=40
.. Kiran’s present age is 10 years and Kiran’s father’s present age
is 40 years.

2. Letthe amount an adult has to pay be PKR x and the amount a child
has to pay be PKR y.
11x + 5y = 2800 — (D
14x + 9y = 3880 —(2)
9 x (1): 99x + 45y = 25200 — (3)
5 x(2): 70x + 45y = 19400 — (4)

3 -@:
(99x + 45y) — (70x + 45y) = 25200 — 19400
29x = 5800
x =200

Substitute x = 20 into (1):
11(200) + 5y = 2800
2200 + 5y = 2800
Sy =600
y =120

Total amount a family of 2 adults and 3 children have to pay
=PKR (2x + 3y)
=PKR [2(200) + 3(120)]
=PKR 760
.. The family has to pay PKR 760.

Practise Now 15

Let the tens digit of the original numer be x and its ones digit be y.
Then the original number is 10x + y, the number obtained when the digits
of the original number are reversed is 10y + x.

x+y=11 — ()
10x+y—-(10y+x)=9 —(2)

From (2),
10x+y-10y-x =9
9% -9y =9
x—y=1—0)

1+ @)
2x =12
x=6
Substitute x = 6 into (1):
6+y=11

y=5

.. The original number is 65.

Exercise 4A

3
m= —
3
=1
c=0
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0

) (iiii) Gradient of DE = — ?

=-20
Ahsan’s average speed was 20 km/h.

Exercise 4C

1. (&) 2x+y=50

4
m=—§ 2x + 10 =50 (where y = 10 ; given)
1 2x =50-10
T2 2x=49
c=4 X =
2. Gradient of Line 1 =0 x =20
Gradient of Line 2 = gradient of Line 5 (b)3y—x=30
=-3 3x20 —x =30 (given y = 20)
The slope of Line 3 is undefined. 60 —x =30
Gradient of Line 4 = gradient of Line 6 —x=30-60
_ 1 —x =-60
2 x =20
2. (a) Linel:y=6
Exercise 4B Line 2: y=-2
1. (a) Hussain left home at 1000 hours. (b)
(b) Distance Hussain travelled before he reached the cafeteria :
=50 km
. . _ 50 o !
(¢) (i) Gradient of OA = T il
=50 3
Hussain’s average speed was 50 km/h.
(ii) Gradient of AB=0
Hussain’s average speed was 0 km/h. i
(iii) Gradient of BC = ? 1
2
=60 H
Hussain’s average speed was 60 km/h.
2. (a) Distance between Ahsan’s home and the post office = 40 km The lines are horizontal. The y-coordinates of all the points on
(b) Total time Ahsan stayed at the post office and at the hawker the lines are a constant.
centre
= 1 =+ l
2
=1 1 hours
2
(©) (i) Gradient of OA = ?
=20
Ahsan’s average speed was 20 km/h.
(ii) Gradient of BC =— 2
h
i3l
3

Ahsan’s average speed was 13 % km/h.
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3. (@ Linel:x=0.5
Line2: x=-2

5. (@) 2x+y=-3

x -1 0 2
(b) ; y -5 -3 1
i izt (b)
::3@ ==
The lines are vertical. The x-coordinates of all the points on the
lines are a constant.
4. (a) Whenx=-5,y=p,
—(-5)+2p=4 o
5+2p =4
2p =-1
1 H i 1 umi
p=- E IH %7 S
Whenx=5,y=gq, It HHH
5+2g=4 (c) (ii) Area of trapezium
1
2=9 L1341
q= 4 l
2 =1 % units’
1 1
=——, = 4 —
P=3:47%5 .
(b) 7 Exercise 4D
A
1. (@ 3x-y=0
x -2 2 4
y -6 6 12
) 2x-y=1
X -2 2 4
y -5 3
cale:e-axis:temto tunit - Scale: x-axis: 1 cm to 1 unit
s 2emio Lmit

y-axis: 1 cm to 5 units
(¢) From the graph in (b),
When y=0.5,

r=x=-3

The graphs intersect at the point (-1, =3).
.. The solution is x =—1 and y = -3.

(d) (i) y-coordinate = 3 %

OXFORD
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(b) x—y=-3
X —4 -2 0
y -1 1 8
x—2y=-1 6
x 3 | - 1 :
y -1 0 1 \
e Scale: x-axis: 1 cm to 1 unit
y-axis: 1 cm to 2 units
Scale: x-axis: 1 cm to 1 unit The graphs intersect at the point (0, 2).
y-axis: 1 cm to 2 units .. The solution is x =0 and y = 2.
The graphs intersect at the point (=5, —2). (e) 2x+5y=25
.. The solution is x =5 and y = 2. x 0 5 10
(€) 3x-2y=7 y 5 3 1
X -1 1 3x-2y=9
y -5 -2 4 x 1
2x+3y=9 y 3 0 6
X -3 0 3 :
y 5 1 1
SERS= -‘;f( 3.1
Scale: x-axis: 1 cm to 2 units
y-axis: 1 cm to 5 units
The graphs intersect at the point (5, 3).

Scale: x-axis: 1 ¢cm to 2 units <. The solutionis x =5 and y = 3.

y-axis: 1 cm to 2 units ® 3x-4y=25
The graphs intersect at the point (3, 1). ad ! & !
.. The solutionisx=3 and y = 1. Y 7 —4 -1
(d) 3x+2y=4 4x—-y=16

x -2 2 4 L 0 6

y 5 -1 4 y 16
Sx+y=2

x -1 1 2

y 7 -3 -8
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2.

Scale: x-axis: 1 cm to 2 units
y-axis: 1 cm to 5 units

The graphs intersect at the point (3, —4).
.. The solution is x =3 and y = —4.

(@) x+4y-12=0
x -4 0 8
y 4 1
4x+y-18=0
x 6
y 10 6 -6

dx i+ yvi=18=

Scale: x-axis: 1 cm to 2 units
y-axis: 1 cm to 5 units

The graphs intersect at the point (4, 2).
.. The solutionis x =4 and y = 2.
(b) 3x+y-2=0

x -2 0 2

y 8 2 -4
2x-y-3=0

X -2 0 2

y -7 -3 1

Scale: x-axis: 1 cm to 1 unit
y-axis: 1 cm to 5 units

The graphs intersect at the point (1, —1).

. The solutionis x =1 and y =-1.
OXFORD
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3.

(¢) 3x-2y—13=0

x -1 1 3
y -8 -5 -2
2x+2y=0
X -2 2
y 2 -2
; =0

Scale: x-axis: 1 cm to 1 unit
y-axis: 1 cm to 2 units

The graphs intersect at the point (2.6, —2.6).
.. The solution is x = 2.6 and y = -2.6.
d 2x+4y+5=0

x -4.5 -2.5 -0.5

y 1 0 -1
-x+5y+1=0

x -4 35 6

y -1 0.5 1

Scale: x-axis: 2 cm to 5 units

y-axis: 2 cm to 1 unit

The graphs intersect at the point (1.5, =0.5).
.. The solution is x = 1.5 and y = -0.5.
(@ (1) y=2x+9
x -8 0 4
y -7 9 17




(i)

€ =3 =1
B i * Scale: x-axis: 1 cm to 1 unit
i = b y-axis: 1 cm to 5 units
- g The graphs of each pair of simultaneous equations are parallel
‘ﬁ%j_:ﬁ?j@' o i ]#:: and have no intersection point.
SESESESEEE =Ras The simultaneous equations have no solution.
b) @) y=Lr+2 © 22
4 x -2 0 2
X -8 0 4 y 0 1
Y 0 2 3 4y—2x=4
© 2x-y=-9 —(@ x ) 0 2
—4y=-8 —(2
x—4y 2 y 0 )
From (1), y=2x+9
From (2),4y =x+8
1
=_—x+2 R A A A A
y 2 3 S
From (a)(ii), the graphs intersect at the point (-4, 1).
.. The solutionis x =—4 and y = 1.
4. (a) x+2y=3 .
x 3 1 3 Tt
y 3 1 0 Scale: x-axis: 1 cm to 1 unit
Y+dy=6 y-axis: 1 cm to 1 unit
x -3 1 3 The graphs of each pair of simultaneous equations are identical.
y 3 1 0 The simultaneous equations have an infinite number of solutions.
d) 2y+x=4
P x -2 0 2
= = y 3 1
= 2y+x=6
X -2 0
t y 4
Scale: x-axis: 1 cm to 1 unit ﬁ
y-axis: 1 cm to 1 unit
The graphs of each pair of simultaneous equations are identical. -
The simultaneous equations have an infinite number of solutions. 2 =
(b) 4x+y=2
X -2 0 2
y 10 2 -6 !
4x+y=-3 Scale: x-axis: 1 cm to 1 unit
x i) 0 2 y-axis: 1 cm to 1 unit
y 5 -3 -11
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The graphs of each pair of simultaneous equations are parallel
and have no intersection point.
The simultaneous equations have no solution.

5. (@ y=3-5x

X -1 0 1
y 8 -2
Sx+y-1=0
x -1 0 1
y 6 1 -4
X =

Scale: x-axis: 2 cm to 1 unit
y-axis: 1 cm to 5 units

The graphs of each pair of simultaneous equations are parallel
and have no intersection point.

The simultaneous equations have no solutions.

(b) 3y+x=7
x -5 -2 4
y 4 3
15y=35-5x
X =5 -2 4
y 4 3

e

>

Scale: x-axis: 1 cm to 2 units

y-axis: 1 cm to 1 unit

The graphs of each pair of simultaneous equations are identical.

The simultaneous equations have an infinite number of solutions.

Exercise 4E

1. (@ x+y=16 — (1)
x-y=0 —(2)
1)+ (2):
x+y)+@x-y) =16+0
X+y+x-y =16
2x =16

x =8

OXFORD
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(b)

(c)

(@)

(e)

Substitute x = 8 into (1):

8+y=16
y=8
.. The solution is x = 8 and y = 8.
x-y=5 —()
x+y=19 —(2)
2)+(1):

x+y+@E-y)=19+5
xX+y+x—-y=24

2x =24
x=12
Substitute x = 12 into (2):
12+y=19
y=7

.. The solutionis x =12 and y = 7.
lx+4y=12 — (1)
Ix-4y=8 —(2)
M+ Q)
(1lx+4y)+ Ox—-4y) =12 +8
11x+4y+9x—4y =20
20x =20
x=1
Substitute x = 1 into (1):
11(1) +4y =12

11+4y=12
4y =1
y:l
4

.. The solutionisx=1andy = %

dy+x=11 — (1)

3y—x=3 —(2)

M+ @)

Ay+x)+Q@By—-x)=11+3
4y+x+3y—-x=14

Ty =14
y=2
Substitute y = 2 into (1):
42) +x =11
8+x=11
x=3

.. The solutionis x =3 and y = 2.

3x+y=5 —(1)

x+y=3 —(2)

-

Bx+y)-(x+y)=5-3
3x+y—-x-y=2

2x =2
x=1
Substitute x = 1 into (2):
1+y=3
y=2

.. The solutionis x=1and y =2.



®

@

(h)

2x+3y=5 — (1)

2x+Ty =9 —(2)

2) -

2x+7y)-(2x+3y)=9-5
2x+7y-2x-3y =4

4y =4

y=1

Substitute y = 1 into (1):
2x+3(1)=5
2x+3 =5
2x =2
x=1

.. The solutionisx=1and y=1.
Ix-3y=15 — ()
1x-3y=21 —(2)
2) -
(11x=3y)—(7Tx-3y) =21-15
1lx-3y-7x+3y =6
4x =6

x =1

| =

Substitute x = 1 % into (1):

1
1115] -3y =15

1
10= -3y =15
2 y

1

.. The solutionis x =1 1 andy=-1—-.
2 2

3y-2x=9 — ()
2y-2x=7 —(2)
-2
By-2x)—2y-2x) =9-17
3y—2x—2y+2x =2

y =2
Substitute y = 2 into (1):
32)-2x=9
6-2x=9
2x =-3
x=-1 l

2
.. The solution is x = -1 % and y = 2.

3a-2b=5 — (1)
2b-5a=9 —(2)

(1) +(2):
(3a—2b)+(2b—5a)=5+9
3a-2b+2b-5a=14

Da=14

a=-7

1)

(k)

o

Substitute a = -7 into (2):
2b-5(-7)=9
2b+35=9
2b =-26
b=-13
.. The solution is @ =7 and b =-13.
5¢c-2d =9 — (1)
3c+2d =7 — (2)
(1) +(2):
Bc-2d)+Bc+2d)=9+7
5c-2d+3c+2d=16

8c =16

c=2

Substitute ¢ = 2 into (2):
32)+2d=17
6+2d=17
2d =1
d=1
2

.. The solutionis c=2 and d =

| =

3f+4dh=1 — (1)
5f-4h=7 —(2)
(D +@2):
GBf+4h) + (5f-4h) =1+7
3f+4h+5f-4h =8
8f=8
f=1
Substitute f= 1 into (1):
3(D+4h=1
3+4h=1
4h =2
h=-L
2

.. The solutionis f=1and h = —% .

6j—k=23 — (1)

3k+6=11 —(2)

2)-(1):

Gk +6j)— (6j—k) =11-23
3k+6j—6j+k=-12

4k =-12
k=-3

Substitute k = -3 into (2):
3(-3)+6j=11
9+6j=11
6j =20
. 1
Jj=3 3

.. The solution is j = 3% and k = -3.
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2.

(@ 7x-2y=17 — (1)
3x+4y =17 —(2)
2x(1): 14x—4y=34 — (3)
3)+(2):
(14x-4y) + Bx+4y) =34+ 17
14x -4y + 3x + 4y =51
17x =51
x=3
Substitute x = 3 into (2):
33)+4y =17
9+4y=17
4y =8
y=2
.. The solution is x =3 and y = 2.
(b) 16x+5y=39 — (1)
4x -3y =31 —(2)
4x(2):16x-12y=124 — (3)
1H-06):
(16x + 5y) — (16x — 12y) =39 - 124
16x + 5y — 16x + 12y =-85
17y =-85
y=-5
Substitute y = -5 into (2):
4x —3(-5) =31
4x + 15 =31
4x =16
x=4
.. The solution is x =4 and y = -5.
© x+2y=3 — ()
3x+5y=7 —(@2)
3x(1):3x+6y=9 —(3)
3) -
Bx+6y)—Bx+5y)=9-7
3x+6y—-3x—-5y=2
y=2
Substitute y = 2 into (1):
x+22)=3
x+4=3
x=-1
.. The solution is x =—1 and y = 2.
d 3x+y=-5 —()
Ix+3y=1 —(2)
3x(1):9%+3y=-15 — (3)
3)-@:
Ox+3y)—(Tx+3y)=-15-1
9x +3y-Tx-3y =-16
2x =-16
x=-8
Substitute x = -8 into (1):
3-8)+y=-5
24+y=-5
y=19

.. The solution is x =-8 and y = 19.
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3.

(e)

®

(a)

(b)

Tx-3y=13 — (1)
2x-y=3 —(2)
3x(2):6x-3y=9 —(3)
-G
(7x—-3y)—(6x—-3y)=13-9
Tx-3y—-6x+3y=4

x=4

Substitute x = 4 into (2):
2(4)-y=3
8§—y=3
y=5

.. The solutionisx =4 and y = 5.

9Ix-5y=2 —(1)

3x-4y=10 — (2)

3%x(2):9x-12y=30 — (3)

(1) —-3):

(Ox—=5y)—(9x—12y)=2-30
9x —5y—-9x + 12y =-28

Ty =-28
y=-4
Substitute y = —4 into (2):
3x-4(-4) =10
3x+16 =10
3x =-6
x=-2

.. The solution is x =-2 and y = —4.

Tx-3y =18 — (1)

6x+7y =25 —(2)

7x(1):49x-21y=126 — (3)

3x(2):18x+21y=75 — (4)

3) + 4):

(49x - 21y) + (18x + 21y) =126 + 75
49x — 21y + 18x + 21y =201

67x =201
x=3
Substitute x = 3 into (2):
6(3)+7y =25
18+ 7y =25
Ty =17
y=1

.. The solutionisx=3and y=1.
4x+3y=-5 — (1)
3x-2y=43 —(2)
2x(1):8x+6y=-10 — (3)
3x(2):9%x-6y=129 — (4)
3) + (4):
(8x+6y) + (9x—6y) =-10 + 129

8x+6y+9x—6y =119

17x =119

x=17



Substitute x = 7 into (1):

4(7)+3y =-5
28 +3y =-5
3y =-38
y=-11

.. The solutionis x =7 and y = -11.

() 2x+3y=8 — (1)
Sx+2y=9 —(2)
2x(1): 4x+6y=16 — (3)
3x(2): 15x+6y=27 — (4)
#-0G):
(15x + 6y) — (4x + 6y) =27-16
15x + 6y —4x -6y =11

11x =11
x =1
Substitute x = 1 into (2):
5(1)+2y=9
5+2y=9
2y =4
y=2

.. The solutionis x =1 and y =2.
d) Sx+4y=11 — (1)

3x+5y=4 —(2)

3x(1): 15x+12y=33 — (3)

5x(2): 15x+25y=20 — (4)

4)-03):

(15x +25y) — (15x + 12y) =20 -33

15x + 25y — 15x - 12y =13

13y =-13
y=-1
Substitute y = —1 into (1):
Sx+4(-1)=11
Sx—4=11
5x=15
x=3

.. The solutionisx =3 and y =-1.
(e) 4x-3y=-1 — (1)

S5x-2y=4 —(2)

2x(1):8x-6y=-—2 —(3)

3x(2):15x-6y=12 — (4)

@ -3

(15x - 6y) —(8x—6y) =12 - (-2)

15x -6y —8x+6x =14

Tx =14
x=2
Substitute x = 2 into (2):
52)-2y=4
10-2y =4
2y =6
y=3

.. The solution is x =2 and y = 3.

®

(a)

(b)

(c)

Sx—-4y=23 — (1)

2x-Ty=11 —(2)

2x(1):10x-8y=46 — (3)

5x(2):10x-35y=55 — (4)

(3)- )

(10x — 8y) — (10x — 35y) =46 - 55
10x — 8y — 10x + 35y =-9

27y =-9

y=-

W] =

Substitute y = —% into (1):

1
5x—4(—§)=23

Sx+ 2 =03
3

Sx=212
3

.. The solution is x = 4 % andy = —% .

x+y=7 — (1)
x-y=5 —(2)
From (1),y=7-x — (3)
Substitute (3) into (2):
x—(7T-x)=5
x=T7+x=5
2x =12
x=6
Substitute x = 6 into (3):
y=7-6
=1
.. The solutionisx=6 and y = 1.
3x-y=0 — (1)
2x+y=5 —(2)
From (2),y=5-2x — (3)
Substitute (3) into (1):
3x-(5-2x)=0
3x-5+2x=0
Sx =5
x=1
Substitute x = 1 into (3):
y=5-2(1)
=3
.. The solutionisx=1and y = 3.
2x=Ty=5 — (1)
3x+y=-4 —(2)
From (2),y=-4-3x — (3)
Substitute (3) into (1):
2x—-7-4-3x)=5
2x+28+21x =5
23x =-23
x=-1
OXFORD
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Substitute x = —1 into (3): (h) 5x+2y =3 — (1)

y =—4-3(-1) x—4y=-6 —(2)
=-1 From 2),x=4y-6 — (3)

.. The solutionisx=-1 and y = 1. Substitute (3) into (1):

d S5x-y=5 —(1) 5(4y-6)+2y=3
3x+2y=29 —(2) 20y -30+2y =3
From (1),y=5x-5 — (3) 22y =33
Substitute (3) into (2): y=1 1
3x+2(5x-5)=29 2

3x+10x-10 =29 Substitute y = 1 % into (3):

13x =39 |
x=3 x= 4(15) -6
Substitute x = 3 into (3):
y =5(3)-5 =0
=10 .. The solutionisx=0andy=1 % .

.. The solution is x =3 and y = 10.
() Sx+3y=11 — (1)
4x-y=2 —(2)
From (2),y=4x-2 — (3)
Substitute (3) into (1):
5Sx+3@x-2)=11

5. (@ x+y=05 — (1)
x—-y=1 — ()
D+ (Q):
x+y)+x-y)=05+1
xX+y+x-y=1.5

2x =1.5

Sx+12x-6 =11
17x =17 x=0.75
o : i Substitute x = 0.75 into (1):
, = 0.75+y =0.5
Substitute x = 1 into (3):
y =-0.25
y=41)-2

.. The solution is x = 0.75 and y = -0.25.
(b) 2x+04y =8 — (1)
S5x-12y =9 — (2)
3x(1):6x+1.2y=24 — (3)
3)+(Q2):
G6x+1.2y) + (5x—1.2y) =24 +9
6x+ 1.2y +5x—-1.2y =33

=2
.. The solutionisx=1and y =2.
® 3x+5y =10 — (1)
x=2y=7 —(2)
From 2),x=2y+7 — (3)
Substitute (3) into (2):
32y+7)+5y=10

11x =33
6y+21+5y=10 3
X =
11y =-11
Y - Substitute x = 3 into (1):
. e 2(3) + 0.4y = 8
Substitute y = -1 into (3): 6404y =8
x =21 +7 0'4y;2
=5 Y

y=35

.. The solutionisx=5and y =-1.
(® x+y=9 —(@

Sx-2y=4 —(2)

From (1), y=9-x — (3)

Substitute (3) into (2):

.. The solutionis x =3 and y = 5.
(¢) 10x-3y =245 — (1)
3x-5y=135 —(2)
5x(1):50x—15y=122.5 — (3)
3x(2): 9x—15y=405 — 4

5x-209-x)=4
3)-):
S5x-18+2x =4
(50x — 15y) — (9x — 15y) = 122.5-40.5
Tx =22
50x — 15y - 9x + 15y =82
x=3% 41x =82

| x=2
Substitute x =3 = into (3):
1
=9_3_
Y 7
=58
7

.. 1 6
. The solutionisx=3= andy=5—.



(d)

(a)

(b)

Substitute x = 2 into (1):
10(2) -3y =24.5

20 -3y =24.5
3y =-45
y =-1.5

.. The solutionisx=2and y =-1.5.
6x+5y =105 — (1)

S5x-3y =2 —(2)

3x(1): 18x+15y=31.5 — (3)

5% (2):25x-15y=-10 — (4)
@)+ Q)

(25x - 15y) + (18x + 15y) =-10 + 31.5

25x — 15y + 18x + 15y =21.5
43x =21.5
x=0.5
Substitute x = 0.5 into (1):
6(0.5) + 5y = 10.5
34+5y=105
S5y=17.5
y=15
.. The solutionis x=0.5and y = 1.5.
4x-y-7=0 — (1)
4x+3y-11=0 —(2)
(2 - 1)
(Ax+3y-11)-(4x-y-7)=0-0
4x+3y—-11-4x+y+7=0

4y =4
y=1
Substitute y = 1 into (1):
4x-1-7=0
4x =8
x=2

.. The solutionisx=2and y = 1.
Tx+2y-33=0 —(1)
3y-Tx-17=0 —(2)
1)+ (2):
(Tx+2y-33)+By-Tx-17)=0+0
Tx+2y-33+3y-Tx-17=0
S5y =50
y=10
Substitute y = 10 into (1):
Tx+2(10)-33 =0
Tx+20-33=0
Tx =13

x=1

Ko

.. The solutionis x =1 g and y = 10.

(c)

(d)

(e)

®

5x-3y-2=0 — (1)
xX+5y-6=0 —(2)

5x(2):5x+25y-30=0 — (3)

(3) (1)

(5x+25y-30)-(5x-3y-2)=0-0
Sx+25y-30-5x+3y+2=0

28y =28
y=1
Substitute y = 1 into (2):
x+5(1)-6=0
xX+5-6=0
x=1

.. The solutionisx=1andy=1.
5x-3y-13=0 — (1)
Tx—6y-20=0 — (2)
2x(1):10x-6y-26=0 — (3)
(3) -2
(10x -6y —26) — (7x—6y—-20)=0-0
10x-6y—-26-7x+6y+20=0
3x=6
x=2
Substitute x = 2 into (1):
512)-3y-13=0
10-3y-13=0
3y=3
y=1
.. The solutionisx =2 and y = 1.
Tx+3y-8=0 — (1)
3x-4y-14=0 — (2)
4% (1):28x+12y-32=0 — (3)
3x(2): x—-12y-42=0 — 4)
3)+4):
(28x+12y-32) + (9x—12y-42)=0+0
28x+12y-32+9x-12y-42 =0

37x =74
x=2
Substitute x = 2 into (1):
72)+3y-8=0
14+3y-8=0
3y =-6
y=-2

.. The solution is x =2 and y = -2.
3x+5y+8=0 — (1)
4x+13y-2=0 —(2)
4x(1):12x+20y+32=0 — (3)
3x(2):12x+39y-6=0 —(4)

(3) -
(12x+20y +32) - (12x+39y-6) =0-0
12x+20y+32-12x-39y+ 6 =0
19y =38
y=2
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Substitute y = 2 into (1):
3x+52)+8=0

3x+10+8 =0
3x=-18
x=-6
.. The solution is x =-6 and y = 2.
x+1 3
@35=57 —O
x-2 3
y-1°-3 —@
From (1),
4x+1) =3(y+2)
4x+4 =3y+6
4x-3y =2 — (3)
From (2),
5x-2)=3@-1)
5x-10=3y-3
S5x-3y=7 —4)
@) -03):

Gx-3y)-(4x-3y)=7-2
S5x-3y—-4x+3y=5

x=5
Substitute x = 5 into (3):
4(5)-3y =2
20-3y =2
3y =18
y=6
. The solutionisx=5and y = 6.
5
p) X_Y =2 _(
(b) 375 % M
2 2
3x—-Zy=3Z2 —(2
Y- SY=3g 2
9y 1
Ix(1):3x-=2=7- —(3
x (1): 3x 3 3 (3)
(2)-3):

2 9y 2
b (%) 2

3x— gy 3x+% ——4L
2 10
1 1
4_ =—4_
0”10
y=-1
Substitute y = -1 into (2):
2 2
3x-Z(-1)=3=2
r-5Eh =33
3w+ 2 =32
5
3x =3
x =1

.. The solutionisx=1and y =-1.
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(c)

(@)

(a)

X 3

Z - Zy=3 — (1
4 8y nH
5 y
—x-Z=12 —(2
3x 2 @

8x(1):2x-3y=24 —(3)

6x(2):10x-3y=72 — (4)

4)- Q)

(10x-3y) - (2x-3y)=72-24
10x — 3y —2x + 3y =48

8x =48
x=6
Substitute x = 6 into (3):
2(6) -3y =24
12-3y =24
3y =-12
y=—4
.. The solution is x = 6 and y = —4.
x-3 -7
1lx =13y —(2)

26 x (1): ?(x—3)= 13(y-7)

26 78
Dx-L=13y-91 —@3
5 3 y 3)

(2)-3):
26 78
llx—(?X— ?) =13y - (13y-91)

11x - Ex+ B 13y - 13y + 91
5 5
54y=752
5 5
x =13
Substitute x = 13 into (2):
11(13) = 13y
y=11
.. The solutionisx=13and y =11.
2x+5y=12 — (1)
4x+3y=-4 —(2)
From (1), 2x =12 -5y
_12-5y
2
Substitute (3) into (2):
12 -5y
4(7) +3y=-4
24— 10y +3y =-4
Ty =28
y =4
Substitute y = 4 into (3):
= 12 —25(4)
=—4
.. The solution is x =—4 and y = 4.

X

¢



(b)

(c)

(d)

4x -3y =25 — (1)
6x+5y=9 —(2)
From (1), 4x =3y + 25
= 3y +25
4
Substitute (3) into (2):
3y + 25
60— 4 | +5y=9
9y 75

Z + = +5y=9
> T Y

-3

| 1
oly- gl
27 2

y=-3
Substitute y = -3 into (3):
Y= 3(-3)+ 25
4
=4

.. The solution is x =4 and y = -3.

3x+Ty=2 — (1)
6x-5y=4 — (2)
From (1),3x=2-"7y
Substitute (3) into (2):
2-Ty
6(T) -5y =4
4-14y-5y =4
19y =0
y =0
Substitute y = 0 into (3):
_ 2-7(0)
3

S

-2
3

.. The solution is x = % andy =0.

Ix+2y=5 — (1)
Tx-3y=13 —(2)
From (1),9x =5 -2y
= 5 792)/
Substitute (3) into (2):

5-2y
N9 -3y=13

35 14
= - —y-3y=13
9 9)’ Y

-3

y=-2
Substitute y = -2 into (3):
v = 5-2(=2)
9
=1

.. The solutionisx =1 and y = -2.

(e)

(®

2y-5x=25 — (1)
4x+3y=3 —(2)
From (1), 2y =5x+ 25

S5x+25
= — 3
y > 3
Substitute (3) into (2):
S5x+25
dx+3(—>5 ] =3
4x + Ex+ E =3
2 2
1Mly=3sl
2 2
x=-3
Substitute x = -3 into (3):
5(-3)+25
GO

2
=5
.. The solution is x ==3 and y = 5.
3x-5y=7 — (1)
4x-3y=3 — (2)
From (1), 3x =5y +7

Sy+7
= = - 3
x 3 3)
Substitute (3) into (2):

Substitute y = -1 18—1 into (3):

8
5(—1ﬁ) + 7
=3

6
11

.. The solution is x = — 2 and = -1 ﬁ .
11 11

§+y+2=0 — ()

X
X _y-10=0 —
3 Y 2

From (1), y = ‘% -2 -0
Substitute (3) into (2):

X X _
5—( 5 2) -10=0
X i2-10=0
3 5

OXFORD

UNIVERSITY PRESS



2 1

Substitute x = 15 into (3): 10. (a) = — (D
s xX+Yy 2x+y
=_1?_2 3x+4y =9 —©
-_5 From (1),
.. The solution is x = 15 and y = -5. 22x+y) =x+y
4dx+2y =x+y
(b) L3y=3 — (1 y=-3x —(@3)
3x+y . 5 Substitute (3) into (2):
5T —@ 3x+4(-3x)=9
From (1),x+y=9 3x-12x=9
x=9-y —(@3) Ox =9
Substitute (3) into (2): x=-1
39-y)+y _ 1 Substitute x = —1 into (3):
5 y =-3(-1)
27-3y+y=5 =3
2y =22 .. The solution is x =—1 and y = 3.
=11 1 1
e ®  2a-D=_(-y» —O
Substitute y = 11 into (3): 5 4
1 2
x=9-11 —(x+2—)=l 2 G)
- 7 3 3 G-» —©®
.. The solution isx=-2 and y = 11. 20 x (1):
() 3x-y=23 — (1) 4x-2) =51~y
4x-8=5-5y
3+374 -0 ax+sy=13 — @3
34 X+ 5y = L C)
From (1),y=3x-23 — (3) 21 ><(2):2
Substitute (3) into (2): 3(x + 23) =7G-y)
x  3x-23
37 =4 3x+8=21-Ty
4x 4+ 9x — 69 =48 3x=13-Ty
13x =117 Lo BTy
* =9 . . 3
Substitute x = 9 into (3): Suliztltu;ey (4) into (3):
y=30)-23 4(T) +5y=13
=4
.. The solutionis x=9 and y = 4. % _%y+5y=13
d { + X =4 —(1
@ 3+32 ) tlymsl
2e-2a1 - y=1
From (1), 2x + 3y =24 Substitute y = 1 into (4):
2x =24 -3y x= 13—7370)
L2 . Y _ 3 _s
Substitute (3) into (1): .. The solutionisx=2and y = 1.
2(24 -3y y © 5x+y=2_x+y W
3\ 2 ) gt 9 5
48-6y—y =6 7x2‘3=1+ygx -2
7 =22 45 x (1):
. o 5(5x+y) =90 —9(x +y)
Substitute y = 6 into (3): 25x 4 5y =90 9x_ 9y
= 2430 —23(6) 34x + 14y = 90
-3 17x+7y =45 — (3)
6 x (2):

.. The solutionisx =3 and y = 6.
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(d)

3(7x-3)=6+2(y—x) 12. Whenx=-11,y=35,

21x-9=6+2y—2x p(-11)+5(5) =¢q
2y =23x-15 1lp+25=q — (1)
23x — 1 -11)+7(5) =
y= 2=y q=1D)+7G) =p
2 -11g+35=p —(2)
Substitute (4) into (3): Substitute (2) into (1):
23x - 15 —
17x+7(T) =45 -11(-11g+35)+25=¢q
121g-385+25=¢
17x+ 101,105 _ 45 120 = 360
2 q=3
97 %x =97 % Substitute ¢ = 3 into (2):
“113)+35=p
x =1
. . p=2
Substitute x = 1 into (4):

.. The values of p and of ¢ are 2 and 3 respectively.

y=% 13. 8s-3h=-9 — (1)
-4 -29s+ 10h =16 — (2)
.. The solutionis x =1 and y = 4. ;0 ><(2()1): 2(7)5 B z?)z = ;ZO y Eii
x (2): -87s + = —
i i )+
Y=Y o3 (80s — 30h) + (—87s + 30h) =90 + 48
s ==+ =) 7s =42
From (1), 5(x + y) =3(x —y) s=6
5x+5y =3x-3y Substitute s = 6 into (1):
2x =-8y 8(6)—3h =-9
x=-4y — () 48 -3h =-9
Substitute (3) into (2): 3h =57
_ h=19
# =2 =3y S .. The height above the ground is 19 m and the time when the cat
-y =-8y-3y+5 meets the mouse is 5 s.
10y =5

y= Exercise 4F

N —

1. Let the smaller number be x and the greater number be y.

. 1. ,
Substitute y = 3 into (3): x+y=138 — (1)

(l) y-x=88 —(2)
x=-4 2
D+ @2
=-2 x+y)+(-x)=138+88
Thesolutionisx:—Zandy:lA X+y+y—-x=226
2 2y =226
11. Whenx=3,y=-1, y=113
P +qCD =11 Substitute y = 113 into (1):
p-g=11 =D x+113=138
—-q3)+5(-D) =p £ =25

Substitute (2) into (1):
9(-3¢g-5)-q=11
27g-45-qg =11

=1

p=-3¢-5 —Q2 .. The two numbers are 25 and 113.

2. Let the smaller number be x and the greater number be y.
y—-x=10 — (1)
x+y=4x —(2)

289 =56 From (2), y=3x — (3)
q=-2 Substitute (3) into (1):
Substitute g = -2 into (2): 3y =10
p=-32)-3 2x = 10
x=5

.. The values of p and of g are 1 and -2 respectively.
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Substitute x = 5 into (3): 6. Let the smaller number be x and the greater number be y.

y =305 x+y=48 — (1)
=15 1
x=-y — (2
.. The two numbers are 5 and 15. 5
3. Let the cost of a pack of chips be PKR x and the cost of a candy be Substitute (2) into (1):
PKR y. Lovy =48
x+y=42 — (1) 5
Tx+dy=213 — () gy=4g
From (1),y=42-x — (3)
y =40

Substitute (3) into (2):

Tx+4(42 - x) =213 Substitute y = 40 into (2):

Tx+ 168 — 4x =213 x = Lo
3x =45 >
x=15 =8
. . .. The two numbers are 8 and 40.
Substitute x = 15 into (3):
y=d2_15 7. Let the smaller angle be x and the greater angle be y.
=27 SG+y) =240 — ()
.. The cost of a pack of chips is PKR 15 and the cost of a candy is |
PKR 27. 5 -0 =14 —0Q)
4. Let the cost of 1 kg of potatoes be PKR x and the cost of 1 kg of Sx(1):x+y=120° — (3)
carrots be PKR y. 2x(2):y-x=28 — (4)
8x + 5y =280 — (D (3)+“):
2x+3y =112 —(2) (x+y)+(y—x)=120° +28°
4x(2):8x+12y=448 — (3) X+y+y—x=148°
3) - (1); 2y = 148°
(8x + 12y) — (8x + 5y) = 448 — 280 y=74°
8x+ 12y —8x -5y =168 Substitute y = 74° into (3):
Ty =168 X+ 74°=120°
y=24 X =46°
Substitute y = 24 into (2): .. The two angles are 46° and 74°.
2x +3(24)=112 8. The sides of an equilateral triangle are equal.
2x+72 =112 x+y-9=y+5 —(1)
2x =40 y+5=2x-7 — (2)
x=20 From (1), x = 14
.. 1 kg of potatoes cost PKR 20 and 1 kg of carrots cost PKR 24. Length of each side = 2(14) -7

5. Let the first number be x and the second number be y.
x+7=2y — (1)

=21 cm

.. The length of each side of the triangle is 21 cm.

y+20=4 —(Q) 9. Bx—y =2ty — (1)
From (1), x=2y -7 — (3) Bx—y+2x+y+22x-3)=120 —(2)
Substitute (3) into (2): From (2),
y+20=4@2y-7) 3x—y+2x+y+4x-6=120
=8y-28 9x = 126
Ty=48 x=14
y=6% Substitute x = 14 into (1):
7 3(14)—y =2(14) + y
Substitute y = 62 into (3): 42-y=28+y
6 2y =14
x= 2(67) -7 y=7
5 Area of rectangle = [3(14) — 7] x [2(14) — 3]
=6= =35x25
6 =875 cm’

. 5
- The two numbers are 6 7 and 6 7 .. The area of the rectangle is 875 cm’.
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10.

11.

12.

The sides of a rhombus are equal.

3x-y-2 — )

)
-0

2x+y+1=

2x+y+1=x-y
From (2),x=-2y-1
Substitute (3) into (1):
3(2y-1)—-y-2
2
-7y-5
2
—6y-2=-Ty-5
y=-3
Substitute y = -3 into (3):
x=-2(-3)-1
=5
Perimeter of the figure = 4[5 — (-3)]
=32cm

2(2y-1)+y+1=

“4y-2+y+1=

.. The perimeter of the figure is 32 cm.

Let the numerator of the fraction be x and its denominator be y,

x
i.e. let the fraction be ; .

=
—_

— (D

W N =

= <

+
—_—

y+l ™ -@

From (1),
2-1)=y-1
2x-2=y-1
y=2x-1 —(3)
Substitute (3) into (2):
x+1 _ 2
2x—-1+1 3
3(x+1) =4x
3x+3 =4x
x=3
Substitute x = 3 into (3):
y =203)-1
=5
.. The fraction is 3
Let the age of Rani in 2013 be x years old
and the age of Jia in 2013 be y years old.
x+y=11 — (1)
x+9=3y —(2)
M-
x+y)—(x+9) =11-3y
X+y—-x-9=11-3y
y-9=11-3y
4y =20
y=5
Substitute y = 5 into (1):
x+5=11

x=6

13.

14.

15.

In 2014,

Ageof Rani =6+1
=7

AgeoflJia =5+1

=6
.. In 2014, the ages of Rani and Jia are 7 years and
6 years respectively.

Let the amount an adult has to pay be PKR x and the amount a senior

citizen has to pay be PKR y.

6x + 4y = 22800 -

13x + 7y = 45900 — (2
From (1), 3x + 2y = 11400 —(3)
2 x (2): 26x + 14y = 91800 — 4
7 x (3): 21x + 14y = 79800 —(5)

@) -5
(26x + 14y) — (21x + 14y) = 91800 — 79800
26x + 14y — 21x — 14y = 12000
5x =12000
x = 2400
Substitute x = 24 into (3):
3(2400) + 2y =114
7200 + 2y = 11400
2y =4200
y =2100
Total amount 2 adults and a senior citizen have to pay
= 2(PKR 2400) + PKR 2100
= PKR 6900
.. The total amount is PKR 6900.
Let the number of gift A to buy be x
and the number of gift B to buy be y.
1000x + 800y = 23000 — (1)
xX+y=2+2+13+10
=27 — 2
From 2),y=27-x — (3)
Substitute (3) into (1):
1000x + 800(27 — x) = 23000
1000x + 21600 — 800x = 23000
200x = 1400
x=17
Substitute x = 7 into (3):
y=27-17
=20
.. Faiz should buy 7 gift A and 20 gift B.
Let the number of chickens be x and the number of goats be y.
x+y=50 — ()
2x+4y =140 — (2)
From (1),y=50-x — (3)
Substitute (3) into (2):
2x +4(50 —x) = 140
2x 4200 - 4x = 140
2x =60
x =30
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Substitute x = 30 into (3):
y =50-30
=20
Number of more chickens than goats = 30 — 20
=10
.. There are 10 more chickens than goats.
16. Let the amount Ahsan has be PKR x and the amount Maaz has be

PKR y.
x+y=280 — (1)
1 1
lx=2y —(2
el 24 2

From (1),y=80-x — (3)
Substitute (3) into (2):

1 1
Zx = r (80 —x)
3x =160 — 2x
5x =160
x =32
Substitute x = 32 into (1):
32+y=280
y =48

.. Ahsan received PKR 32 and Maaz received PKR 48.
17. Let the amount deposited in Bank A be PKR x
and the amount deposited in Bank B be PKR y.

x+y=25000 — (1)
06 065
100 100

From (2),y = % x —@3)
Substitute (3) into (1):

x+ 12225000
13

25 225000
13

x =13 000
Substitute x = 13 000 into (3):

12
= 22 (13000
y 13( )

=12 000
. Rizwan deposited PKR 13 000 in Bank A and PKR 12 000 in
Bank B.
18. Let the smaller number be x and the greater number be y.

y-2 _, — (1)
X
S5x-2 5 5
y - -2
From (1),y -2 =2x
y—2

x=_=

—3)

Substitute (3) into (2):

s(237) -2

y =2
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19.

20.

y=17

N —

y=14
Substitute y = 14 into (3):
2
=6
.. The two numbers are 6 and 14.
Let the tens digit of the original number be x and its ones digit be y.
Then the original number is 10x + y, the number obtained when the
digits of the original number are reversed is 10y + x.

Xty = %(10x+y) e

(10x +y) — (10y + x) =45 — (2
From (1),
8(x+y)=10x+y
8x+8y=10x+y
2x =Ty
x=21y -0
From (2),
10x +y—-10y—x =45
9x -9y =45
x-y=5 —(4)
Substitute (3) into (4):
;y—y=5
y=2
Substitute y = 2 into (3):
7
5 (2)
=7
.. The original number is 72.
Let PKR x be the price of one pear and PKR y be the price of one

X =

mango.
8x + 5y = 1000 +110
8x+5y=1110 (1)
5x+4y = 1000 — 175
5x+4y =825 )

From (1) 8x=1110 - 5y
= 1110 -5y

8
Substitute the value of x be (2)
5 (%‘Sy) + 4y =825

—5552 2% | 4y =825
5550 -25y+ 32y

3 =825



5550 + 7y =825x 8

5550 + 7y = 6600

7y = 6600 — 5550

7y = 1050

y = 1050

Substitute y = 150 in (1)

8x+5x150=1110

8x=1110-750

8x =360

x=45

..Cost of one pear = PKR 45
Cost of one mango = PKR 150

21. (i) Let the number of shares of Company A Anoshia’s mother has

be x and the share price of Company B on Day 7 be PKR y.
4.6x—2000y =7400 — (1)
4.8x — 5000(y — 0.5) = -5800 — (2)

From (1),
2000y = 4.6x — 7400
4.6x — 7400
=220 3
Y 2000 )
Substitute (3) into (2):
4.6x — 7400
4.8x—5000 — 000~ 09 =-5800
4.8x - 11.5x + 18 500 + 2500 = —5800
6.7x =26 800
x = 4000

.. Anoshia’s mother has 4000 shares of Company A.
(ii) From (i),

substitute x = 4000 into (3):

_ 4.6(4000) - 7400

2000

=55

Share price of Company B on Day 12=5.5-0.5
=5

.. The share price of Company B on Day 12 is PKR 5.

Review Exercise 4

1.

(a) )

(b) ’
14
m=—-——
2
=-7
c=-4
Charges (PKR )
A

Isjance
it
m = y-intercept
=2
n = gradient of line
_36
3
=12

(i) Price Company A charges for 20 minutes of talk time = PKR 0.80
(ii) Price Company B charges for 50 minutes of talk time = PKR 3.80
(iii) For less than 30 minutes of talk time, Company B charges a
lower price than Company A, thus Company B would be
able to offer Jamil a better price.
(iv) m, = gradient of A
_ 4
© 50
=2
25
my = gradient of B
_ 5
T 40
-1

8
Since m, > m,, Company B has a greater rate of increase in
charges.
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(v) AtPKR 4 per month, (i)

duration of talk time offered by Company A = 60 minutes and y
duration of talk time offered by Comapny B = 52 minutes.
Since Company A offers more talk time for PKR 4 per month, 1 £
Maaz should choose Company A. 1
4. (@) 2x+y=2 2
x -4 0 4 7
y 10 2 -6 : H
(b)
SCL
)i B
. ] (b) () 3x+4y=7
P e g e e P N X -5 3 7
= y 5.5 -0.5 -3.5
(¢) The graphs intersect at the point (1, 1).
(c) From the graph in (b), .. The solutionisx=1and y=1.
When y =-2, 6. (@) Tx+2y=10 — (1)
p=x=2 5x+2y=6 —(2)
(d) (ii) The coordinates of the point of intersection are (—0.5, 3). 1) -(2):
5. (@ (i) Whenx=-5y=p, (Tx+2y)—(5x+2y) =10-6
5(-5)-3p=2 Ix+2y—-5x-2y =4
-25-3p=2 2x =4
3p =-27 x =2
rp=-9 Substitute x = 2 into (2):
Whenx=7,y=gq, 52)+2y =6
5(7)-3¢g =2 10+2y=6
35-3¢g=2 2y =—4
3¢g =33 y=-2
q=11 .. The solution is x =2 and y = -2.
~p=-9,q=11 (b) 9x+4y=28 — (1)
dy—1lx=-12 —(2)
-

Ox+4y)— (4y—11x) =28 - (-12)
Ox+4y—-4y+11x =28 +12
20x =40
x=2
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(O]

Substitute x = 2 into (1):
9(2) + 4y =28
18 +4y =28
4y =10
1

=2_
Y 2

.. The solutionisx=2and y = 2% .

2x-5y=22 — (1)

2x-3y=14 — (2)

M-

2x-5y)-(2x-3y)=22-14
2x—5y-2x+3y=8

2y =-8
y=-4
Substitute y = —4 into (2):
2x—-3(-4) =14
2x+12 =14
2x =2
x=1

.. The solutionisx =1 and y = —4.

d o6x-y=16 — (1)

(e)

3x+2y=-12 —(2)
From (1), y=6x—-16 — (3)
Substitute (3) into (2):
3x+2(6x—16) =-12
3x+ 12x-32 =-12
15x =20
1

x=1=
3

Substitute x = 1 % into (3):

1
y:é(lg) -16

=-8

.. The solution is x = 1 % and y =-8.

4x+3y =0 — (1)
Sy+53 =11x —(2)

From (1),x=—%y — 3

Substitute x = — % y into (2):
3
S5y+53=11{ ~77Y

B
13Lly-253
4
y=-4

Substitute y = —4 into (3):
3

X =—— _4
y) -4

=3
.. The solution is x =3 and y = 4.

® Sx-4y=4 — (D)
2x—y =25 —(2)
From (2),y=2x-2.5 — (3)
Substitute (3) into (1):
Sx—-42x-2.5) =4
S5x-8x+10 =4
3x =6
x =2
Substitute x = 2 into (3):
y =2(2)-2.5
=15
.. The solutionisx =2 and y = 1.5.
Let the first number be x and the second number be y.
x+11=2y — (1)
y+20=2x — (2)
From (1), x=2y—-11 — (3)

Substitute (3) into (2):
y+20 =22y-11)
=4y-22
3y=42
y=14
Substitute y = 14 into (3):
x =2(14)-11
=17

.. The two numbers are 17 and 14.
The parallel sides of a parallelogram are equal.
x+y+1=3x-4 — (1)
2y—-x=x+2 —(2)

From (1),y=2x-5 — (3)
Substitute (3) into (2):
22x-5)—-x=x+2

dx-10-x=x+2

2x =12
x=6

Substitute x = 6 into (3):
y=2(6)-5

=7
Perimeter of parallelogram =2{[2(7) - 6] + (6 +7 + 1)}

=44 cm

.. The perimeter of the parallelogram is 44 cm.

Let the numerator of the fraction be x and its denominator be y,

X
i.e. let the fraction be ; .

x-1
y+2=§ -
x+3 1
yv27'y —®
From (1),
2-1)=y+2
2x-2=y+2

y=2x-4 — (3)
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10.

11.

From (2),
4x+3)=5@-2)
4x+12=5y-10
4x-5y=-22 —(4)
Substitute (3) into (4):
4x —52x—-4)=-22
4x — 10x + 20 =-22
6x =42
x=7
Substitute x = 7 into (3):
y=2(7)-4
=10

.. The fraction is l .
10

Let the tens digit of the number be x and its ones digit be y.

x+y=12 — (1)

y=2x — (@2
Substitute (2) into (1):
x+2x=12

3x=12

x=4
Substitute x = 4 into (2):
y =24)
=8

.. The number is 48.

(i) Let Hussain’s present age be x years old
and Hussain’s monther’s present age be y years old.
y+4=3x+4) — (1)
y-6=7x-6) —(2)
From (1),y+4 =3x+ 12
y=3x+8 —(3)
Substitute (3) into (2):
3x+8-6=7(x—-06)
3x+2=Tx-42
4x =44
x=11
.. Hussain’s present age is 11 years.
(ii) From (i),
Substitute x = 11 into (3):
y=3(11)+8
=41
Age of Hussain’s mother when he was born =41 — 11
=30
.. The age of Hussain’s mother was 30 years.

13.

14.

15.

12. Let the amount Sarah has be PKR x and the amount Seema has be

PKR y.
2(x-3)=y+300 — (1)
x+5=2(y-500) —(2)
From (1), 2x -6 =y + 300
y=2x-900 — (3)

OXFORD
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Substitute (3) into (2):
X+ 5=2(2x-900 — 500)
= 4x — 2800
3x = 2805
x =935
Substitute x = 935 into (3):
y=2(935)-9
=1861
.. Sarah has PKR 1861 and Seema has PKR 935.
Let the number of smartphones be x
and the number of tablet computers be y.
x+y=36 — (1)
895x + 618y =28 065 — (2)
From (1),y=36-x — (3)
Substitute (3) into (2):
895x + 618(36 — x) =28 065
895x +22 248 — 618x = 28 065

277x = 5817
x =21
Substitute x = 21 into (3):
y =36-21
=15

.. The vendor buys 21 smartphones and 15 tablet computers.
Let the cost of 1 cup of ice-cream milk tea be PKR x
and the cost of 1 cup of citron tea be PKR y.
S5x+4y=2680 — (1)
Tx+ 6y =3860 — (2)
3 x (1): 15x + 12y = 8040 — (3)
2x(2): 14x+ 12y =7720 — (4)
(3)-“):
(15x + 12y) — (14x + 12y) = 8040 — 7720
15x + 12y — 14x - 12y =320
x =320
Substitute x = 320 into (1):
5(320) + 4y=2680
1600 + 4y = 2680
6y = 1080
y =270
Difference in cost = PKR 320 — PKR 180
=PKR 140
.. The difference in cost is PKR 140.
Let x kg be the mass of first type of coffee and y kg be the mass of
second type of coffee used for mixture .
x+y=20kg (1)
The cost of x kg of coffee = PKR 250 x
The cost of y kg of coffee = PKR 350 y
The Cost of 20 kg of coffee = 20 x 280
=PKR 5600
250 x + 350y = 5600 2)



16.

17.

Now we have ,
x+y=20___ (1)

250x + 350y = 5600 2)
Multiply (1) by 350

350x + 350y =7000 __ (3)
250x + 350y =5600 ____ (4)
Subtract (4) from (3) :

100 x = 1400

x=14kg

Substitute x = 14 in (1) :
14+y=20

y=6kg

Mishal used 14kg and 6 kg of each type of coffee respectively.

120x + (175 — 120)y = 2680  — (1)
120x + (210 - 120)y =3240 — (2)
From (1), 120x + 55y =2680 — (3)
From (2), 120x + 90y = 3240 — (4)

@ -0
(120x + 90y) — (120x + 55y) = 3240 — 2680
120x + 90y — 120x — 55y = 560
35y =560
y=16
Substitute y = 16 into (3):
120x + 55(16) = 2680
120x + 880 = 2680
120x = 1800
x=15
Amount to pay for 140 minutes of talk time
=120 x 15+ (140 — 120) x 16
= 2120 paisa
=PKR 21.20
.. The amount Ahsan has to pay is PKR 21.20.
Let the number of students in class 2A be x.
and the number of students in class 2B be y.
72x + 75y =75(73.48)
=5511 — (1)
x+y=75 —(2)
From (2),y=75-x — (3)
Substitute (3) into (1):
72x +75(75 — x) = 5511
72x + 5625 - 75x = 5511

3x=114
x =38
Substitute x = 38 into (3):
y=75-38
=37

.. Class 2A has 38 students and class 2B has 37 students.

Challenge Yourself

1.

@ pr-y=6 — (1)
8x-2y=q —(2)
From (1), 2px -2y =12
For the simultaneous equations to have an infinite number of
solutions, the two equations should be identical.
2p =8
p=4
q=12
(ii) For the simultaneous equations to have no solution, the two
equations should have no point of intersection.
p=4,q#12
(iii) For the simultaneous equations to have a unique solution, the two
equations should have one and only one point of intersection.
o p#4 and g is any real number.

4

—+—=15 — (1
x+y M
7 6

= — = —2
5x Y @

From (1),4y + 15x=15xy — (3)
From (2), 7y - 30x = 15xy — (4)
)=
4y + 15x =7y - 30x
3y=45x

y=15x — (5)
Substitute (5) into (1):
4 15

— 4+ —— =15
X 15x

1l
—_
93}

+

=&

15

“ o =

1

X —
3

Substitute x = % into (5):

1
y=153
=5

.. The solution is x = % and y=5.

Let the first number be x and the second number of y.
11X +13y° =395 — (1)

26y’ =218 = 1218 — (2)
2 x (1): 22x* +26y° =790 — (3)

(3)-():

(2247 + 26y°) — (26y* — 218) =790 — 121x°

22x7 + 26y’ — 26y’ + 218 =790 — 121
143x =572
=4

x=2x>0)
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4.

5.

Substitute x = 2 into (1):
11(2)* + 13y’ =395
44 + 13y’ =395
13y’ =351
y'=27
y=3
.. The solution is x =2 and y = 3.
(i) Let the number of spiders be x, the number of dragonflies be y
and the number of houseflies be z.
X+y+z=20 — (1)
8x+6y+6z=136 — (2)
2y+z=19 —(3)
From 3),z=19-2y — (4)
Substitute (4) into (1):
xX+y+19-2y =20
y=x-1 —(5
Substitute (4) into (2):
8x + 6y + 6(19 —2y) =136
8x+6y+ 11412y =136
8x—6y =22
4x -3y =11 — (6)
Substitute (5) into (6):
4x-3(x-1)=11
4x-3x+3 =11
x=8
.. The number of spiders is 8.
(ii) From (i),
Substitute x = 8 into (5):
y=8-1
=7
.. The number of dragonflies is 7.
(iii) From (i) and (ii),
Substitute y = 7 into (4):
z=19-2(7)
=5
.. The number of houseflies is 5.
Let r be rooster , 4 be hen , and C be the chicks.

r+h+c=100 — (1)
500 7+300 /4 +190 ¢ =
1500 »+900 /4 +100 ¢ = 30000
157 +9%+c=300 —_(4)
Subtract (1) from (4)

14h + 8h =200

7hr + 4h =100

_ 100-72
h=""%
_45-7
h==3

@

©)
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Since h is a positive integer , » must be the multiple of 4.
25-1r. >
4

o5

7r <100

2
< =
r 147

Possible value of r are 4, 8, and 12

r h c r+h+c

4 18 78 100
11 81 100

12 4 84 100




Chapter S Indices and Standard Form
TEACHING NOTES
Suggested Approach

In Book 1, the students have been introduced to writing numbers in index notation. In this chapter, they will learn the laws of
indices, zero and negative indices and rational indices.

Teacher should consider using the Investigation activities provided in the textbook to allow students to explore the laws of indices
for numbers before moving on to variables. It is not advisable to state all the laws of indices to the students when teaching this
chapter. After the students are familiar with laws of indices introduced in Section 5.2, where all the indices are positive integers,
teachers can extend it to Section 5.3: Zero and Negative Indices and Section 5.4: Rational Indices.

Teacher should also conduct more discussions on how compound interest and standard form are used in real life.

Section 5.1: Indices
This section gives students a better understanding on the meanings of the base and the index represented in an
index notation. Teachers may start on this chapter by giving scenarios where indices are involved and ask the
students to represent their answers in index notation, like what they have learnt in Book 1. Teachers should guide
students along as they learn how to describe and compare numbers written in index form (see Class Discussion:
Comparing Numbers written in Index Form).

Section 5.2: Laws of Indices
Teachers should provide simple numerical examples to illustrate each law of indices. Ample examples should
be given to the students to master each law first before moving on to the next law (see Investigation: Law 1 of
Indices, Investigation: Law 2 of Indices, Investigation: Law 3 of Indices, Investigation: Law 4 of Indices and
Investigation: Law 5 of Indices).

Teachers should clarify any common misconceptions students may have or difficulties they may encounter when
working on questions involving the use of a few laws of indices (see Journal writing on page 160 of the textbook).

Section 5.3: Zero and Negative Indices
Teachers may ask the students to explore the meaning of zero and negative indices through activities instead
of only asking them to state the definition of such indices (see Investigation: Zero Index and see Investigation:
Negative Indices).

It is important to emphasise to the students the meaning of ‘evaluate’ and ‘leaving your answer in positive index
form. Teachers should also highlight the importance of recognising where the brackets are placed in a question
(see Thinking Time on page 164 of the textbook).

Section 5.4: Rational Indices
In Book 1, students have learnt about the square root and cube root of a number. Teacher may wish to extend on
this by introducing the meaning of positive n" root and radical expression.

Teachers should highlight to students to consider the need for the base to be positive in rational indices (see
Thinking Time on page 169 of the textbook).

OXFORD



Section 5.5:
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Standard Form

Teacher may begin this section by getting students to explore how standard forms are being expressed by giving
them some examples of very large and small numbers for them to express these numbers in standard form (see
Class Discussion: Standard Form). Teachers should highlight the difference between numbers expressed in
standard form and numbers not expressed in standard form so that students can better identify which expressions
are in standard form.

For the introduction of common prefixes used in our daily lives, teachers may use the range of prefixes used
in our daily lives (see page 177 of the textbook) to get the students to give more examples of prefixes that they
encounter in their daily lives and to practise reading prefixes.

Some students may find it difficult to manipulate numbers in standard form using a calculator. Teachers should
give them time and guide them through some examples on using the calculator to evaluate numbers represented
in standard form.



WORKED SOLUTIONS

Investigation (Indices)

Amount of allowance on the 31% day of the month = 2*'
=PKR 2 147 483 548

Class Discussion (Comparing Numbers written in Index
Form)

1. 2" means 2 multiplied by itself 10 times, while 10° means 10

multiplied by itself.
2. 29=(2x2x2x%x2%x2)x(2x2x%x2%x2x%x2)
=32">10°
3. 37=33)°=309)°>7
4.
Value of a’ Value of »°
2°=8 3*=9
24 =16 42 =16
3* =81 4 =64
3°=243 5°=125
4°=1024 5*=625
4° = 4096 6" =1296

(i) If a and b are positive integers such that b > a, a’ = b* when
a=2and b=4.
It is not easy to prove that this is the only solution; students are
only expected to use guess and check to find a solution.

(ii) If a and b are positive integers such that b > a, a” < b* when
a=1,ie 1’<2",1°<3", 1*< 4", etc and whena =2 and b = 3,
a’ < b ie. 20 < 3%

5. In general, if a and b are positive integers such that b > a, then
a’ > b°, with some exceptions when a = 2 and b < 4 and when

a=1.

Investigation (Law 1 of Indices)

1. PxP=IxNx(AxTx7)
=7TxTx...x7
=7
=72+3

2. 6'x6 =(6x6x6x6)x(6x6x6x6x6)
=6x6x...x6
=6
=64+5

3. dxa'=(@xaxa)x(@xaxaxa)
=axax..xa
=a7
=a3+4

4. d"xd'=(@xax...x..xa)x@xax...xa)
N J \ J

Y Y
m times n times
=axax...Xa
- 0
m + n times

m+n

=a

Q>

Investigation (Law 2 of Indices)

1 35;32_3><3><3><3><3
) T 3% 3
=33
=35—2
5 10°  10x10x10x10 %10 X 10
©o10t 10x10x 10X 10
=107
=10
7 3 axXaXaXaxaxXaxXa
3. a+a=
axXaxa
=4
=a7—3
m times
(—)—\
4 am an — axXaX...X...Xa

axXxaxXx...Xa

n times

—axax...xa
\—(_J

m — n times

m—n

=da

Investigation (Law 3 of Indices)

1. 2°*=2°x2’
=2°*" (using Law 1 of indices)
— 25 x2

2. (10% =10*x 10* x 10*

10*****  (using Law 1 of indices)

= 10**3
3. @)'=@W@"xd"x...xd")
n times
n times

m+m+..+m
=da

mxn

Investigation (Law 4 of Indices)

1. 2x7=02x2x2)x(TxTx7)
=2xTDx2xT)yx2x7)
=2 x7)
2. (3 x (-4’ =(3)x (-3) x (-4) x (-4)
=[(-3) x D] x [(-3) x (-4)]
=[(-3) x (-4

3. a”xb”:\(axax...xa)lx\(bxbx...xb)/

Av . Y
n times n times

=(@axb)yx(axb)x...x(axb)
nti‘:nes

=(axb)"

Class Discussion (Simplification using the Laws of Indices)

) x B y) = ('Y x 3% ") (Law 4 and Law 3)
= (%" x 81xy")
=81x**%** (Law 1)

1212

=81x"y
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") x By = [0 x Bxy)]* (Law 4)

=(3xl+2y2+1)4 (LaW 1)
- (3x3y3)4

- 34x3 ><4y3 x4 (LaW 3)
— Slxlzylz

Investigation (Law 5 of Indices)

1. 8+5==

1]
TN W
W | oo
—

-12)*

7'

(1) X (F12)x (-12)x (-12)

T EDXEDXET) X (ET)

_C1R) (1) (12)  (12)
D DT =D ED

B [(_12)]4
LD

n times

2. 12+ (=7 =

(—%
axax..xXa
bXbX...Xb
\—(_/

n times

a
X =X ...X

b

n times
= [_)n
b

Journal Writing (Page 160)

3. d'"+b"=

S
S Q

2 3
1. (i) To simplify [%J , Law 3 of indices must be applied to the
entire expression.
Nora applied Law 3 of Indices to the algebraic terms x and y
but she did not apply the same law to the number.
Farhan applied Law 3 of indices to the number correctly but he
applied Law 1 of Indices to the algebraic terms x and y which
is the wrong law.

o [ 247 ’ 23% x*3 8x¢
Gi) | — | = —_— =
y y y

Class Discussion (Is (a + b)" =a" + b"? Is (a - b)" = a" - b"?)
(a+b)'#d" +0"
Example:a=3,b=2,n=4

(B3+2)*=5"=625
3 42'=81+16=97

OXFORD
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(a—b)nill"—bn
Example:a=3,b=2,n=4
B-2)=1"=1

3*'-2"=81-16=65

Investigation (Zero Index)

1. Index Form Value
3t 81
3 27
3? 9
31
3 1
Table 5.1
2. 81 (i.e. 3*) must be divided by 3 to get 27 (i.e. 3°).
3. 27 (i.e. 3’) must be divided by 3 to get the value of 3°.
4. 37 must be divided by 3 to get the value of 3'.
5. (a) 3' must be divided by 3 to get the value of 30,
p- Index Form Value
-2)* 16
-2y -8
(-2 4
«2) -2
(-2) 1
Table 5.2

7. No. Any number which is divided by zero is undefined.

Thinking Time (Page 164)

LHS =-5"=—(5" =-1
RHS =(-5)’=1
oo =502 (=5)°

Investigation (Negative Indices)

1.

Index Form Value

3? 9
3! 3
3° 1
3*' l

3
37 1

9

Table 5.3



Index Form Value
(-2’ 4
-2)' -2
(-2) 1

1
_2)! _—
(=2) >
1
~2)? -
(-2) 1
Table 5.4

3. Undefined. Any number which is divided by zero is undefined.

Thinking Time (Page 166)

1. If a and b are real numbers, and m and n are integers, then

m+n

Law 1 of Indices: a" xa"=a ifaz0
Law 2 of Indices: a”" +a"=a""" ifa#0
Law 3 of Indices: (a")"=d™ ifaz0

Law 4 of Indices: a"xb"=(axb)"ifa,b#0

Law 5 of Indices: a"+b" = (%) ifbz0

2. (i) In Law 1, it is necessary for a # 0 because if 07 x 07, it is
undefined.
(ii) In Law 4, it is necessary for a, b # 0 because if 0% x 07 itis
undefined.
3. (i) f m=ninLaw 2,then LHS=4a"+d"=1 and
RHS=d""=da"=1.
So @’ is a special case of Law 2.

1
(ii) If m=0,then RHS =’ " = p and

LHS=d’+d"=1+d" =

8| —

n

1 . .
Soa™= — is a special case of Law 2.
a

Class Discussion (Rational Indices)

Letp=5°.Thenp'=(5° )
_ 5%><3
=5
=5

p=3s

In this case, there is only one possible value of p.

(Using Law 3 of Indices)

1
Hence, 5° = %

Thinking Time (Page 169)

1
1. Ifa<O0,then a" = #a is undefined.

1
2. Ifa=0,then 0" = /0 is still undefined when  is a positive integer.

Investigation (Rational Indices)

2 2xl

(@) 55=553
= (57"

= 52

2 1,

(b) 53 =5
_ (5%)2

=5y

Thinking Time (Page 171)

1. If a and b are real numbers, and m and n are rational numbers, then

m+n

Law 1 of Indices: d" xda"=a ifa>0

Law 2 of Indices: d"+a"=d""" ifa>0
mn

Law 3 of Indices: (d")"'=d"" ifa>0
Law 4 of Indices: o' xb"=(axD)" ifa,b>0

Law 5 of Indices: a" = "= (%) ifh>0

2. (i) In Law 1, it is necessary for a > 0 otherwise a" or a" is not
defined.

(ii) In Law 4, it is necessary for a, b > 0 otherwise a" or b" is not
defined.

3. (1)x (1) is undefined. In Law 4, both a, b > 0 but in this case,
a=b=-1<0.

Class Discussion (Standard Form)

1. The powers of 10 are all positive integers.
. The powers of 10 are all negative integers.
3. (v) 29x10*
(vi) 3x10°m/s
(vii) 3.8 x 10 cm
(viii) 2.99 x 10> g

Performance Task (Page 179)

1 GB =1 073 741 824 bytes

All computer data is stored in a binary format as either a one or a zero.
Hence each level is an increment of 2 to the 10" power or 1024. As
such, 1 GB =2%.

2" =128 MB
2% =256 MB
2°=512 MB

Thinking Time (Page 181)
1. 57910000 km = 5.791 x 10" km
5945900 000 km = 5.9459 x 10° km

3683km

2. 3683000 m/h= = 3683 km/h = 3.683 x 10° km/h
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3. 0.000 0000004 m=4x10""m ©) (28 = (2 x P xd>*?

500 000 000 000 000 000 000 000 000 = 5 x 10* =-32xc"%xd®
2 10 25
s 4%107" =-32c"
Total volume of air molecules = 5 x 10% x 7t x T] (@ (mzn)4 < (m4n3)5 _ (m2><4n4) y (m4><5n3x5)
=6.28 x 10" m’ (to 3 s5.f.) = (m*n*) x (m™n")
4. 100 trillion = 100 x 10* =1 x 10" =m0t
1 x 10° =1 million = 2 x 10° =2 x 10° x 10* = 2000 million =m"n"
42 000 000 = 4.2 x 10’ p"q¢*)
© ¢V +Cpg) = ﬁ
Practise Now 1 (_1)2 « p7><2 « qsxz
(a) 4 x4 =475 = P p3><3 % q2><3
= 412 _ p14q10
(b) (-3)"x (-3)=(-3)""" 27p°q°
= (—3)7 p1479q1076
12 8 _ 12+8 =£ 7
(¢) a“xa = azo >
=a
(d) 2xy* x 3x%y’ = 6x' T3 = ﬁ
6.7 27
=6x"y
Practise Now 2 Practise Now 5
ractise Now
3
(a) 9L 93=9g73 (a) 213+73=2_12
a - = 7
=9 3
21
(b) (-4)°+(-4) = (-4 = (7)
=(-4) 9
(© a® = ab=q"" =3
B - 15
=d* 53, qq1s _ 20
=q (b) (26°)° = 13" = 35
9.4 63 27x°y* s
d) 27xy" + 9y’ = .0 _(é]
tY =13
- 3x9—ﬁy4—3
=2
= 3x3y ; -
(c) [p_zj - i = p—b - i
. ° 5 3 " 5
Practise Now 3 q p q p
6 7
1. (a (6)' =6"" - % <4
—62 q P
(b) (k5)9 — 150 B p6+5
- 3+7
- k45 q
(©) (39)°x (3% =3%x3% _p"
= 360+4a = qT
— 3 ) 2 2 27y
8 3y L oom2 _ 10 (d) 3 ML A
2, Xx@)'+@")y =x X 2 ) 2
8 3n ., 2n _ _10
X XX =X =X _27)66 x21
x8+3n—2n =xl() = x—g X 27_x7
8+n=10 6+21
27x
27
Practise Now 4 - %
X
(@) 3" x8 =247 — 716
(b) (5% =5 x b**? _
=125 x b" -
=125b"
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Practise Now 6

1. (a) 2015°=1
M) 7)°=1
(© 3y’ =3(1)
=3
(d) (3_)7)0 — 3() Xy(’
=1x1
=1
2. (a) 3"x3*+32=30%2
=3
=3
() 3°+3*=1+9
=10

Practise Now 7

(@) 6% =—

1 1
b) (-8) = —
B 8=

Practise Now 8

@ a'xd+a’=ag'"??

4
=a
(b) (b_scz)_S — b—S x _302 x =3
- blSC—f)
blS

- 6
c

(c) =

@ 5f°+3(f

4 6h* ;4
T
=312 B3 gt
=3h' - h'—4n'

=-2n

®) 6h <2 —hxh —

Practise Now 9

(a) By prime factorisation, 256 =4 x 4 x 4 x 4 = 4*,
o256 = Yaxaxaxa
=4
(b) By prime factorisation, 1024 =4 x 4 x 4 x 4 x 4 =4,

S 1024 = Yaxaxaxaxs
=4

(c) By prime factorisation, 8§ =2 x2x2=2"and 27=3x3 x3=3".

. 3i : 32><2><2
“N27 T V3><3><3
2
3
Practise Now 10

@ 36°=+36
-6
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1
1 1
(b)83=(§) ) o =
3 mZ
= 3 l m%
8 —
233
1 "
2 _m
1 ( 1 )L m%
~125) = |~
(© 129" = {75 .
- .
-125 _ 1
:—l m%
5 35 1 Bx-L sx-1
© (m™n)>=m" *n 3
. _5
Practise Now 11 =
m
1. @ 64> =64y ==
n
_ 42
=4 0 L
— 16 (d) m 3n 4 _ m -°n
B ] 3 (mzn z),z 2><72n*l3><—2
(b) 32°= (5) a4
_m’n?
3 =
[ , 1 ] m’4n%
= 5—
32 sy 12
1Y B "
-(3) = min
-1 m'
8 =T
nl

1 2 1 WLl 24
© 5m>n ) (mn 5 = (252 xm>E xn VY mP x0T

4
:(10)3 — (Smn—Z)(mﬁn 5)
= 1000 '
— 5m1+6n*2*§
2. @ Va' = (@) "
5 =5m'n >
- _ 5m’
14
(b) 51 = . 1 ns
xZ (xz)g l |
7 - 1
] ® (m'n7) x W =(m’n7) x (m’n’)
) i -1 xL 5%l
o = (m2n 7) X (Wl5 Sn 3 5)
_ l
=X =(m2n 7y x (mn’])
— m2+1n*%*1
Practise Now 12 8
=m’n’
2 3 2 L
@ (m*)° x m = m>% x md m’
5 1 _m
=m? x m? n%
= i
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Practise Now 13

(a) 5'=125
5'=5
x=3

b 7=

<
|
|

Practise Now 14

1. (a) 5300000 =5.3x 10°
(b) 600000000 =6 x 10°

AATAAIRAIAIAD

(¢) 0000048 =4.8x 107
(d) 0.000 00000021 =2.1x107"°

2. (a) 1.325x 10°=1 325 000
(b) 4.4 x 107 =0.0044

Practise Now 15

(a) 1 micrometre = 107 metres
25.4 micrometres = 25.4 x 10™° metres
=2.54 x 107 metres
(b) 10mm=1cm

2340 mm = % x 2340 cm

=234 cm
=2.34x10*cm
(¢) 1 terabyte = 10" bytes
4.0 terabytes = 4.0 x 10" bytes

Practise Now 16

(a) (1.14 x 10°) x (4.56 x 10%

g N [ N N R Y
BnnnBnannne

=5.20 x 10° (to 3 s.f.)
(b) (4.2 x 107" x (2.6 x 10%)

gt I8 [ R | [
LML o2 L]

=0.1092
=1.09 x 107 (to 3 s.f.)

() (2.4 x 10% = (6 x 10%

g I [ [ |
[Ale]boof«1D]L-]

= 4000
=4x10°

35x107
14 x10°

-[JEILIEIEEEID]
HnonnaEnne

=25%x107"
(e) 1.14 x 10° + 4.56 x 10*

g I | | N [ R
LB ool

=159 600
=1.60 x 10° (to 3 s.f.)

®) 4x10°-2.6x10°

3| B [ | = e e e

—2 560 000
=-2.56x 10°

237x10° +325%x10™
4.1x10°

o I3 0 [ N | A [ N X (Y
oD ool

=6.57 x 107 (to 3 s.f.)

6.3x10°
1.5%10*=3x%x10"

=L LI ool LA L]
Lol o] [ D L]

=421 x 10" (to 3 s.f.)

(a)

(®

(h)

Practise Now 17

1 MB = 10° bytes
512 MB =512 x 10° bytes
=5.12 x 10% bytes
5.12x10°
640 x 10°
=800

No. of photographs that can be stored =

Exercise 5A

1. (a) 2°x2" =2°*
- 2]()
(b) (-4)° x (-4)’ = (-4)°*?
— (_4)11
(c) xs xx3 =x8+3
=X11
(d) (3y) x (8y")=24y"""
=24y’
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2. (a 58+5=5" ® |- 4= Ix 4
=5 v v’

b) D"+ =Dt S
— (_7)7 =(-1)"x y2><4
(¢) 6x +x’ =6x""" o
- 6x* =1x =
-15y° 4
d) (15 5" = = _x
Sy y8
=-3y"* 5. (@) Rkxh'KE=n"xk"°
=-3y = 1%
3. (@ 9)'=9"" ) (M) xdm'"'W’ =1 xdxm"* " x n**’
=98 _ 18 12
(b) (h2)5 — 25 - 4x1:;nlzxn
= Y =—4m"n
=h (©) 1lp6q7><2p3q'°=11 xp6+3x2xq7+m
(©) 314x(52)7=314x52x7 =22xp9xq'7
=3]4><514 =22,°4"
=<4pq
=3 x5" ROk
_ 15 ) W+ 1k = e
d) 2°x9’=@2x9y PLELTRE
-18° y
(e k%’ =2xk* LY 8,7
s 7 ) 15m™n
—8x k' (e) 15m°n' +3m'n = 3
M 3m™n
=8k = 5t
() (_3x6y2)4 — (_3)4 % 0% % y2x4 = 5’
=81 x x*xy*
s J 5.6y . 3 -10x°y°
=81x™y ® 10xy") + (2xy") = Y
4. (@) 14%+7"= 147 =507
° 713
=2" =5xy’
g5x4 6. (a) ((12)3 xa = xd
(b) (9°)' 3" = 30 =d*xd
(32)20 _ a6+5
= 320 =a"
feaey (b) B x (B =b"" x b**°
= 3T - b21 x b20
- b2]+20
340
2 - b4l
3% © (06)5 = ( 2 6x5 . 2
020 +(=c)=c"""+(-¢)
=3 630
=3% =—
5 5 -
s —1
_m _ =
32 -
3 3 —3d%)?
3 3 (d) (3 +dy’ = E3d)
(d (n—z) =50 9 (2d)’
27 _ ' xd>™
== T 2% d?
6 6
p_4 B p4><6 — 9x d}
(e) R 8xd’
p24 — % xdﬁf}
=5
g _oa
8
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7.

(')
(e
— e‘
- (_1)4 % ez><4

© (@)= (-e)' =

sy
277
B 43Xf6><3
- (_2)3><f3><3

_ 64 x [
T 8x S’
-3 Xf18—9
=-8f°

(@) @) xQaby=a'xb"*x2xa’xb’
=@’ xb°x8xa’x b’
R NN
=8xa’ xb’
=84V’

(b) Pd? x (5% = *d* x (-5 x P x d**?
=xd*x25xc* xd°
=25 XC2+6xd2+6
=25xc*xd®
=25c%"

® @) +2f) =

© B+ €)= —(Sejf:)Z
(efy
82 % eS><2 X f3><2
e3><3>< f3
64 x ¢ x f°
e x f3
=64 x e’ xf""3
=64xexf’
= 6def’
16g°%hH’
_ 16g°n’
16g°h’
T 8x g’ xht
- _2g8—9h7—6
= —2g7]h
2h
8

d) 16g°h + (=2¢°n*)’ =

8.

9.

(a)

(a)

1 '

(2x7y)’
(10xy*)’

27¢°

3Fxe™ 27

Gxy'y

f2><4 - fll
81xe?  27¢°
N
8ixe? "

f" X 27 x ¢’
ﬁen—
27

3€3f3

9,11 -8
f

g2><6 . (_3)3xg5><3
= PED - T EE
g, 27xg”
R 8xh®
g" 8 x h°
1 X 15
h 27xg
_i 12715h6718

27

8 5
=——gh

278

8

27g3h12

23><x2><3><y3 53Xx3><y4><3

4xy

102 x x% x y¥*? 4xy
8x x®xy’ 125 x x° x y*?
100X 2 xy*  4xy
1000 x x%*3 x y2
400 % 22" x y6+l
5xx”xy"®
2xx*xy’

9-3 15-7
== xXx "Xy
2
6.8

5x’y
2
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8x8y4 y (4x2y2)2 _ 8x3y4

42 % x2><2 % y2><

2

(b)

= 2 X
Qo) T Goy - Zxatxy™

gxty* 16 x x*x y*

Fxxixy

4xx*xy X Ixx*xy
128 x x*4 x 4+
36X Xyt

32 x x'?xy®
9x x*xy°
% < x'274 ><y8’6
_ 32x%y?
9

25 X x5 X y2><5

2%

C =
( ) (4x2y)2 (xy3) 42Xx2><2><y2><xy3

32 x x° x "
16 x x* x y* x xy’
32x x°x y'"°
16 % x* 1 x y2
32x x> x y'°
16 x x° x y°
=2 xS x 0t
=2xx"xy
=2y
B 30 % X2 x y*+2
47 % T 12
32 x x®x y©
- 16 x x* x y*

4x7y x 8x*y?
(4x’y*)

(@)

=2xx**x yG’4
=2xxxy
_ 2x2y2
10. (2p3q4)4 . (4p2q)2 a+b
-3¢’ 9

4 2

24Xp3><4><q4>< ' 42><p2><2)<q
B x g ; 9
16><p12><q16 . 16><p4><q2

9% ¢ 9

16 % p'2x ¢'° 9
-_r *4 Lz
9xq" 16 x p*x ¢

1y
]
>

RS TS RS TS oS

2
!
<>

TR

Q
|
<>

a+b

SR

12 16
P Xq 1
10 x

4 p4><q2

)
|
<>

SR

12 16
P Xq
4 10+2 = —b

P xXq

2

=
S
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Substitute (1) into (2):

@B-b)-b=-4

8-2b=-4

2b =12

b=6
a=8-6

La=2,b=6

Exercise 5B

1.

(a 17°=1

2 0
(b) (—7j =1

(c) 4a’=4(1)
=4
(d) —8p° =-8(1)
=-8
(e) (72¢d*’ =1
® 7% =7(1)
=7
(a) 2(1 x 24 =2()+4
=2
=16
7*x7°
7

72+0—l

M) *x7°'+7=

=7
(c) 8°-8"=1-64
=-63
d 6+6°-6=216+1-6
=211
1

3

(a) 7° =

3
—_

343
1
-5)

(b) 5" =




4.

122
3
=1><é
5
_3
"5
L . ()7
(@ (72)2+74=?
74
=7j

=1

1
) 5°-572=5"- =

52
:l—L
25
_2
© 25
3\ 5
c 2‘5°+(—j =1+ =
(© 27 5 3
=2E
3
2—2 , o i2
(d) 1 x 3" x2015" = 3 x9x1
=Ex9
=16

(a) By prime factorisation, 196 =2 x2x7 x7 =2 x7°.

SA196 =2x2xTx7
=14
(b) By prime factorisation, 125=5x5x5=5".

w125 = P5%x5%5
=5
(c) By prime factorisation, 32 =2x2x2x2x2=2.
1 1

5— _—_ 35

32 T V2x2x2x2x2
1

2
(d) By prime factorisation, 16 =2 x2x2x 2= 2*
and 81 =3 x3x3x3=3"

) 4E_ 42><2><2><2
“A81 T \3x3x3x3

2
3

@ 817 =431
9

) 27) = Y27
=3

(© (16)'i =

@) 4 = 43

=G4y

(e)

6} (_1000)% = (3-1000)
=(-10)°
=100

(a)
(b)

(c)

(d)

(e)

®

(a)

(b)

SR

-

Ya =a

(L
16
1

16

IS

N | =

()

1
— b2><§

2
:b3

(Ye) =

=c

=c

1
1
d°

&-

1l
QU
ol

%
£

Q

1l
Q
ol

11 = 1331
11 =11°
a=3

20 =

Q
| —_ Qm‘,;| —_

ol—

c%)4

1
5><4

e

Wl
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(¢ 9°=3
32(‘ — 35
2c=5 (f) .2]{] 5 j2 -3
c= 1 Gk > k—3] =Pk ﬁ
2 k3><,3
‘ -6
(d 10°=0.01 R ]_9
d _ 1 B k_
0 _ﬁ =] 6’6xk3+9
10°=107 =J"12 x k12
= _ kl2
2 JT
9. (a 5a4x32. -3 5(14)(32 S 4
a +-a = 773“ (g M ot x m2
a (m—ln)z = W
S5x3x a4+2 Xn
B m5n3>< -4
a’ _ominixm™
_ 15x4a° m2xn®
- L
=15xa’xd’ m>xn’
= 15xa™ _ mxn’
=154’ =
by 245 5 Gy = e
T (3b7 Zt'n
_ A M) 5py - 10px 75+ O = 125p°
32)< b_3><2 p73 = 125p _ lop % 7p2 + i
3
_ —24[)‘(7 - 125]73 770[73 N 6p3 p
9x b7 10 = 61p3
=—22 .(a)\/;x%/;za%xa%
3 - a%+%
© G+ @y = S0 _
() ’,
N =al
g b b7 = ¢ |
P A w) 16> = b = bY) = pt
__ ]
T e0d B bz><§
le bé
= _6 .
- ¢ b3
6 —
(d) (4e f3)2 — 4.2><e—6><2><f3><2 ==
8e'” f6 e b®
8e“f _ b%,é
_16xex f® e
Selzf(, - 3
_2x S = bo
21212 |
= bz
_ 2% f°
e* (© C% x c% + c% = C%%
=2 -
o2 s
37— = CS 275
(€ (Bg7h') x (-4g’n?) LIS
= cl° 10 10
_ &

= (3* 3x i
_(3 xgié Zx ! z)x((_4)zxg3xth4x2
=Oxg xh)x(16x g xh™ )
=9x16xg O x 2t

=144 x " x I

_ 144

=%
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@) db +d> xd

S
Ol

_4 3 2
5 3%

® (&°h7)

1]
oo

11 (@) (@) x (@'b?) =

M) (d%)? x (¢

3
3 d'xd?

1l
Glon

ol 3xl 4xi 5%k
(@ 3xb3) x (@ 2xb )

2 _5
(@ xb) x (@xb7)

242 -2
=a X b 2
4 _3
=43 xp2

4

a3
=73
b2

3 £V dys 2y
) = (e xdT Ty x (A

= (c* xd’?) x (¢t xd?)

— C6+4 x d—%—z
_16
% dS
o
T
ds
1o 1o
(c) e3f 4 _ e 3f 4
(ezf*%)-z 2><-2Xf%><*2
1o
e 3f 4
= s 7
e x f3
_
o1
=3 f1
11
e3

Sl

(e (4%

® (mn ) + 32m'n® =

476\
x'y'z

3.-1.3 X
xy'z
x_4X3><y7X3><z

12. (a) (

x—lZ X y2] X Z—IS

x3><3><y—l><3><z3><3 x Xy

sopk = T

(mSn_%)“
\/5 32m*n®

1
3x4 — x4
m " Xnt

— .
(32m*n™*)’

12 -1
m-Xn
_gxl

1 4xdl
32°Xm SXn

12 -1
m-Xn

5.2_-6
xXy'z

—4
x-sy-sz4 J

5x—-4

X x y2><74 x Z—6><—4

—6x3

X
3x-4 5x—4 4x-4
Xz

20, 8., 24
x X X2z
« y

X0 x y’3>< zg

—12-20
X

% y2l—8 Xz

x]2 X y20 % z—lﬁ

—18+24

9+12

X % y—3+20

2% y13 x 70
2% y17 xz

_ 32-21 13-17

% Z9—]

6

6+7

=x Xy X2z

—53 —4 13
=x7xy "xz
13
4

53 4

i
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x3y74z7 3 x74y[5 -2
(b) 5.2 + 7.3
Xy x'y

x3><3 % y—4><3 X Z7><3 x—4><—2 % y—2 X Z—Sx—z
- x—5><3 % y2><3 . x7><—2 % y—3><—2
x9xy—IZXZ2] xSXy—ZXZIO
x—lS X y6 . x—14 % yG
X9 X y—lz x ZZI x—14 X y6

X
-5, 1,6 8 2 10
x "Xy X Xy "Xz
9-14 ,  -1246 , 21

—-15+8 10
X

< y6—2 Xz
¥ x y_s x 7%
v x y4 % 2'°

—S5+7 —6-4 21-10
=x""'xy" T xz

(c) ﬂxc"_d+£=ab" xcn—dxﬁ
bc cd "3 bc cd ~ b
axb"x """ xd
bl+n+2><c2xd

axb"x " xd

b xc?xd
—ax bn—(n+3) x CZn+3—2
=axb>x !
aCZIH-]
(a+b) a+b)y"? (a+b)" abc
@ ke et abe
bc abc bc (a+b)

_ (a+b)'xabc
(a+b)"">x bc*

(a+b)'xa

- (a+b)'x(a+b)xc
_a
= cla+b)’

Exercise 5C

1. (a) 85300 =8.53 x 10
(b) 52700000 = 5.27 x 10’
(¢) 000023=23x10"
(d) 0000000094 =9.4 x 10°
2. (a) 9.6 x 10’ =9600
(b) 4 x 10° = 400 000
(c) 2.8 x10™=0.000 28
(d) 1x10°=0.000001
3. (i) 300000000 Hz =3 x 10° Hz
=3x 10* x 10° Hz
=3 x 10 MHz
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(ii) 300 GHz =300 x 10° Hz

=3x10"Hz
=3x10"x 10°Hz
=3 x 10° MHz
@ apm=70x10"m
=7x10" m
(ii) b nm=0.074 x 10° m
=74%x10"m
(iiiya:b =7.0x 10" :7.4x 10™"
=35:37
¢ Mm = 1500 x 10° m
=15%x10°m
dTm=591x10"m
d 591x10"
- % 100% = Tsxio * 100%
=394 000%
=3.94x%x10° %

(a) (2.34x10°) x (7.12 x 1074
=LdRILIBEIE s D]
AL DR = D]

= 166.608
=1.67 x 10* (to 3 s.f.)

(b) (5.1 x107) x (2.76 x 107)
ol K8l N
LA [HE]D ]

=1.4076 x 10”
=1.41 x 107 (to 3 s.f.)

(¢) (13.4x10% + (4 x 10°)
gt I N [
LoD

=0.335
=335x%x 10"
3x107
9x107®

o | N TET | | o | e |
HIEIDIE]

=3330 (to 3 s.f.)
=3.33x10°
(e) 2.54x 10° +3.11 x 10*

=[2]L G o][]
HEEnnEnnen

=33 640
=3.36 x 10* (to 3 s.f.)
® 6x10°-3.1x 10

gt R | e [ A [
=-30 400 000
=-3.04x 10

(d)




437x107*+2.16x107°
3%x107°

g 8 I N | A [
| I |
3| ExExT | =N

=0.153 (to 3 s.f.)

=1.53 x 10"
24x107"°

72x10°-35x107°

g 15016 | | e R A
EXCH | o | I e | e | [

=3.35x 107 (to 3 s.f.)
(a) (1.35x 107’

-LAMEIEe I RIEE]E]

=246 x 107 (to 3 5.f.)
(b) 6(3.4 x 10°)*

=L LI BIL B EIDIE]E]
=69 360 000
=6.94 x 107 (to 3 s.f.)

(©) V121x10°
=LAk 3] D]

=1.1x 10*
@ 9261x10°
=i [ [ o[ ][]

=210
=2.1x 10?

23%x1072x4.7x10°
2%x10°

ol I [ | I
EXCH | N[ e | e |

=0.05405
=5.41 x 107 (to 3 s.f.)

8x10%°+2.5x%10°
2x107%-34%x107°

=[] ][a0]
I I o O i e [ Y
HBIDIE]

=199 000 (to 3 s.f.)
=1.99 x 10°

(€3]

(h)

(e)

®

8. (a) 2P x40 =2(7.5 x 10°) x 4(5.25 x 10%)

=3.15x 10’
(b) O-P =(5.25x 10" - (7.5 x 10%)
=45 x 10*
9. x+8y =(2x107)+8(7x 107
=76x10"
10. (a) MN = (3.2 x 10% x (5.0 x 107)
=1.6x10"
M 32x10°
® ¥ = 50x10
=6.4x 107
mr=4
EI
6x10*
T (45%10%) x (4 x10%)

=3.33x 107 (to 3 5.f)
12. (i) 300 000 000 m/s = 3 x 10° m/s
(ii) 778.5 million km = 778.5 x 10° km
=778.5x 10°x 10’ m
=7.785x 10" m
. Distance
Time taken = Spv
7.785 x 10"
- 3x10°
= 2595 seconds
=43 minutes 15 seconds
13. (i) Distance travelled by rockets in 4 days = 4.8 x 10’ km
. . 48x10°
Distance travelled by rockets in 12 days = Y x 12
= 1.44 x 10° km
Distance

(ii) Speed =
ime

_ 48x10°
==
= 1.2 x 10’ km/day
4.8x10’
12x10°
=400 days
14. (i) Increase in population = 5.45 x 10— 4.20 x 10*
=1.25x 10°

Time taken =

1.17 x10°
545x10°
s 1.23%10°
m) ————
(i) 7.28 x10*

(i) =2.15(to 3 s.f.)

=1.69 (to 3 s.f.)
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Review Exercise 5 % 92 53 2\
d [=| =|=| =|=|=+|=
1. @) @) x@b) =d**p'* @ (5) (2) ( 3) (9)

5
= a7b4 8 22
(%) (%)
(b) (6a5b4) - (2613172) = W 125
=342 = (i) N (%)
2y 125
8 81
(© (—3a3b5)3=(—3)3><a3X3><b5X3 = E x Z
=-27a°bh" 37
=1=—
@ [24% Y (164’ (84 (164’ 125
b’ e )T B | ab’ 4. (a) By prime factorisation, 81 =3 x 3 x 3 x 3 =3".
(8a6b3] [ab7 Y81 = Y3x3x3x3
U ) Y 1ed =3
Qg p3T (b) By prime factorisation, 27 =3 x3 x3 = 3?
=( 65D ] and 125=5x5x5=5"
5 27 5 3x3x3
8a’b" V5 =Azo=us
— 125 S5x5x%5
164’
a’b 3
_ [a75b109] = g
3
, 2 (©) 16" =162
ab
= T = (‘/E )3
2 (a) 524 = 58 — 52478 = 43
_gl6 =64
=5 1 %
BN T d) 10247 = (—)
® =5 = @ 102
3
© ¥5=5° _ [ 1
1024
3. (@ 5°+5"'x50=52"D*0 X
=5 _ (l
=125 4
1 1 -
M) 2°-37%= =5 - = 64
2 3 4 4
3 X x*
_1_1 5. (a) (—) =_)=_
4 9 X 3 81
1
24 (b) 3+x7=3+—5 =3xx=3x
36 36 x
— S 6. (@) (WyHx@Y)=x""xy?*?
7136 =" x ys
) 1 1 _
(0) 3"+(§) —(—3)°=3—2+3—1 y
~ ~ (5)62 3,0
| (b) () = (2x7y)? = 2—”
=3 " 3-1 (=2x7y")
1 I S
- 25 = (—2x_3y5)_2
— (_2x—3y5)2
— (_2)2 x x3x2 xy5xz
_4x75y10
4y10

OXFORD @



I
y—12 xlS
_ 8—15y21—(—12)
_ 733
y33
= x_7
g GOYx 2y 9y xdaty T
(@) G = 76
9x"y 9x"y
B 36x-4+6y10-4
= 9x4y6
_ 36x%y°
= 9x4y6
4
T
3 1
7. @ P’ x Y8 = p x (8p)°
3 1
=p’ x 2p3
= 2p%+%
14
= 2p'

_ p2+%q7§72
22 12
=pq°
22
pS
=
qS
© I =2
T P
(pzq 5) P
_ p%+6
4
20
_p
q
BT s 1
G)) (p 3612) x 27(p7q%) = p 34" x 21(p~¢*))’

s VIR
=pq" x3(p T’ 3)
2
3

s
p ¢ x3pq

S5_ 2
-3 1 10+3

=3p’ q

1]
oS

=
w

=
w

8.

10. (a)

(@) 4°x4" =1

(b)

(c)

(a)

(b)

(c)

(d)

476+x =40

-6+x =0

x =6
,3=7

3

5%2%x52%2+5=25

512—2—){ =52

510—x =52

10—x=2

x=8
16°=8
(24)a=23
=2
4a=73
3

a= —

4
2015° =2015°
b=0
10°
10

=0.01

107 = L
100

1
10>
107" =107
c—-1==2

c=-1
2d—6

2
2(1—6—1 =29

2d—7 =29

d-7=9

d=16
(6.4 x 10% x (5.1 x 107)

oa I 1 [ | T
oD

=132 640
=3.26 x 10* (to 3 s.f.)

104‘—] —

=2

(b) (2.17 x 107 + (7 x 10%

LAERIME o]0
LAk« D]

=31x10"
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(c)

(d)

(e)

11. (a)

(b)

(c)

(d)

12. (i)

(ii)

OXFORD
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(3.17 x 10 + (2.26 x 10%)
=LdBEIL e[« ]
CALIEIL IR s e] 5D =]

=257 700
=258 x 10° (to 3 s.f.)
(4.15x 107 - (5.12 x 107

=LA Eee] D]
BRI

=3.64 x 107 (to 3 s.f.)
51%x10°-234%x10°
487x107°+9x107

=LAEIM =R B
I I e o |
HBIHEIE IR

=-2.47 x 10° (to 3 s.f.)

843x10"+6.8x10°
(1.01x10%°

=LA E o7 L]
I e A [
L]

=7.42 x 107 (to 3 s.f.)
a—b=110000 000 — 12 100 000
=1.1x10°-1.21x 10’

=9.79 x 10’

Jab = J1.1x10% x (1.21x107)

= 1.331x 10"
=1.1x%10°
6¢% = 6(0.000 007)>
=6(7 x 107%?
=2.94x10™"
ac  (1.1x10*) % (7x107%)
b 121x10
=6.36 x 107 (to 3 s.f.)

lnm=10"m

7nm=7x 10" m
Circumference = nd
=3.142(7 x 107)
=220 x 10* m (to 3 s.f.)
Area = mr’
2
7x107°

=3.142[

=3.85% 10" m’ (to 3 s.f.)

13. (i) 149 597 870 700 nm = 1.496 x 10" m (to 4 s.f.)

14. (i)

(ii) Time =

(ii) Speed of rocket =

Distance
Speed
_ 1496 x 10"
© 3x10°m/s
=499 s (to 3 s.f.)
1 Mm =10°m
240 Mm =240 x 10°m
=24x%x10°m
Distance
Time
1m
8000 ns
1m
= 8000 %107
=1.25x 10° m/s
Distance

Time taken =
Speed

~ 24%x10%m
T 1.25%x10° m/s

=1920s

15. (i) Mass of water molecule = 2(1.66 x 107™*) + (2.66 x 107)

=299 x 10> g (to 3 5.f)
280
299x107%
=9.36x 10 g (to 3 s.f.)

(ii) Approx. no. of water molecules =

Challenge Yourself

1.

234 — (2(34) =98

2% _ 2(43) pr

So, 2% < 2® < 2% = 2% < 2% = 2%,

324 — 3(24) =316

342 — 3(42) — 316

So, 3" <3< 3%

47 =4 =g

47 =4 =4

So, 4* <4’ < 4% <4,

316 . 430 — 960 234 =28

Hence 2% is the largest.

3',3%,3,34,3,3%,3, ...

3,9,27,81,243,729, 2187, ...

We can observe that the last digit of 3" are in the sequence:
3,9,7,1,3,9,7, 1, ...

.. Since 2015 + 4 gives a remainder of 3, hence the largest digit of
35 7.



3. Letx:\/2+\/2+\/2+...,
2
Thenx2=( 2+\/2+\/2+...)
x2=2+\/2+«/2+...

X=2+x
X-x-2=0
x-2)x+1)=0
x=2orx=-1

Since {2+ VY2 +~/2+... >0, hence x=2.

OXFORD



Chapter 6 Linear Inequalities in One Variable

TEACHING NOTES
Suggested Approach

Teachers can begin this chapter by linking to students’ prior knowledge of solving simple linear equations in one variable. By
replacing the equality sign with inequality signs, teachers can emphasise that the variable can take more than one value.

Students will learn simple inequalities in the form ax > b, ax = b, ax < b and ax < b, where a and b are integers, teachers can
remind students that “solving an inequality” involves finding all the solutions that satisfy the inequality, which is akin to solving
a simple linear equation. To help students better understand linear inequalities and see how it can be applied in our daily lives,
teachers may get students to give some real-life examples where inequalities are involved.

Section 6.1: Simple Inequalities
In the investigation on page 187 of the textbook, students are required to work with numerical examples before
generalising the conclusions for some properties of inequalities. In this section. Students only need to know how
to solve linear inequalities of the form ax < b, ax = b, ax < b and ax > b, where a and b are integers and a > 0.
Teachers should get students to formulate inequalities based on real-world contexts (see the Journal Writing on
page 190 of the textbook).

Section 6.2: Inequalities

Teachers should recap with students how to solve simple linear inequalities and to represent the solution on a
number line. The use of number lines will help students to visualise and understand the meanings of <, >, < and
= (see Investigation: Inequalities). Teachers should guide students when solving linear inequalities that involve
reversing the inequality signs when multiplying or dividing the inequalities by a negative number as this may be
confusing to them. Teachers can use actual numbers to explain how the signs will change when multiplying and
dividing by a negative number. Teachers can get students to explore the relationship between the solution of an
inequality and that of the corresponding linear equation (see Thinking Time on page 194 of the textbook).

Section 6.3: Problem Solving involving Inequalities
In problem solving involving inequalities, students must work on their mathematical process of interpretation
and thinking skills. Teachers can guide students to understand terms such as ‘at most’, ‘at least’, ‘not more than’
and ‘not lesser than’ and how to form an inequality and solve it to find the answer to the problem.

Challenge Yourself

Since z = =, teachers can ask students to find the greatest and least possible values of Z to find the limits in
y y
which z must lie.

Teachers can get the students to first factorise the denominator, x> — 14x + 49 and observe that value of the
denominator is more than zero.

OXFORD @



1.

WORKED SOLUTIONS
Investigation (Properties of Inequalities)
Is the
Cases Working Inequality me;]il;llllty Conclusion
reversed?
Multiplication | LHS =10 x 5 50 > 30 No If x>y and
by a positive =50 ¢ >0, then
number on RHS=6x5 cx>cy.
both sides of =30
the inequality
10>6
Division by LHS=10+5 2>1.2 No Ifx>yand
a positive =2 ¢ >0, then
number on Y
both sidesof |RHS=6=+5 c” ¢
the inequality =12
10>6
Table 6.2

Yes, the conclusions drawn from Table 5.3 apply to 10 = 6.
The following conclusions hold for x = y:
e Ifx=yandc>0,thencx = cyand =2
c c
The following conclusions hold for x < y:

e Ifx<yandc>0,thencx<cyand XY
c

c
The following conclusions hold for x < y:

e Ifx=<yandc>0,thencx < cyand

o=
N
o<

Journal Writing (Page 190)

A bowl of rice contains 5 g of protein. A teenager needs a minimum
of 49 g of protein each day. It is given that he only eats rice on a
particular day. The inequality which we need to set up to find the
least number of bowls of rice he needs to eat in order to meet his
minimum protein requirement that day is:
S5x =49,

where x represents the number of bowls of rice he needs to eat that
day.
The flag-down fare of a courier bike is PKR 5. The bike charges
PKR 0.30 for each 385 m it travels. A person has not more than
PKR 50 to spend on his bike ride. The inequality which we need to
set up to find the maximum distance that he can travel on the bike
is:

30x < 4500,

where x is the number of blocks of 385 m.

Teachers may wish to note that the list is not exhaustive.

Q2o

Investigation (Properties of Inequalities)

1.

Multiplication
. LHS =10 x (-5) Ifx>y
by a negative
=-50 and d <0,
number on both -50 <-30| Yes
. RHS =6 x (-5) then
sides of the
. . =-30 dx < dy.
inequality 10 > 6
Division by a
] LHS =10 = (-5) Ifx>y
negative number
) =2 and d <0,
on both sides of -2<-1.2 | Yes
the i it RHS =6 + (-5) then
e inequali
auattty -_12 Xy
10>6 d d
Table 6.3

2. Yes, the conclusions drawn from Table 3.1 apply to 10 = 6.

The following conclusions hold for x = y:

. Ifx?yandd<0,thendx$dyand3sﬁ.
The following conclusions hold for x < y:
. Ifx<yandd<0,thendx>dyandg>§.

The following conclusions hold for x < y:

e Ifxsyandd<0,thendx = dyand g = %

Investigation (Inequalities)

1.

(@) (i) 6+2=8<12+2=14
(iii)6-4=2<12-4=8

(b) If 6 < 12 and a is a real number, then 6 + a < 12 + a and
6-a<l12-a.

(c) If 12 > 6 and a is a real number, then 12 + a > 6 + a and
12-a>6-a.

(@ (i) -6<12
(ii) 6+2=-4<12+2=14
(iii) 6-4=-10<12-4=8

(b) If -6 < 12 and « is a real number, then -6 + a < 12 + a and
-6-a<12-a.

(¢) If 12 > -6 and « is a real number, then 12 + a > -6 + a and
12—-a>-6-a.

(a) (i) 6>-12
(ii) 6+2=8>-12+2=-10
(iii)6-4=2>-12-4=-16

(b) The addition or subtraction of a positive number does not change
the inequality sign.

4. Yes, the conclusion applies.

Journal Writing (Page 193)

Other real life applications of inequalities:

BMI, grades, credit limits, text messaging, travel times, weight limits,

financial planning, wages and taxes, temperature limits, height limits

for vehicles, etc.

Teachers should note that the list is not exhaustive.
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Thinking Time (Page 194)

1.

ax + b = ¢, where a, b and ¢ are constants and a >0

Step 1: Arrange the terms such that the constants are all on one side
of the equation, i.e. ax =c — b.

Step 2: Divide both sides by a to solve for x. The equality sign
remains.

The steps will not change if a < 0.

ax + b > c, where a, b and ¢ are constants and a > 0

Step 1: Arrange the terms such that the constants are all on one side
of the inequality, i.e. ax >c — b.

Step 2: Divide both sides by a to solve for x. The inequality sign
(>) remains.

The steps will change if a < 0 such that the inequality sign will

change to <.

ax + b = ¢, where a, b and ¢ are constants and a >0

Step 1: Arrange the terms such that the constants are all on one side
of the inequality, i.e. ax = ¢ — b.

Step 2: Divide both sides by a to solve for x. The inequality sign
(=) remains.

The step will change if @ < 0 such that the inequality sign will change

to =.

The solutions of ax + b > ¢ and ax + b < ¢ do not include the solution

of its corresponding linear equation ax + b = c.

The solutions of ax + b = ¢ and ax + b < ¢ include the solution of its

corresponding linear equation ax + b = c.

Practise Now 1

1.
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(@) 15x>75

x>

15

Sox>5

\

\/

N —o

(b) 4x=<-16
-16

X< —

4

x=-4 !

\

.. The smallest integer value of x is 2.

Practise Now 2

Let the number of buses that are needed to ferry 520 people be x.
Then 45x = 520
x= 320
45
x=12
9
.. The minimum number of buses that are needed to ferry 520

students is 12.

Practise Now 3

1. (@ —-6x>-30
6x <30

30
X< —

(b) -8

2. 3x<-13
3x>13
13

x> —
3

x>4l
3

.. The smallest integer value of x is 5.

Practise Now 4

(a)

x-3
x-3+3
X

Vv v

7
7+3
10

|

8§ 9 10 11 12

(b) 2y+4>3
2y+4-4>3-4



Practise Now 5

5-x<-9
5-5-x<-9-5
—-x <-14
x> 14
o—>»
12 13 14 15 16

(i) Smallest prime value of x is 17
(ii) Smallest perfect cube value of x is 27 = 3°

Practise Now 6

1. (a) 15x+1 <53 +x)
15x+1 <15+ 5x
15x+1-5x <15+ 5x—-5x
10x+1 <15
10x+1-1<15-1
10x < 14
14
x < —
10
x<l2
5
16y _ y+1

= <

(b) 3 5

3x2x 16—))23><2>< y+l
3 2
32y =3+ 1)
32y =3y+3
32y -3y =3y+3-3y
29y =3
yai
29
1

1
(© 5(2—4)\§(z+1)+2

1
2x3x %(z—4)$2x3x [E(Z‘Fl)"'z}

3(z—-4) =2(z+1)+6(2)

3z-12<2z+2+12

3z-12<2z+ 14
3z-12-2z<2z+14-2z

z-12 <14
z—-12+12 <14+ 12

7<26

3 1 1
2. —@p-2)+=- >=-@p-1
4(p ) > 2(p )

4 x {%(p—2)+%} >4 x %(p—l)
3p-2)+2>2p-1)
3p-6+2>2p-2
3p—4 >2p-2
3p-4-2p >2p-2-2p
p—-4>-2
p-4+4>-2+4
p>2
Smallest perfect square value of p is 4 = 2°

Practise Now 7

Let x be the marks scored by Seema in her first quiz.
x+76+89

=175
3
3x@>3x75

x+76+89 =225
x+ 165 = 225
x4+ 165-165 =225 - 165
x =60
.. Seema must have scored at least 60 marks for her first quiz.

Practise Now 8

Letx and y be the number of PKR 10 notes and PKR 5 notes respectively.
x+y=12 — (D)

xx10+yx5<95

ie. 10x+5y<95 —(2)

From (1),
y=12-x — 3
Substitute (3) into (2):
10x +5(12 - x) <95
10x + 60 — 5x <95
5x+60 <95
5x 4 60 —60 <95 - 60
5x <35
35

X< —
5

x<7
.. The maximum number of PKR 10 notes that Mishal has is 6.

Exercise 6A

1. (a) If x>y, then 5x > 5y.
b) Ifx<y,then =~ < 2.
(b) I <y then 25 < 55
(c) If x =y, then 3x = 3y.
d) Ifx<y,then X < 2.

(@) Ifx=y.then 5= 75

(e) If 15>5and 5 >x, then 15> x.

(f) If x <50 and 50 <y, then x < y.

2. (a) 3x=<1I8

W

o ——
) —
S
w
N—+e
N

(b) 4x=062

4 14 15 151 16 17 18 19
2

(€ 3y<-36

OXFORD



@ S5y>-24

Y S B E—
5 -6 ,5‘,4% -4 -3 -2 -1
4
>-4_
Y=
(e) 4x <28
28
X< — <0
4 | | | | | -
| | | | | g
Sx<7 4 5 6 7 8
® 12x= 126
x>g o >
]2 | Iv | | | 7;
1 15 I 1{1 15 f3 :
~x=10= 1
x > -105
(g 2y=-5
5
y=s-=
2 | | | | | »
1 g Z 5 I1 I2 :
<-2- - - R
Y= 23
(h) 9y >-20
20
y>-= P
9 | | | | -
| T | | g
cy>22 S3,2 2 0
9 9

3. Let the number of vans that are needed to ferry 80 people be x.
Then 12x = 80

X = @

12

x>6z
3

.. The minimum number of vans that are needed to ferry 80 people

is 7.

.. The smallest rational value of y is 1 %

5. 20x>33

x> 3

20

x>1—=
20
.. The smallest value of x if x is a prime number is 2.

6. 3x<-105

‘< —1;)5
x<-35
.. The greatest odd integer value of x is —37.
7. 5y<20 and 2y=-6
20 6
y< 5 y= )
y<4 y=-3

.. The possible values are -3, -2,-1,0, 1, 2 and 3.
OXFORD

UNIVERSITY PRESS

Exercise 6B

1.

(a) If x>y, then —6x < -6y

(b) Ifx <y, then —— >

=30

y

=30

(c) If x =y, then —4x < -4y

X
d) If x <y, then —
d y 0

€ S+h<T+h
®) 5-k<7-k
(a) a+2<3

a+2-2<3-2

a<l1

(b) b-3=4
b-3+3=4
b=1

(c) —c+3>5
—+3-3>5
—>2

+3

-3

c<-2

<4—0

4 3 2 -1

(@ d-d<4

4-d-4<4-4

-d<0
d=0

(e) 2e-1<

4 3 2 ]

f  2+5<0

2+5f-2<0-2
5f<-2

0

=

=

Y

-10

\/



(8 g§-7
§-T+¢g
2g-17
20-T+7=1+7
2¢ =

Vv

l1-g
I-g+g
1

V

Vv

";Nloo oo

8

g =

*—»

2 3 4 5 6

(h) S5h>4(h+1)
S5h>4h+4

Sh—4h >4h+4 —4h
h>4

) 8 +3<2(7-))
8§ +3<14-2j
8j+3+2j<14-2j+72j
10j+3 <14
10j+3-3<14-3
10j < 11

3g) 4k + 5 = 2(-2k)
4k + 5 = -4k
4k + 5 + 4k = -4k + 4k
8k+5=0
8k+5-5=0-5
8k = -5

(k) 2m-5)<2-m
2m—-10<2-m
2m-10+m <2-m+m
3m—-10<2
3m-10+10<2+10
3m <12
_n

N+

\/

) 3(1-4n)>8-"Tn
3-12n>8-"7n
3-12n+7n>8-Tn+"7n
3-5n>8
3-5n-3>8-3
-5n>5

n< —

n<-1
<«—0
-3 -2 -1 0

7T+2x <16
T+2x-7<16-17
2x<9

X

N
SN Ne}

/A
A~

N | —

X

<+

1
T
3 44

[

I »
>

5 6

|

(i) Largest integer value of x is 4

(ii) Largest perfect square value of x is 4 = 2°

3—4x >3x-18
3—-4x-3>3x-18-3
—4x >3x-21
—4x—-3x >3x-21-3x
=Ix >-21
=21

X < —
-7

(i) Prime value of x is 2
(ii) Yes, x =0 is less than 3.
(a) -5x<25
25
x> —
-5
x>-5
o—»

-6 -5 4 -3 =2

(b) -12x= 138
138
X s —

-12

x=-11—

\
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1
4
3

w
oo+ 0

(e) 4p+ 1) <-3(p-4)
4dp+4 <-3p+12
dp+4+3p<-3p+12+3p
Tp+4<12
Tp+4-4<12-4
Tp <8

0

I
LI

2

—_
—_
~ =

® 6-(1-29) =3(59-2)
6-1+2g=15¢-6
5+2g=15¢-6
5+2g-15¢ = 15¢-6-15¢
5-13¢g =-6
5-13¢g-5=-6-5
-13¢g =-11

\

Vv v v

11
<
213
<1
=73

q

\
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»
>

2b-1 3b
> —
3 5

2b_1>3x5x%

(b)

3x5x%

52b-1) >3(3b)
10b-5 >9b

10b-5-9b >9b-9b
b-5>0
b-5+5>0+5
b >5

c+4 c+1

4 g 3

C+4>4x3xc+1

(c)

4x3x

3(c+4)>4(c+1)
3c+12>4c+4
3c+12—-4c>4c+4—4c
—c+12 >4
—c+12-12>4-12
—>-8
c<8
2-d 3-d 1

d — < — 4+
@ 2 4 2

a 3-d 1
4><2 d <4x(—+—j
2 4

2
2Q-d)<B3-d)+2
4-2d<5-d
4-2d+d<5-d+d

4-d<5

4-d-4<5-4
-d<1

d>-1

1 2 1
(e) Z<e_2)+§<g(e_4)

12 x [%(6—2)-{-%} <12 x é(e—4)

3(e—2)+8<2e—-4)
3¢e-6+8<2e-8
3e+2<2e-8
3e+2—-2e<2e—8—2e
e+2<-8
e+2-2<-8-2
e<-10



® [ 3f41 _3f-1
2 4 4

2 4

4x(ﬂ+ﬂjs4x(%+zJ

2(f+ D+ @Gf+ 1) =Gf-1)+8
2f+2+43f+1 <3f-1+8
5F+3 <3f+7
5F+3-3f=3f+7-3f
2f+3-3<7-3
2f<4

4
= —
f 2
f<2

1 1 1
(® 3B8+H-S @+ =1-2(@+)5)

1 1 1
5x3x |:§(3g+4)—§(g+]):‘ =5x3x {1—§(g+5)}

33g+4)-5@+1) =
9¢+12-5¢g-5 =
4g+7 =-10-5¢
4g+7+5g =
9¢+7 =-10
9¢+7-7 =-10-7
9¢ =-17
83__17
9
8
g 2—15

a2 30s

374 2
LYRAE S PRSI PRENT B9
3 2

—lh+3—3 <-15-3
6
—lh<—18
6

6x—lh<6x—18
6

—h <-108
h>108

15-5(g +5)
15-5g-25

-10-5g + 5¢

1 4
7. -2-p)-3=+—
6( p) 10

6 x 10 x [é(Z—p)J] =6x 10 x %
102 -p) - 180 = 6p
20-10p — 180 = 6p

—10p — 160 = 6p
—10p — 160 — 6p = 6p — 6p
—16p-160 =0
—16p — 160 + 160 = 0 + 160
—-16p = 160
160
-16
p= -10
.. The largest possible value of p is —10.
3x+2
2

p=

8. @) % 2x-7) <

Ix2x L2x_7) =3x2x T2
3 2
22x—7) <3(3x+2)
4x-14 <=9x+6
4x-14-9x <= 9x+6-9x
Sx-14<6
Sx—14+14 <6+ 14
—5x <20
20
> ==
-5
x=-4

(i) Smallest value of x* is (0)>=0

X

Review Exercise 6

1. (a) 18x <-25

(b) 10y= 24
A
10

=

2
y=22
Y=73

2. 4x=11
11

xX= —

3

x=2=
4

.. The smallest integer value of x is 3.
3. 3y<-24
vt
3
y <=8
.. The greatest integer value of y is -9.
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S5x <125

relz
5

x<25
.. The greatest value of x if x is divisible by 12 is 24.
Sy = 84
84
=20
Y73

4
= 16—
Y= 03

.. The smallest value of y if y is a prime number is 17.

Let the number of watches that can be bought with PKR 35 000 be
X.

Then 1900x =< 35000

5= 35000
1900

x < 18&
19

.. The maximum number of watches that can be bought with PKR 35
000 is 18.
Let the number of minutes Jamil can buy be x.
Then 12.50x < 250
X = @
12.5
x <20
.. The maximum number of minutes Jamil can buy with PKR 250
is 20.

Let the first integer be x.
Then the second integer will be (x + 1).
x+x+1)<42

2x <41
x<
x <20.5
.. The largest possible integer x can be is 20.
20+ 1=21
21% =441

.. The square of largest possible integer is 441.

Let Nadia’s age be x years.
Then Kiran’s age is (x — 4) years.
X+(x-4)=<45
2x<45+4

49

2

x <245

.. Maximum possible age of Nadia is 24 years.
24-4=20

.. The maximum possible age of Kiran is 20 years.

X =

10. Let the number of ships needed to carry 400 passengers be .
60x = 400
400
60
2

x=6=
3

X =

.. The minimum number of ships needed to carry 400 passengers

is 7.

11. Let the number of pencils that can be bought with PKR 27 be x.
2.50x = 27
X = 2_7
2.5
4

x=10=
5

.. The maximum number of pencils that can be bought with PKR 27

is 10.
12. (a) a-2<3
a-2+2<3+2

a<>5
<o

3 4 5 6 7

(b) 2b+1<5-4b
2b+1+4b <5-4b+4b
6b+1<5
6b+1-1<5-1
6b <4

b<i

@)}

b <

w | N

\

|
]
|
o
W[ +0
[3e]

)
|

(\
Vv
|

[\
X

o
\%

[\

X
|

-4 3 2-0



1 1
d —d>1+—-d
@ 5 3
ld—ld>1+ld—ld
2 3 3 3
ld>1
6
6x —d>6x1
d>6
o—>»
4 5 6 7 8
e 2e-3)=1
2e -6 =1
2e—-6+6 =1+6
2e =7
7
e = —
2
e>3l
2
1 1 1 1 1 1
1 2 3,1 4 5
2
® 5(f-4) =<2f
5f—-20 <2f
5f—20-2f <2f-2f
3f-20 <0
3f-20+20<0+20
3F<20
20
<
f 3
2
<6—
! 3
B — ]
4 5 6 27 8
63
(2) 3-g>2¢-7
-3-g-2¢g>2g-7-2g
-3-3g>-7
-3-3g+3>-7+3
-3g>-4
<j
£33
1
<1-
8573
<«— 0
100 il'l'z 3
3

(h) 18-3h <5h-4
18 —=3h—5h <5h—4-5h
18 -8h <-4
18-8h—18 <-4-18
—8h <-22
-22
8

h>

h>2é
4

13. (a) 3+§->5+%

4x3x(3+ﬁj>4x3x(5+ﬂj
4 3

36 +3a > 60+ 4a

36 +3a—4a >60 +4a—-4a

36 —a >60

36 —a—-36 >60-36
—-a >24
a <-24

(b) ﬁ—5<3—%
9 3

9x(ié_sj<9x(3_39
9 3

4b —45 <27 -6b

4b—-45+6b <27 -6b + 6b

106 -45 <27
106 —-45+45 <27 +45
106 <72

16¢-27 = 36¢ — 18
16¢ — 27 —36¢ = 36¢ — 18 — 36¢

-20c-27 =-18

—20c—-27+27 =-18 + 27

—20c =9
9

csS——

20
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) d-2 <2d+3
3 5

d-2 2d+3 5

_ <_

3 5 8

3x5x(d—2_2d+3

5
+_
8

j<3x5x§
8

5d-2)-3Q2d+3) < %

5d-10-6d-9 < 7

8
75
8
-d-19+19 < %

-d-19 <
+19

—d <28g
8

d >—28§

+

(e) é(e+2)> (e-1)

Wi Wl *
N

1 1
§(€+2)—Z(€—1)/

1 1 2
3x4x|=(e+2)——(e-1)| =3x4x =
X xl:?’(e ) 4(6 ):‘ x 4 x 3

de+2)-3(e-1) =8
de+8-3e+3 =8

\

e+11 =8
e+11-11=8-11
e=-3
) 5_2f—5 sf+3+2(f+1)
6 2 3
6x(5—£) <6x |:M+M:|
6 2 3

30-2f-5) <3(f+3)+4(f+1)

30-2f+5 <3f+9+4f+4
35-2f <T7f+13

35-2f-T7f <Tf+13-7f

35-9f <13
35-9f-35 <13-35
9f <-22
-22
= =
! -9
4
=2—
f 9
Challenge Yourself
1. Jx +2 =0
e =22

There is no solution since v/ x cannot be a negative number.
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2. Since (x +2)* and (y — 3)” cannot be negative.

(x+2)7*=0 and (y-3)*=0
x+2=0 and y-3=0
x=-2 and y=3
SLXx+y=-2+43
=1
3. A+B=8 — (1)
B+C=11 — (2
B+D=13 —(3)
C+D=14 — 4
2)-3):B+C-B-D=11-13
C-D=-2 —(5
@D+6):C+D+C-D=14+(-2)
2C =12
12
=7
=6
Substitute C=6into (4): 6+ D =14
~D=14-6
=8
Substitute C=6into (2): B+6=11
B=11-6
=5
Substitute B=5into (1): A+5 =8
LA=8-5
=3
4. AxB=38 — (1)
BxC=28 —(2)
CxD=63 —(3)
BxD=36 — 4)

. BxC _ 28
(2)7(3)~CX—D=§
Since C cannot be equal to 0, then % = %,—(5)

B 4
(4)x(5):BxDx5=36x§
Since D cannot be equal to 0, then B = 16.
.'.B=i\/E

=4 or —4 (N.A. since B >0)
Substitute B=4into (1): Ax4=8
s A=8
4
=2
Substitute B =4 into (2): 4 x C =28
nc=28
4
=7
Substitute B =4 into (4): 4 x D =36
=36
4
=9

s.D



Chapter 7 Pythagoras’ Theorem

TEACHING NOTES

Suggested Approach

There are many ways of proving the Pythagoras’ Theorem. An unofficial tally shows more than 300 ways of doing this. Teachers
may use this opportunity to ask students to do a project of finding the best or the easiest method of doing this and get the students
to present them to their class (see Performance Task on page 205).

Students should be able to easily recall the previous lesson on similar triangles and apply their understanding in this chapter.

Section 7.1:

Section 7.2:

Section 7.3:

Pythagoras’ Theorem
Students are expected to know that the longest side of a right-angled triangle is known as the hypotenuse.
The condition that the triangle must be a right-angled triangle has to be highlighted.

Teachers may wish to prove the Pythagoras’ Theorem by showing the activity on the pages 203 and 204 (see
Investigation: Pythagoras’ Theorem — The Secret of the Rope-Stretchers). Again, it is important to state the
theorem applies only to right-angled triangles. The theorem does not hold for other types of triangles.

Applications of Pythagoras’ Theorem in Real-World Contexts

There are many real-life applications of Pythagoras’ Theorem which the teachers can show to students. The
worked examples and exercises should be more than enough for students to appreciate how the theorem is
frequently present in real-life. Teachers should always remind students to check before applying the theorem,
that the triangle is a right-angled triangle and that the longest side refers to the hypotenuse.

Converse of Pythagoras’ Theorem

Worked Example 8 provides an example of the converse of Pythagoras’ Theorem. Some students should find the
converse of the theorem easily manageable while teachers should take note of students who may have difficulty
in following. Students should be guided of the importance of giving reasons to justify their answers.

Challenge Yourself

Question 2 requires the arrangement of 3 right-angled triangles such that their hypotenuses form another triangle.
Students should be able to do the rest of the questions if they have understood Pythagoras’ Theorem.
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WORKED SOLUTIONS

Investigation (Pythagoras’ Theorem — The Secret of the
Rope-Stretchers)

Part 1:
In all 3 triangles, AB is the hypotenuse.
1,2,3,4.

BC | AC | AB | BC* | AC’ AB* | BC'+AC?
(@ |3cm|4cm | Sem | 9em® | 16ecm® | 25em® | 25 cem’
() |6cm| 8cm [ 10em |36 cm® | 64 cm® | 100 cm® | 100 cm?
(¢) [Sem|12cm |13 cm |25 cm’ | 144 cm® | 169 cm® | 169 cm’

Table 7.1

The value of AB in table 8.1 is the same as the value of BC* + AC”.

Part I1:

5. In AABC, AB is the hypotenuse.

6. Any 6 sets of values of BC, AC and AB can be used. Teachers may
wish to have students attempt to get integer values for all 3 sides of
the triangle.

7. The value of AB’in table 7.2 is the same as the value of BC* + AC.

Performance Task (Page 205)

Even though Pythagoras’ Theorem was long known years before
Pythagoras’ time, the theorem was credited to him as he was widely

believed to be the first to provide a proof of it, which is shown in Fig. 8.5.

The Babylonians knew about the theorem by the Pythagorean triplets
stated found in their remaining text that survived till this day. The
Indians were able to list down the Pythagorean triplets, along with a
geometrical proof of the Pythagoras’ Theorem for a regular right-angled
triangle.

The Chinese stated the theorem as the ‘Gougu theorem’ listed in the
Chinese text ‘Zhou Bi Suan Jing’ published around the first century
B.C. It was also known alternatively as ‘Shang Gao Theorem’, after
the Duke of Zhou’s astronomer and mathematician, and where the
reasoning of Pythagoras’ Theorem in ‘Zhou Bi Suan Jing’ came from.

Some proofs of Pythagoras’ Theorem are as follows.

Proof 1: (Using Similar Triangles)
A

C a B
/ACB = /BPC = /APC =90°
Since AACB is similar to AAPC,

AB _ AC
AC AP
. c b
1.e. — = —
b h
bV’=ch — (1)
OXFORD
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Since AACB is similar to ACPB,

AB _ CB
CB PB
. C a
1.e. — = —
a k
a=ck —(2)
D) +@Q):b*+d* =ch+ck
=cth+k)
2
=C
Lad+b =7

Proof 2: (Using four right-angled triangles)

b
7/
¢
b
a
a c
a
b
2 c
a
L [
b
We can arrange the four triangles to form the following diagram.
C
b
1 a
[
=
L

The diagram is a large square of length c units, with a smaller square of
length (a — b) units.
. Area of large square =4 x area of a triangle + area of small square
=4 x (%xaxb) +(a—b)2
=2ab +a* - 2ab + b’

=a+ b



Proof 3: (Using a trapezium)

C—8
B
a c b 4
C A A

A

By rotating AABC 90° clockwise, and placing the second triangle on

top of the first one, we can get the following trapezium.

E a D

C ! A A
First, we show that ZABD = 90°.
LABC + £BAC = 180° - 90° = 90° (sum of £ in AABC)
£/ BDE + /DBE = 180° — 90° = 90° (sum of Z in ABDE)
Since £ BAC = /. DBE,
/ABC + £ DBE = 90°
o LABD =180° -90° (adj. £s on a str. line)
=90°
Area of trapezium = 2 x Area of AABC + Area of AABD

%x(a+b)x(a+b)=2x (%xaxb) +(%xcxc)

l(a+b)2 =ab + lc2
2 2

(a+b) =2ab+c*
¢ =(a+b)-2ab
=d’ +2ab + b’ - 2ab
=d + b

Lad+b=¢t

Practise Now 1

(a) AB is the hypotenuse.
(b) DE is the hypotenuse.
(c) PQ is the hypotenuse.

Practise Now 2

1. In AABC, £C=90°.
Using Pythagoras’ Theorem,
AB® =BC* + AC*
=8 +6
=64+ 36
=100
S AB = \/ﬁ (since AB >0)
=10cm
2. In AABC, £C=90°.
Using Pythagoras’ Theorem,
AB® =BC* + AC*
=7 424
=49 + 576
=625
S AB = \/@ (since AB > 0)

=25cm

Practise Now 3

1. In APQR, /R =90°.
Using Pythagoras’ Theorem,
PQ* = QR* + PR’
15° = 12"+ PR’

PR*=15"-12°
=225-144
=81

- PR = /81 (since PR > 0)
=9m
2. In APQR, LR =90°.
Using Pythagoras’ Theorem,
PQ’ = QR + PR’
35% = QR* + 28°

OR* =35 - 28’
=1225-784
=441

.. OR = /441 (since QR > 0)

=21 cm

Practise Now 4

1. () In AABQ, £B=90°.
Using Pythagoras’ Theorem,
AQ* =BQ* + AB®
5 =BQ* + 3*
BQ*=5-3
=25-9
=16
- BQ = /16 (since PR >0)

=4cm

OXFORD

UNIVERSITY PRESS



(ii)) In AABC, £B =90°.
Using Pythagoras’ Theorem,
AC* =CB* + AB’
=4 +4)7+3°
=8 +3
=64+9
=73
. AC = 73 (since AC >0)
=8.54 cm (to 3 s.f.)
2. (i) In AGHI, £1=90°.
Using Pythagoras’ Theorem,
GH® =HI’ + GI’
61°=HI +11°
HI’ =61°-11°
=3721-121
=3600

- HI = \/3600 (since HI >0)

=60 cm
(i) In AGRI, £1=90°.
Using Pythagoras’ Theorem,
GR® =RI’ + GI’
=(60-21"+11°
=39+ 11°
=1521 + 121
= 1642
.. GR = 1642 (since GR > 0)
=40.5 cm (to 3 s.f.)
3. (i) In AHKR, ZR=90°.
Using Pythagoras’ Theorem,
HK® = KR’ + HR’
19> = 13’ + HR’
HR =19°- 13"
=361 - 169
=192

. HR = /192 (since HR >0)

=139 cm
(i) In APQOR, /R =90°.
Using Pythagoras’ Theorem,
PQ’ = QR + PR’

33% = (OK + 13)* + (6 + 13.86)

= (QK + 13)* + 19.86
(OK + 13)* =33~ 19.86
=694.58

- OK +13=++694.58
OK =13 = /694.58

Practise Now 5

1. Let the length of the cable be x m.
Using Pythagoras’ Theorem,
X =24+ 147
=576 + 196
=772

sox = 772 (since x > 0)

=27.8 (to 3 s.f.)
The cable is 27.8 m.

2. Let the vertical height the ladder reached be x m.

Using Pythagoras’ Theorem,
25 =x+15
x¥=25-15
=6.25-2.25
=4
SLX = \/Z (since x > 0)
=2
The ladder reaches 2 m up the wall.

Practise Now 6

1. 7

Nt

o

10 m

Let the height of the tree be OT.
In ATNM, £ N =90°
Using Pythagoras’ Theorem,
T™M? = MN’ + TN’
14* =10+ TN®
TN® =14~ 10°
=196 -100
=96
+ TN = \J96 (since TN > 0)
=9.798 m (to 4 s.f.)
50T =9.798 + 1.8
=11.6 m (to 3 s.f.)
The height of the tree is 11.6 m.

QK =134 cm (to 3s.f.) or QK=-39.4 cm (to 3 s.f.)
(rejected, since QK >0)
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Practise Now 7

1. In AABD, LA =90°.
Using Pythagoras’ Theorem,
BD* = DA’ + BA’
2x+18)* =x* + (2x + 12)°
4%+ 72x +324 = %" + 4x° + 48x + 144
X —24x-180 =0
x-30)(x+6)=0
x=30 or x=-6
.. x =30 (since x > 0)

Practise Now 8

(i) AB=10x12=12km
BC=10x1.7=17 km
A

12 km

B:I—E
17 km ¢

18 km

C I
E i D
<+—38km ———»

In AABC, 2B =90°.
Using Pythagoras’ Theorem,
AC* = CB* + AB®
=17"+12°
=289 + 144
=433

.. AC = /433 (since AC >0)

=20.8 km (to 3 s.f.)
The shortest distance between Port A and Jetty C is 20.8 km.
(ii) Draw a perpendicular line from B to DE cutting DE at M.

In AAEM, /M = 90°.
AM =12+ 18

=30 km
EM =38-17

=21km
Using Pythagoras’ Theorem,
AE® =EM’ + AM®

=21°+30°

=441+ 900

=1341

- AE = {1341 (since AE >0)

=36.6 km (to 3 s.f.)
The shortest distance between Port A and Island E is 36.6 km.

Practise Now 9

1. (a) ABis the longest side of AABC.

AB* =12°
=144
BC*+ AC* =10 + &
=100 + 64
=164

Since AB> # BC* + AC*, AABC is not a right-angled triangle.
(b) PQ is the longest side of APQR.

PQ* =347
=1156
OR* + PR* =16 + 30°
=256 + 900
=1156

Since PO’ = QR’ + PR’, APQR is a right-angled triangle
where ZR =90°.
2. (i) XZis the longest side in AXYZ.

X7* =517
=2601
XY+ YZ? =45 +24°
=2025 + 576
=2601

Since XZ° = XY” + YZ*, AXYZ is a right-angled triangle
where £ XYZ =90°.
(ii) In XYT, LY =90°
Using Pythagoras’ Theorem,
X =XY* + TY
=45+ (24 - 14)
=45"+10°
=2025 + 100
=2125

. TX = /2125 (since TX >0)

=46.1 m (to 3 s.f.)
The distance of the tree from X is 46.1 m.

Exercise 7A

1. (a) Using Pythagoras’ Theorem,
a =20"+21
=400 + 441
=841
s.a = /841 (since a >0)
=29
(b) Using Pythagoras’ Theorem,
b =12"+35°
=144 + 1225
= 1369
oo b = /1369 (since b >0)
=37

OXFORD

UNIVERSITY PRESS



2.

3.

(¢) Using Pythagoras’ Theorem,
¢ =10"+12°
=100 + 144
=244
¢ = /244 (since ¢ >0)
=15.6 (to 3 s.f.)
(d) Using Pythagoras’ Theorem,
d =23 +29
=529 + 841
=1370
-.d = /1370 (since d >0)
=37.0 (to 3 s.f.)
(a) Using Pythagoras’ Theorem,
39 =a’+15°
a=39"-15
=1521-225
=1296
soa= 1296 (since a >0)
=36
(b) Using Pythagoras’ Theorem,
19°=b*+ 14°
b =19"-14°
=361 - 196
=165

s b = +/165 (since b >0)

=12.8 (to 3 s.f.)
(¢) Using Pythagoras’ Theorem,
9.8 =c’+6.5
$=98"-65
=96.04 —42.25
=53.79

soc=+53.79 (since ¢ >0)

=733 (to 3 s.f)
(d) Using Pythagoras’ Theorem,
247 =d* +14.5°
& =247 - 145
=610.09 — 210.25
=399.84
o.d = +/399.84 (since d >0)
=20.0 (to 3 s.f.)
In AABC, /B =90°.
Using Pythagoras’ Theorem,
AC* = AB* + BC
=8 +15
=64 + 225
=289
. AC = 289 (since AC >0)

=17 cm
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4. In ADEF, LE=90°.
Using Pythagoras’ Theorem,
DF’ = EF* + DE
=55"+6.7
=30.25 +44.89
=75.14

.. DF = \/75.14 (since DF >0)

=8.67 m (to 3 s.f.)
5. In AGHI, £H=90°.
Using Pythagoras’ Theorem,
GI' =HI’ + GH’
65> = HF + 33
HI =65 - 33
=4225-1089
=3136

- HI = \[3136 (since HI > 0)

=56 cm
6. In AMNO, /N =90°.

Using Pythagoras’ Theorem,

MO’ = MN’ + NO*

14.2° = MN* + 11°

MN’ =14.2° - 11
=201.64-121
=80.64

.. MN = +/80.64 (since MN >0)

=8.98 cm (to 3 s.f.)
7. (i) In APQS, 20 =90°.
Using Pythagoras’ Theorem,
PS’ = PQ’ + 0§
53* =45* + 0S*
08’ =53" - 45
=2809 - 2025
=784
- 0S = 784 (since OS > 0)
=28 cm
(i) In AQRS, 28 =90°.
Using Pythagoras’ Theorem,
OR* = 0S” + SR’
30° = 28 + SR’
SR* =30"-28°
=900 - 784
=116

.. SR = /116 (since QS >0)
=10.8 cm (to 3 s.f.)



8. H is the midpoint of UV.

S HV= Ld _ 7.7m
2
TV =9.6 m (isos. ATUV)
In ATHV, /£ H=90°.
Using Pythagoras’ Theorem,
TV = TH* + HV®
9.6°=TH + 7.7
TH =9.6"- 1.7
=92.16-59.29
=32.87

. TH = /32.87 (since TH > 0)
=5.73 m (to 3 s.f.)

34 cm

<+—30cm ——»

Let the unknown side be x cm.
Using Pythagoras’ Theorem on the right-angled triangle on the

right,
347 =¥ + 307
X =34"-30°
=1156 — 900
=256

Using Pythagoras’ Theorem on the right-angled triangle on the
left,
a=xX+x

=256 + 256

=512
s.a = /512 (since a >0)

=22.6 (to 3 s.f.)
(b)

41 cm

Let the unknown side be x cm.
Using Pythagoras’ Theorem on the larger right-angled triangle,
4P =(x+x)’+ 9’
2x)?=41"-9*
4x* = 1681 - 81
4x" = 1600
x* =400
Using Pythagoras’ Theorem on the smaller right-angled triangle,
P =xX+9
=400 + 81
=481

s b= 481 (since b >0)
=21.9 (to 3 s.f.)

(c)

(d)

19 cm

H
<+—8cm—ple-6cm»

Let the unknown side be x cm.
Using Pythagoras’ Theorem on the larger right-angled triangle,
19 =x*+ (8 + 6)

19° = x + 147

¥ =19"-14°
=361 - 196
=165

Using Pythagoras’ Theorem on the smaller right-angled triangle,

F=x"+ 8

=165+ 64
=229
s c= /229 (since ¢ >0)
=15.1
30em/ ,, em 26 cm
4+—dcm——»
f———>la—>]

Xxcm ycm

Let the two unknown sides be x cm and y cm.
Using Pythagoras’ Theorem on the right-angled triangle on the
left,

30° =x" +24°
¥ =30"-24°
=900 - 576
=324
Using Pythagoras’ Theorem on the right-angled triangle to the
right,
26 =y +24°
y' =26"-24°
=676-576
=100
Ld=x+y
= M + m (since x, y >0)
=18+ 10
=28
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(e)

10. (a)

(b)
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40 cm ecm
32 cm

<+— 55cm ———»

xcm

Let the unknown side be x cm.
Using Pythagoras’ Theorem on the right-angled triangle on
the left,

40° = x* + 32°
X =407 -32°
= 1600 — 1024
=576
. x = +/576 (since x >0)
=24

Using Pythagoras’ Theorem on the right-angled triangle on the
right,
€ =(55-x7"+32°

=(55-24)+32°

=31"+32°

=961 + 1024

=1985
e = \/@ (since e > 0)

=44.6 (to 3 s.f.)
Using Pythagoras’ Theorem on the right-angled triangle with
one side 27 cm,
(a+a)’ =36"+27°
(Ba)* = 1296 + 729

9a* = 2025
@’ =225
soa = 225 (since a>0)
=15

Using Pythagoras’ Theorem on the right-angled triangle with
one side a cm,
b =d’ +60°

=225+ 3600

=3825

< b = /3825 (since b>0)
=61.8
Using Pythagoras’ Theorem on the larger right-angled triangle,
39° = (3¢ + 4¢)’ + 25
(Tc)* =397 - 25
49¢% = 1521 - 625

49¢° = 896
7

c= 1[% (since ¢ > 0)

=428 (to 3 s.f)

Using Pythagoras’ Theorem on the smaller right-angled triangle,
d* = (4¢)* + 257
=16¢" + 625

1612 v

—o174
7

od= 1/917% (since d > 0)

=30.3

22 cm 4e cm

32 cm

Using Pythagoras’ Theorem on the right-angled triangle with
side 32 cm,
322 =277 + (de)’
16¢* =32° - 27°
=1024-729
=295
> 295
16
Se= % (since e > 0)
=4.29 (to 3 s.f)
Let the unknown side be x cm.
Using Pythagoras’ Theorem on the right-angled triangle with
side 22 cm,
27 =¥ +22°
X =27"-22°
=729 - 484
=245
Using the Pythagoras’ Theorem on the right-angled triangle
with side 5e cm,
BGe) =f* +x°
256" =f* + 245

25ﬁ—2 245
6 )=+

s 295
=25 T —245

=215
16

Sf= 215% (since f>0)

=14.7 (to 3 s.f))



(] 12. In AHBK, /B =90°.

7 cm, .
Using Pythagoras’ Theorem,
R HK® = BK® + BH
7em 22? = BK* + 15°
N, 35 cm BK® =22° _ 157
7 cm =484 - 225
s, =259
, . BK = 259 (since BK >0)
o =16.09 cm (to 4 s.f.)
gcm In AABC, £B=90°.
Let the unknown sides be a cm, b cm and ¢ cm. Using Pythagoras’ Theorem,
Using Pythagoras’ Theorem, AC* = AB’ + BC®
35 =d’+ 7 43° = (AH + 15)* + (16.09 + 19)’
a=35-7 (AH + 15)* =437 -35.09°
P+T =357 AH + 15 = \J43? — 35.09"

v =35-7-T7 - -
AT =352 T s AH =—15+ 43° —35.09
=35 _T*_7P_7* =9.85cm (to 3 s.f.)

&+7 =35-7-7-7 or
2 2 2 2 2 2
g =3"-T-T-7-7 AH + 15 = —\/43% — 35.09%
=1225-49-49-49-49 AH = 15223 _ 35,097
=1029

=-39.9cm (to 3 s.f.)

.. g=+/1029 (since g >0
8 ( §>0) (rejected, since AH > 0)

=321(to3sf) 13. In AEPF, /P =90°.
1. ) In AWXY, £Y=90°. Using Pythagoras’ Theorem,
Using Pythagoras’ Theorem, EF?= PF + PE
WX* = XY* + WY? 23 = 132 4 PE
(18 + 14)’ = XY* + 24° PE =23 _ 13
Xy* =32 A =529 169
=1024 - 576 =360
=448

PE = /360 (since PE >0)
XY = /448 (since XY >0) 1897 m (t04 5£)

=21.17m (to 4 s.£) In ADPE, / DPE = 180° — 90° (adj. Zs on a str. line)
YQ=XY—QX =9(°
=21.17-9.8
=11.4m (to 3 s.f.)

Using Pythagoras’ Theorem,
DE’ = PD’ + PE’

(i) In AXPY, £P =180° —90° (adj. Zs on a str. line) 312 = PD? + 360
=90 PD =31>-360
Using Pythagoras’ Theorem, =961 — 360

XY’ = YP* + XP*
448 = YP* + 14°

=601
PD = 4601 (since PD >0)

YP? = 448 — 14*
=448 — 196 =24.52 m (to 4 s.f.)
=252 In ADGF, 4G =90°

Using Pythagoras’ Theorem,
DF* = FG* + DG’
(24.52 + 13> = FG* + 32°

YP = /252 (since YP >0)
=15.87 m (to 4 s.f.)

- Area of AXPY = % x 14 x 15.87 FG’ = (24.52 + 13) - 32°
111 (o3 s£) FG = /(2452 + 13)* = 32° (since FG >0)
=19.59 m (to 4 s.f.)
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.. Area of the figure
= Area of AEPF + Area of ADPE + Area of ADGF

= % x 13 x 18.97 x % x24.52 % 18.97 + % x 32 x 19.59

=669 m’ (to 3 s.f.)

Exercise 7B

1. Let the length of each cable be x m.
Using Pythagoras’ Theorem,
¥ =47+ 18
=2209 + 324
=12533
SLX = \/ﬁ (since x > 0)
=50.3 (to 3 s.f.)
The length of each cable is 50.3 m,
2. Let the length of the barricade be x m.
Using Pythagoras’ Theorem,
¥ =50+ 507
=2500 + 2500
= 5000
SLX = m (since x > 0)
=70.7 (to 3 s.f.)
The length of the barricade is 70.7 m.
3. Let the distance Ahsan has to swim be x m.
Using Pythagoras’ Theorem,
¥ =50+ 307
=2500 + 900
= 3400

.. x = /3400 (since x > 0)
=583 (to 3 s.f.)
The distance Ahsan has to swim is 58.3 m.
4. Let the vertical height the ladder reached be x m.
Using Pythagoras’ Theorem,

55 =x"+18

¥ =5-18
=25-324
=21.76

o x= +/21.76 (since x >0)

=4.66 (to 3 s.f.)

The ladder reaches 4.66 m up the wall.
5. Let the width of the screen be x inches.
Using Pythagoras’ Theorem,
30°=x"+18°
X =30"-18
=900 - 324
=576

.. x = /576 (since x > 0)
=24
The width of the screen is 24 inches.
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6.

9.

Let the length of the cable be x m.
Using Pythagoras’ Theorem,
X’ =16+ (37 -30%)
=16"+7
=256 +49
=305
SoX = \/ﬁ (since x > 0)
=17.5(to 3 s.f)
The length of the cable is 17.5 m.
In AAED, LE =90°.
Using Pythagoras’ Theorem,
AD? = DE’ + AE?
=8’ +8
=64 +64
=128

AD = /128 (since AD > 0)

=11.31 (to4s.f.)
In ABCD, £C =90°.
Using Pythagoras’ Theorem,
DB’ =BC* + DC’
= 14"+ 14
=196 + 196
=392

DB = /392 (since DB >0)

=19.80 (to 4 s.f.)

.. Total length = 11.31 + 19.80
=31.1 cm (to 3 s.f.)

The total length is 31.1 cm.
The diagonals of a rhombus bisect each other and are at right angles
to each other.
Let the length of each side of the coaster be x cm.
Using Pythagoras’ Theorem,

, (10 [24\°
x == +[|=
2 2
=5"+12?

=25+ 144
=169
SX = \/@ (since x > 0)
=13
The length of each side of the coaster is 13 cm.
(i) In ABKQ, £B =90°.
Using Pythagoras’ Theorem,
KQ* = BQ* + BK®
21> =BQ*+ 17.2
BQ* =21-17.2°
=441-295.84
=145.16

.. BQ = /145.16 (since BQ >0)
=12.0 m (to 3 s.f.)

The height above the ground at which the spotlight Q is mounted,
BQ,is 12.0 m.



(i) In ABHP, /B =90°.
Using Pythagoras’ Theorem,
HP’ = BP’ + BH’
39 = (12.05 + 12.7)* + BH®
BH* =39° - 24.75

BH = /39> — 24.75% (since BH > 0)

=30.14m (to 4 s.f.)
.. HK=BH - BK
=30.14-17.2
=129 m (to 3 s.f.)
The distance between the projections of the light beams, HK,
is 12.9 m.
10. (i) In APQR, 20 =90°.
Using Pythagoras’ Theorem,
PR’ =RQ’ + PQ’
=1.1°+4.2
=1.21+17.64
=18.85

- PR = 418.85 (since PR >0)

=4.34 m (to 3 s.f.)
The length of the pole is 4.34 m.
(i) In AXQY, 20 =90°.
Using Pythagoras’ Theorem,
XY =QY*+0Xx’
18.85 = (YR + 1.1)* + (4.2 - 0.9)
(YR+ 1.1’ =18.85-3.3°

YR+1.1=++18.85-3.3"
. YR=-1.1+ /18.85 3.3

YR =1.72 m (to 3 s.f.)

or

YR =—1.1—- /18.85 — 3.3

YR =-3.92 m (to 3 s.f.)
(rejected, since YR > 0)
The distance, YR, is 1.72 m.
11. In AFGH, £.G =90°.

Using Pythagoras’ Theorem,
FH’ = GH’ + GF*

(4x+ 1) =@+ 1>+ (Bx +6)

16X +8x+ 1 =x"+2x+ 1 + 9% + 36x + 36
6x*=30x-36 =0

X¥=5x-6=0
x-6)(x+1)=0
x=6 or x=-1
When x =6, When x =-1,
FG =3(6)+6 FG =3(-1)+6
=24m =3m
GH=6+1 GH=-1+1
=7m =0m

x =-1 is rejected since GH > 0.
.. Area of campsite =24 x 7
=168 m’
The area of the campsite is 168 m’.

-

12. The side (x + 2) cm is the longest side.
Using Pythagoras’ Theorem,
+2Y =2+ (x+ 1)
XHdx+4=xX+x+2x+1
X¥=2x-3=0
x=-3)(x+1)=0
x=3 or x =—1 (rejected, since x > 0)
The value of x is 3.
13. i) HL=9-2=7cm
OL=6cm
In AHLO, £ L=90°.
Using Pythagoras’ Theorem,
OH =HL’ + oL’
=7"+6
=49 +36
=85
<. OH = /85 (since OH > 0)

=9.22 cm (to 3 s.f.)
The length of the zip is 9.22 cm.
(i) In AHMN, £M =90°.
Using Pythagoras’ Theorem,
HN’ = NM’ + HM®
=6"+2’
=36+4
=40
Let the length of NK be x cm,
the length of OK be y cm.
In AHKN, /K =90°.
Using Pythagoras’ Theorem,
HN’ =NK* + HK®
X’ + HK* =40
HK® =40 - x*
(V85 — OK)* =40 - *
85-2/85 y+y’ =40 -

Y =285 y-45-x
In AOKN, /K =180°—90° (adj. Zs on a str. line)
=90°
Using Pythagoras’ Theorem,
ON’ =NK’ + OK’

92=x2+y2
81=x+2+/85y-45-¥
285y =126
63
s

y2=2\/gy—45—x2
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2
63 63 )
=285 2 _45-x
85 V85
2 =126-45- 3%
85
:34%
35

f 26 .
SLX = 345 (since x > 0)

=5.86 (to 3 s.f.)
The length of the second zip is 5.86 cm.

14. Distance travelled due North =40 x 6_60

=4km
Distance travelled due South =30 x %
=6km
10 km
L]
4 km
6 km
_________________________________ [
x km

Let the shortest distance be x km.
Using Pythagoras’ Theorem,
X =10"+ (6 -4)

=100 +4

=104
SLX = m (since x > 0)

=10.2 (to 3 s.f.)
The shortest distance between the courier and his starting point
is 10.2 km.
15. (a) (i) Length of each side of square tabletop

_ 132
T4
=33 cm
(ii) Let the radius of the round tabletop be r cm.
2mr =132

2x 2 i =13
7

sor=21
The radius is 21 cm.
(b) Area of square tabletop =33’
= 1089 cm’
Area of round tabletop = mr’

=2 x 21
7

= 1386 cm’

OXFORD
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(c) (i) Length of each side of table
_ 13
3
=44 cm
(ii) The height of the equilateral triangle bisects the side
opposite it.
Let the height of the equilateral triangle be 4 cm.
Using Pythagoras’ Theorem,
we=ps 2 2
2
1 =447 -22°
=1936-484
=1452

h = 1452 (since h >0)
=38.11 (to 4 s.f)
Area of tabletop = % x 44 x 38.11

=838 cm’ (to 3 s.f.)
(d) The tabletop in the shape of a circle should be chosen since it
has the greatest area.

Exercise 7C

(a) AC is the longest side of AABC.

AC? = 65°
=4225
AB’ + BC* = 16* + 63’
=256 + 3969
=4225

Since AC* = AB® + BC’, AABC is a right-angled triangle where
£B=90°.
(b) EF is the longest side of ADEF.

EF* =27°
=729
DF* + DE* =217 + 24°
=441 + 576
=1017

Since EF° # DF’ + DE", ADEF is not a right-angled triangle.
(¢) GH is the longest side in AGHI.

GH =15
=56.25
HP +GF =7.1* + 2.4
=50.41+5.76
=56.17

Since GH” # HI’ + GI’, AGHI is not a right-angled triangle.



(d) MN is the longest side in AMNO. To show Jamil stops at X is to show RX is perpendicular to OS.
2

MN? = S We need to show ASXR and AQXR are right-angled triangles.
13 RS is the longest side in ASXR.
=2 RS® = 40°
169 = 1600
3 : 4 ? 2 2 2 2
N02+M02= i + — SX™ + RX =32"+24
13 13 = 1024 + 576
=2 .16 = 1600
169 169 . 2 ) y L .
25 Since RS” = SX° + RX", ASXR is a right-angled triangle where
= 1o £X=90°.
Since MN* = NO* + MO*, AMNO is a right-angled triangle where OR is the longest side in AQXR.
£0=90° OF® =30°
2. PR is the longest side is APQOR. X =900
PR =30° RX* + OX* =24 + 18
~900 =576 + 324
PO+ QR = 197+ 24° =900
—361 + 576 Since QR® = RX> + OX*, AQXR is a right-angled triangle where
—937 £X =90°.
Since PR* # PQ* + OR’, APQR is not a right-angled triangle. P! stops at X.
7 5. Since m and n are positive integers,
3. ST=Ecm e > —
Also
_5 _10 J
TU—gcm—Ecm (m—ny* >0

1 4 m*—2mn+n* >0
SU = 3 cm= — cm

12 m’ +n’ > 2mn
TU is the longest side in ASTU. ¢ is the longest side in the triangle.
TU = 10 : = +nd)
12 =m'+2m'n" +n’
_ 100 a’+b =(m’ —n’) + (2mn)y’
144 , ) =m' - 2m’n’ + n* + 4m’n’
SU* + ST? = 4 + 7 =m'+2m’n’ +n'
12 12 Since ¢* = a” + I, then the triangle is a right-angled triangle.
16 . 49
16454 144 Review Exercise 7
T 144 1. (a) Using Pythagoras’ Theorem,
Since TU” # SU” + ST?, ASTU is not a right-angled triangle. @ =63"+9.6
4. In APQS, P =90°. =39.69 +92.16
Using Pythagoras’ Theorem, =131.85
SO =PQ"+PS - a=+131.85 (since a>0)
=40" + 30
= 1600 + 900 . =11.5(to 3 s,.f.)
= 2500 (b) Us1n2g Pyzhagorzzis Theorem,
13.5°=b"+8.7
50 = /2500 (since SQ > 0) b 135087
=50m =182.25-75.69
SX 16 =106.56
S0 1649 < b =/10656 (since b>0)
SX = % x50 =103 (to 3 s.f)
=32m
0X =50-32
=18m
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(c)

(@)
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4 cm
l ccm
5cm xTcm
H
4P <4<—6cm—>

3cm
Let the unknown side be x cm.
Using Pythagoras’ Theorem on the smaller right-angled triangle,
5=x+3

X¥=5-3
=25-9
=16

X = \/E (since x > 0)
=4

Using Pythagoras’ Theorem on the larger right-angled triangle,
F =6+ (x+4)

=6"+8
=36+ 64
=100
.. ¢ = +/100 (since ¢ >0)
=10
10 m
dm
11 m
6m
Xm

Let the unknown side be x m.
Using Pythagoras’ Theorem on the smaller right-angled

triangle,

1P =x+6
x=11"-6
=121-36
=85

Using Pythagoras’ Theorem on the larger right-angled triangle,
d* =x"+ (10 + 6)°

=85+16

=85 +256

=341

o.d = /341 (since ¢ >0)
=18.5 (to 3 s.f.)

Let the side of the square be x cm.
Using Pythagoras’ Theorem,
425 =x"+x
2x* = 1806.25
x =903.125

x = +/903.125 (since x >0)

=30.05 (to 4 s.f.)
.. Perimeter of the square =4 x 30.05
=120 cm (to 3 s.f))
(ii) Area of the square = 30.05>
=903 cm’ (to 3 s.f.)
3. Let the height of the briefcase be x cm.
Using Pythagoras’ Theorem,

37 = x* + 307
X =37"-30°
=1369 — 900
=469

SX = \/@ (since x > 0)
=21.7 (to 3 5.f.)
The height of the briefcase is 21.7 cm.
4. Let the perpendicular distance from F to GH be x cm.
The perpendicular distance from F to GH bisects GH.
Using Pythagoras’ Theorem,

2 =x+1°
¥ =22-1

=4-1

=3
SoX = \/5 (since x > 0)

=173
The perpendicular distance from F to GH is 1.73 cm.
5. 0o N
15 cm
L 12 cm M

Let the length of LN be x cm.
In ALMN, £ L =90°.
Using Pythagoras’ Theorem,
MN® = LN* + LM?

15 =LN* + 12°

LN* =15"-12°
=225-144
=81
LN = /81 (since LN > 0)
=9
.. Area of stained glass =12 x 9

=108 cm’



6.

(0]

(i)

@

(i)

@

Let the length of the other diagonal be x cm.

The diagonals of a rhombus bisect and are at right angles to
each other.

Using Pythagoras’ Theorem,

=5+ (3)

2
X =502 24
4
=2704 -576
=2128
X =8512
.. x = /8512 (since x >0)
=92.26

=923 (to 3s.f)
The length of the other diagonal is 92.3 cm.

. 1 9226 48
Area of the floor tile =4 x (E X — x 7)
- % x 92.26 x 48

=2210 cm’ (to 3 s.f.)

The area of the floor tile is 2210 cm®.
In AABD, /A =90°.
Using Pythagoras’ Theorem,
BD’ = AD” + AB’

=48 + 36

=2304 + 1296

=3600

- BD = /3600 (since BD >0)

=60 cm
BC is the longest side in ABCD.
BC® =87
=7569
BD’ + CD* = 60° + 63°
=3600 + 3969
=7569
Since BC* = BD” + CD?, ABCD is aright-angled triangle where
4D =90°.
AP =28-6
=22m
CR=15-6
=9m
Area of shaded region DPOR
= Area of ABCD — area of AADP — area of ACDR
— area of PBRQ

=(28x15)—(%x22x15) —(%x28x9) -6

=420-165-126 -36
=93 m’

(ii)) In AADP, LA =90°.
Using Pythagoras’ Theorem,
DP*= AP’ + AD’
=22"+15
=484 + 225
=709 m

DP = /709 (since DP >0)

=26.6 m (to 3 s.f.)
(iii) Let the length of AX be x m.

L ooxis=1 «x 709 xx
2 2
L_2xls
J709

=124 (to 3s.f)
The length of AX is 12.4 m.
In AFTK, £.T=90°.
Using Pythagoras’ Theorem,
FK* =KT* + FT*
18° =125 + FT?

FT* =18 -12.5

=324 -156.25

=167.75

- FT = N167.75 (since FT > 0)

=13.0 m (to 3 s.f.)
The height of the pole is 13.0 m.

. HT _ 2
(i) — = ——
KT 3+2
HT =125x 2
5
=5m

In AFTH, £ T =90°.

Using Pythagoras’ Theorem,

FH?=HT* + FT*
=5"4+167.75
=25+167.75
=192.75

s FH = +/192.75 (since FH >0)

=13.9m (to 3 s.f.)
The distance FH is 13.9 m.
10. Let the length of the diagonal be x m.
Using Pythagoras’ Theorem,

x* =807+ 60
= 6400 + 3600
=10 000

X = M (since x > 0)
=100

.. Time taken to complete run = %

- 13% s (t03s.f)

Farhan takes 13 % s to complete his run.
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Challenge Yourself

1. (a) 6 +8 =36+64

=100
=10°

6, 8 and 10 form a Pythagorean Triple.

(b) ()

(ii)

(c) ()

(i)

(@ @)

(i)

F=12°+16
=144 + 256
=400
Sc= \/M (since ¢ > 0)
=20
The Pythagorean Triple is 12, 16 and 20.
7+ 24> =49 + 576 = 625 = 25°
A Pythagorean Triple is 7, 24 and 25.
Alternatively,
3¥+4=9+16=25=5"
Multiply throughout by 25,
Bx5+@x5"=(5x5)
15* +20° =25°
A Pythagorean Triple is 15, 20 and 25.
(3n)’ + (4n)* = 9n” + 161’
=25n"
251" = (5n)*
Letn="17.
BGxT’+@x7>=5x7)
21> x 28°=35"

The Pythagorean Triple is 21, 28 and 35.
When n = 24,
1+2n=1+224)

=49

=7

n+1=24+1

=25
The Pythagorean Triple is 7, 24 and 25.
14+2n=42

2n =41

n=201
2

n is not an integer, so a Pythagorean Triple cannot
be obtained.

(iii) When k =9,

1+2n=9
2n =81
n =40
n+1=40+1
=41
The Pythagorean Triple is 9, 40 and 41.
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AABC is such that BC* = 370, AC* = 74 and AB* = 116.
The hint is 370°= 9"+ 17, 74 =5+ 7, 116 = 4 + 10"
The key is to observe that 17 =7 + 10,

9=5+4
So starting with BC* = 9> + 17°, we have the diagram below.
Then we try to construct the point A as follows.

B B

A N L T

V370

I A
D C

-9 —>»

.. Area of AABC
= area of ABCD — area of AABP — area of AACQ
— area of rectangle APDQ

L oox17-Lxaxio- L
2 2 2
1

xS5xT7-7Tx4

= 11 units’

Let the diameter of A,, A, and A; be d|, d, and d,.
Using Pythagoras’ Theorem,

~ody=d;+d;

AN
2

=
I

®la |~
—~
QL
— 1
\/

2

>
+

&
I

X JU X d—22+l><ﬂ?>< é
2 2 2

(d +d3)

)

Since A, = A, + A, the relatioship still holds true.



@

Let the length of each side of the equilateral triangle be x cm,
the height of the equilateral triangle be & cm.

Area of equilateral triangle

= Area of square

=3

=9cm’

The height of an equilateral triangle bisects the side.

Using Pythagoras’ Theorem,

P X
* 2
2
R=x-[(%
2
2
X
=x- —
4
3,
=X
4

x°  (since h>0)

— XXX £x=9
2 2
£x2=9
4
, 36
2=

G

SLX = 3—6 (since x > 0)
V3

=4.56 (to 3 s.f.)
The length of each side of the equilateral triangle is 4.56 cm.

V3

(ii) No. From above, h = =5 x. If x is an integer, & is never an

integer and therefore the area of the triangle will not be an
integer. Thus, the side of the square is never an integer.
This applies for the converse.
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Chapter 8 Arc Length and Sector Area
TEACHING NOTES
Suggested Approach

In this chapter, students will be introduced to circles and how to calculate the arc length and area of the sector of a circle.
Teachers may begin the chapter by asking students to identify the different parts of a circle using real-life examples of arcs,
sectors and segments of a circle.

Students are expected to know how to apply the formulas of Pythagoras’ Theorem when solving problems involving the arc
length and sector area.

Section 8.1: Length of Arc
Teachers may begin the chapter by showing students a circle with centre O and highlight to students the minor arc,
major arc, minor sector, major sector, minor segment and major segment of a circle. Once students are familiar
with these terms and are able to identify the parts of a circle, teachers can proceed to guide students on how to
derive the formula for the length of an arc of a circle (see Investigation: Arc Length).

Section 8.2: Area of Sector
Teachers can ask students to discover the formula for the area of sector on their own (see Investigation: Area of
Sector). Teachers should take note that some students may need some guidance when finding the area of a shaded
region involving sectors of circles. Teachers can suggest to students that when tackling such questions, they may
need to draw additional lines in the figures given to help them better visualise and work out the solutions.

Challenge Yourself
For Question 1, students need to make an observation from the perimeters of each figure.
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WORKED SOLUTIONS
Investigation (Arc Length)

3. The third last column and the last column are equivalent.

4. The third last column and the last column are equivalent.

xO

5. Arclength=
360

— x circumference, where x°is the angle subtended

by the arc at the centre of the circle of radius r.

Investigation (Area of Sector)

3. The third last column and the last column are equivalent.

4. The third last column and the last column are equivalent.

5. Area of a sector of a circle = al
360

— x area of the circle, where x° is

the angle subtended by the arc at the centre of the circle of radius r.

Practise Now 1

External radius of ring, R = ?

=20 mm

Internal radius of ring, r = ?

=16.5 mm
Area of ring = iR” — v
= 1(20)* — 1(16.5)
= (20 - 16.5%)
=401 mm’ (to 3 s.f.)

Practise Now 2

o

- X 27 x 25

1. (i) Length of major arc AYB = gii

=99.5 cm (to 3 s.f.)
(ii) Perimeter of minor sector = length of arc AXB + OA + OB
_ 360° —228°
T 360°
=108 cm (to 3 s.f.)
2. Perimeter of shaded region = length of major arc AOB + OA + OB
_ 360°-150°
©360°

(ﬂn + 18) cm
2

3. Length of major arc PXQ =36 cm

x 2w x 25 +25+25

x2tx9+9+9

360°-30°  oxr =36
360°
54117 =36
r =665

Practise Now 3

1. ZOQOR =180°—90° —36.9° (£ sum of a A\)
=53.1°

tan 36.9° = %

RQ =8 tan 36.9°
=6.007 m (to 4 s.f.)

36.9°

Length of arc RP = 3 x 2w x 8

o

=1.64nm
By Pythagoras’ Theorem,
00Q* = OR* + RQ?
=8+ 6.007
=100.1 (to 4 s.f.)

00 =+100.1
=10.00 m (to 4 s.f.)
PQ =0Q - 0P
=10.00 -8
=2.00 m
.. Perimeter of shaded region POR = RQ + PQ + length of arc RP
=6.007 + 2.00 + 1.64x%
=132 m

o

x 2m x 10+ 10 + 10

2. Perimeter of sector = 00

=34.0 cm (to 3 s.f.)

Practise Now 4

£LROQ =180°-90° —36° (£ sum of a A)

=54°
ZPOQ =2 LROQ =2(54°) = 108°
Length of arc PAQ = 108 x 21 x 35
360°

=65.97 cm (to 4 s.f.)
Length of arc PBQ = % x 7T x 56.63

=88.95 cm (to 4 s.f.)
.. Perimeter of shaded region = 65.97 + 88.95
=15.5cm (to 3 s.f)

Practise Now 5

(i) Since the length of the minor arc AQB is 33 cm,

LA0B o x 15=33
360°
LAOB _ 33
360°  30m
33
LAOB = —> x 360° = 126.1° (to 1 d.p.)
30m
(i) Reflex LAOB=360° — 126.05° (Ls at a point)
=233.95°
o]
Area of major sector OAPB = 233.95 x 7 x 15°

=459 cm’ (to 3 s.f.)
OXFORD
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Practise Now 6

(i) Draw a line DT such that T lies on AB and DT is perpendicular to
AB.

4 P
T D
19m 15m
X Y
B C
AT =AB-TB
=19-15
=4m
AD =AP + PD
=19+15
=34 m
(ii) Using Pythagoras’ Theorem,
T2 =347 4

DT =+/34% — 47
=1140
=33.76 m (to 4 s.f.)
£ DAT =180°-90° — 6.76° (£ sum of a A)
= 83.24°
Area of shaded region
= Area of trapezium ABCD — area of sector APB — area of sector DPC
83 96.76°
360

x 197 - x 7t x 15

= 122 m” (to 3 s.f.)

Exercise 8A

1. (a) Area of circle, w” = 616 mm’

, 616
r=—
T
616
r=,— mm
T
.. Diameter of circle =2 ﬁ
b

=28.0 mm (to 3 s.f.)
(b) Area of circle, tr* = 779 % m’

779 s
8

.. Diameter of circle =2
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2.

3.

=31.5m (to 3 s.f.)
(c) Area of circle, 7t = 3850 cm®
2 3850

3850

*. Diameter of circle = J

cm (to 3 s.f.)

(a) External radius of ring, R = —5

2
=75c¢

13
Internal radius of ring, r = —

=6.5cm
Area of ring = TR’ — 7’
=m(7.5)" — n(6.5)
= (7.5 - 6.5
=44.0 cm’ (to 3 s.f.)

(b) External radius of ring, R = 12

[\)

=0.6m
0.9

Internal radius of ring, r = 7

=0.45m
Area of ring = R’ —
= 11(0.6)> — 7(0.45)
= 71(0.6" — 0.45%)
=0.495 m* (to 3 s.f.)

(a) (i) Area of big semicircle = % x 7t x 147

= 98w cm’
Area of two small semicircles

2
=2x l X T X (&J
2 2

=491 cm’
Area of shaded region = 98r — 49nt
=49
=154 cm’ (to 3 s.f.)
(i) Length of arc of big semicircle

=l X 7T X 28
2

=14 cm
Length of arc of small semicircles

=2><l xmx 14
2

= l4x cm

Perimeter of shaded region
= 14m + 14z

=28n



(b) (i)

(c)

(@) ()

(a)

=88.0 cm (to 3 s.f.)

Area of square = 14
=196 cm’
1 14\’
Area of 4 quadrants =4 x 2 X T X (7)
=491 cm’
Area of shaded region = 196 — 49
=42.1cm’

(ii) Perimeter of shaded region
=4 x arc length of quadrant

Cdx L xaxi4
4
=44.0 cm (to 3 s.f))

(i) Area of shaded region = % x area of circle

=l x 7 x 282
2

=1230 cm’ (to 3 s.f.)
(ii) Arc length of big semicircle

1
=— xmux(28x2
5 ( )

=28m cm

Arc length of small semicircle
= 1 X 7T x 28
2

= 14w cm
Perimeter of shaded region
=28n + l4m + 14n
=176 cm (to 3 s.f.)
Area of square = 10
=100 cm’
Area of shaded region
= Area of square — area of 4 quadrants

=100 -4 x i x 7T x 3.5°

=100 -12.25x%
=61.5cm’ (to 3 s.f)
(ii) Perimeter of shaded region

=4 x % xTx (3.5%2)+4x (10-3.5x2)

=Tn+12
=34.0 cm (to 3 s.f.)
Area of shaded region
= Area of square — area of 4 circles

2
=56"—4 x 7 x (5—6)
4

=3136 — 784n

(b)

(c)

(d)

(a)

(b)

(a)

(b)

(a)

(b)

(c)

=673 cm’ (to 3 s.f.)
Area of unshaded region
=4 x area of semicircles

2
=4><l xnx(ﬁ)
2 2

=6.125m cm®

Area of shaded region

= Area of circle — area of unshaded region
=nx3.5-6.125n

=19.2 cm’ (to 3 s.f.)

Area of shaded region

= Area of big circle — area of small circle

2
=nx 14 —mx (&)
2

=n(14* - 7%
=462 cm? (to 3 s.f.)

Area of middle shaded region
1 14)
=48 x14-2%x — xmwx | —
2 2

= (672 — 497) cm’
Area of shaded region
2
=2x 1 X TT X (ﬁ] + (672 — 49m)
2 2
=576m + (672 — 49m)
=2330 cm’ (to 3 5.f.)
Diameter of outer circular edge of grass

=12%x2+2+2
=28m
Circumference of outer circular edge of grass
=mx 28
=28t m
. 28’ )

Area of land in between = 1t (?j —m(12)

=n(14* - 129

=52n m’

Area of shaded region
= Area of rectangle + area of semicircle

2
=5><4+lxrc>< i
2 2

=20+ 2w
=26m’(to 2 s.f.)

Total length painted in black
= Circumference of circle + 5 +4 + 5
=nx4+14
=27 m (to 2 s.f.)
82°
Length of arc AXB = 360° x 27 x 8
=11.4cm (to 3 s.f.)
134°
Length of arc AXB = 360° x 21 x 14
=32.7cm (to 3 s.f.)
214°
Length of arc AXB = 360° x 2 x 17
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=63.5cm (to 3 s.f.)
(d) Reflex LZAOB =360° —46° = 314°
314°
360°
=53.7 cm (to 3 s.f.)

x 2w x 9.8

Length of arc AXB =

o

x 2T x 9

8. (a) (i) Length of minor arc AXB = 376

o

=11.9cm (to 3 s.f.)
(ii) Reflex ZAOB =360° — 76° = 284°
Perimeter of major sector OAYB
= length of major arc AYB + OA + OB
284°

= x2nx9+9+9
360°
=62.6 cm (to 3 s.f)
(b) (i) Length of minor arc AXB = 216(2)0 x 27 x 16

=31.3cm (to 3 s.f.)
(ii) Reflex ZAOB =360° — 112° =248°
Perimeter of major sector OAYB
= length of major arc AYB + OA + OB
= 248° x2nx 16+ 16+ 16
360°
=101 cm (to 3 s.f.)

(©) (i) LAOB=360°-215°=145°

o

Length of minor arc AXB = ;2(5)0 x 2m x 17.6

=44.5 cm (to 3 s.f.)
(ii) Perimeter of major sector OAYB
= length of major arc AYB + OA + OB
_215°
3600
=101 cm (to 3 s.f))
9. (a) Since the length of minor arc is 26.53 cm,
95°
360°
1.658r = 26.53
r =16.0 cm (to 3 s.f.)
(b) Since the length of major arc is 104.6 cm,
214°
360°
3.735r = 104.6
r =28.0 cm (to 3 s.f.)
10. (a) Since the length of arc is 12 m,

x 2w x 17.6 +17.6 + 17.6

x 2w x r =26.53

x 2 x r=104.6

x2nx 14 =12

360°
0.244360 =12
6 = 49° (to the nearest degree)
(b) Since the length of arc is 19.5 m,

x2nx 14 =19.5
360°

0.24430 =19.5
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11.

12.

13.

14.

6 = 80° (to the nearest degree)
(c) Since the length of arc is 64.2 m,

x 2w x 14 =64.2

360°
0.24430 =64.2
6 =263° (to the nearest degree)
(d) Since the length of arc is 84.6,

x 2 x 14 =84.6
360°

0.244360 =84.6
6 = 346° (to the nearest degree)

o

Distance travelled by the tip of the hour hand = 34;0

=1.18 m (to 3 s.f.)

Since the length of wire is 32 cm,

Xx2Tx6+6+6=32
360°

0.104760+ 12 =32
0.10476 =20
6=191.0° (to 1 d.p.)
(a) Since the perimeter of minor sector is 77.91 cm,
148°
360°

x2nxr+r+r=7791

2.583r +2r =77.91
4.583r =77.91
r =17.0 cm (to 3 s.f.)
(b) Reflex LAOB =360° —44° = 316°
Since the perimeter of major sector is 278.1 cm,
316°
360°

x2nxr+r+r=278.1

5.515r + 2r=278.1
7.515r=278.1
r=37.0 cm (to 3 s.f)

Perimeter of arc AOB = 3660 — x2mx 8
8
= — cm
3
. 60°
Perimeter of arc POQ = 7 x 27w x 17
17n
= — cm
3

AP=BQ=17-8=9cm
Perimeter of shaded region = arc AB + arc PQ + AP + BQ
8 + 7 +9+9

3 3

(18 + %Tnj cm

- x2mtx 1.5



15. (i) Length of minor arc AOB =
360°

Circumference of circle = (27tr) cm

Since the length of the minor arc is % of the circumference

of the circle,

£/ AOB 7
X 2r = — X 2mr
360° 24
LAOB T
360° 24
/L AOB = A x 360°
24
=105°

(ii) Radius of circle = % =7cm

Length of minor arc = % x 2 x 7
=12.8 cm (to 3 s.f.)
. 61.82°
16. Length of minor arc OAB= 360° x 21 x 7.5
=8.092 cm (to 4 s.f.)

By Pythagoras’ Theorem,
oP’=175+14
=252.25

OP =+/252.25

=15.88 cm (to 4 s.f.)
BP=0P-0B=1588-17.5=8.38cm
=arc OAB + BP + AP
=8.092 +8.38 + 14
=30.5cm (to 3 s.f.)

138°

17. Length of minor arc OPQ = 360° x 21 x 26

60
=62.62 cm (to 4 s.f.)
Perimeter of shaded region = arc OPQ + RP + OR
=62.62 + 67.73 + 67.73
=198 cm (to 3 s.f.)
x 2w x 13

Perimeter of shaded region

115.59°
360°
=26.23 cm (to 4 s.f.)

18. Length of arc =

=2623+22
=48.2 cm (to 3 s.f))

Perimeter of shaded region

19. (i) AP=16cm
OP=0P=9cm
Using cosine rule,
54.54°%2

(ii)Length of arc ABD = ———— x2mt x 9
360°
=17.13cm (to 4 s.f.)
Legnth of arc ACD = % x 2w x 16

=15.23 cm (to 4 s.f.)
Perimeter of shaded region = 17.13 + 15.23
=32.4 cm (to 3 s.f.)

20. Let the radius of the circle be » cm.
/ OBA = £ 0AB =30°
/AOB =180° —30° — 30° (£ sum of a A\)
=120°
360° —120°
360°
=31.42cm (to 4 s.f.)

Length of arc = x2mx 7.5
Perimeter of shaded region = % 3 +31.42
=444 cm (to 3 s.f.)
21. LPOR =36° +90° (ext. £ of /)
=126°

o

— x 27 x 8.229

Length of arc PR = 126
360

=18.10 cm (to 4 s.f.)
OR =OP =8.229 cm
TR =14 + 8.229 =22.229 cm

o

Length of arc QR = 336600 x 27 x 22.229

=13.97 cm (to 4 s.f.)
PQ =22229-11.33

=10.899 cm
Perimeter of shaded region = arc PR + arc QR + PQ
=18.10 + 13.13.97 + 10.899
=43.0 cm (to 3 s.f))

Exercise 8B

o

1. (a) Arclength = £ x 27 x 7
360°

=8.80 cm (to 3 s.f.)

o
x T x T
o

Area =

=30.8 cm’ (to 3 s.f.)
Perimeter = 8.796 + 7 + 7
=22.8 cm (to 3 s.f.)
(b) Perimeter = 136
s+35+35=136
s+ 70 =136
Arc length, s = 66 mm

x 21t x 35 = 66 mm

360°
o —66
36
Angle at centre, 0 = 66 x 36
T
=108.0° (to 1 d.p.)
Area = 108 04 x 357
360°

= 1150 mm” (to 3 s.f.)

OXFORD

UNIVERSITY PRESS



(©) Area = 1848 mm®
270°
360°

x 7 x 1’ = 1848

énxr2 = 1848
4

, 2464
r =

b4
Radius, r = 28.0 mm (to 3 s.f.)

o

x 27 x 28.00

Arc length = 270
36

0°
=132 mm (to 3 s.f.)
Peterimeter = 131.9 + 28.00 + 28.00
=188 mm (to 3 s.f.)
(d) Arc length =220 cm
150°
360°

x 2w x r=220

3 ar =220
6

Radius, r = 84.0 cm (to 3 s.f.)

Area = 150 x 7t x 84.03%
360°

=9240 cm® (to 3 s.f.)
Perimeter = 220 + 84.03 + 84.03
=388 cm (to 3 s.f))
(e) Arc length =55 m

x 2 x 14 =55

360°
s i =55
90
55 %90
T

=225.1° (to 1 d.p.)

Angle at centre, 0 =

_225.09°

60°
=385 m’ (to 3 s.f.)
Perimeter =55 + 14 + 14

Area x 147

=83 m
® Area = 154 cm®
5 x 7w x - =154
360°

in><r2=154
24

, 71392
r -
T
r=15.3cm (to 3 s.f.)

o

Arc length = 75 x 2w x 15.34
360°

=20.1 cm (to 3 s.f)
Perimeter = 20.08 + 15.34 + 15.34
=50.8 cm (to 3 s.f.)
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2.

{e}

(a) (i) Perimeter = 30 x2nxT+7+7
360°

=17.7 cm (to 3 s.f.)

o

(ii) Area = 30 x 7t x 7
360°

=12.8 cm’ (to 3 s.f.)
360° — 340°
360°
=8.22 cm (to 3 s.f.)

(b) (i) Perimeter =

o

(i) Area = 20 X 7T x 3.5
360°

=2.14 cm® (to 3 s.f.)

x2nx6+6+6

. 14
(¢) (i) Perimeter = 3 0

OO

=26.7 cm (to 3 s.f.)

o

(ii) Area= 40~ x 7t x 6
360°

=440 cm’ (to 3 s.f.)
Circumference of circle = 88 cm
2m x r=88
r=14.01 cm (to 4 s.f.)
(a) Length of arc ACB = % x 27 x 14.01

=14.7 cm (to 3 s.f.)

60 x 7t x 14.017
360°

=103 cm® (to 3 s.f.)

(b) Length of arc ACB = 39690° x 21 x 14.01

Area of sector OACB =

=242 cm (to 3 s.f.)

Area of sector OACB = 39690° x 7t x 14.017

=169 cm’ (to 3 s.f.)

(¢) Length of arc ACB = ;(6)0 x 21 x 14.01

=30.8 cm (to 3 s.f.)

Area of sector OACB = ;égo x 7t x 14.01°

=216 cm? (to 3 s.f.)
216°
360°

=52.8 cm (to 3 s.f.)

216°

Area of sector OACB = =—— x nu x 14.01°
360°

(d) Length of arc ACB = x 21 x 14.01

=370 cm’ (to 3 s.f.)

x2ntx35+35+35



4. Area of circle = 3850 cm®

7t x ¥ =3850
2o 3850
T

r =35.00 cm (to 4 s.f.)

(a) Area of sector OPSQ = 336600 x 7t x 35.007

=385 cm’ (to 3 s.f.)

Length of arc PSQ = 36 — x 27 x 35.00

360
=22.0cm (to 3 s.f.)

o

4 x 70 x 35.00°
360°

=898 cm’ (to 3 s.f.)
84°
360°
=51.3 cm (to 3 s.f.)
1087 x 7t x 35.00
360°
=1150 cm’ (to 3 s.f.)
108°
360°
=66.0 cm (to 3 s.f.)
198° x 70 x 35.007
360°

=2120 cm’ (to 3 s.f.)

~ x 27 x 35.00

(b) Area of sector OPSQ =

Length of arc PSQ = x 21t x 35.00

(c) Area of sector OPSQ =

Length arc PSQ = x 27 x 35.00

(d) Area of sector OPSQ =

Legnth of arc = 198
360

=121 cm (to 3 s.f.)

5. (a) Area of minor sector = 114 cm®
150°
360°

xmx =114

iJt><r2=114
12

r=9.33 cm (to 3 s.f.)
(b) Area of major sector = 369 cm’
360° — 66°
360°

x 7t =369

anr2=369
60

, 22140
T
r=12.0cm (to 3 s.f.)

r

6. Radius of circle = % =9cm

(a)

(b)

(c)

(d)

(i)

Area of sector = 42.6 cm®

x 7T x9°=42.6

360°

2 x0=426
40

6 =60.3° (to 1 d.p.)
Area of sector = 117.2 cm®

xx9=117.2
360°

2 no=117.2
40

0 =165.8° (to 1 d.p.)
Area of sector = 214.5 cm’

x 7t x9°=214.5

360°
2 no =214.5
40

6 =303.5° (to 1 d.p.)
Area of sector = 18.9 cm’

x 7 x9°=18.9

360°
2 nh =18.9
40
6 =26.7° (to 1 d.p.)
45°
360°
7.854 cm (to 4 s.f.)
45°
360°
=15.71 cm (to 4 s.f.)
AD=BC=20-10=10cm
Perimeter of shaded region =7.854 + 15.71 + 10 + 10
=43.6 cm (to 3 s.f))
Area of sector OAB = A4 x 1t x 10°
360°
=39.27 cm’ (to 4 s.f.)

Length of arc AB x 2w x 10

Length of arc CD = x 27 x 20

o

Area of sector ODC = 4 x 7 x 20°

360°
=157.1 cm’ (to 4 s.f.)
Area of shaded region = 157.1 — 39.27
=118 cm’ (to 3 s.f.)

0 x 2 x5

Length of arc AB = 120
360

=10.47 cm (to 4 s.f.)

o

- x2mx 8

Length of arc CD = 120
360

=16.76 cm (to 4 s.f.)
AD=BC=8-5=3cm
Perimeter of shaded region = 10.47 + 16.76 + 3 + 3
=33.2cm (to 3s.f)

Area of sector OAB = 120 x 7t x 5°
360°

=26.18 cm’ (to 4 s.f)
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120° )
Area of sector ODC = XTTX8
360°

=67.02 cm’ (to 4 s.f.)
Area of shaded region =67.02 —26.18
=40.8 cm” (to 3 s.f.)

o

(iii) Length of arc AB = ;60 x 27 x 35

60°

=97.74 cm (to 4 s.f.)

o

Length of arc CD = ;60 x 21 x 49

o

=136.8 cm (to 4 s.f.)
AD=BC=49-35=14cm
Perimeter of shaded region =97.74 + 136.8 + 14 + 14
=263 cm (to 3 s.f.)

o

Area of sector OAB = ;60 x 7T x 35°

o

=1710 cm® (to 4 s.f.)
o
x Tt x 497

Area of sector ODC = ;60

o

=3352 cm’ (to 4 s.f.)
Area of shaded region = 3352 - 1710
=1640 cm’ (to 3 s.f.)

Since the shaded area POQ is % of the area of the whole

circle,

£ POQ , 5 2

X T = — X[
360° 18
LPOQ _ 5
360° 18
5
/POQ = — x 360°
Q 18
=100°
(i) Area of shaded sector = 385 cm’
100 x 7% =385
360°
S 2 =385
18
2= 1386
T

r =21.00 cm (to 4 s.f.)
Diameter of circle =21.00 x 2
=42.0 cm (to 3 s.f.)
9. Perimeter = 38 cm
Arclength + 12 + 12 =38
Arc length =38 -12-12

=14 cm
x2nx 12 =14
360°
L
15
0 =66.85° (to 2 d.p.)
Area of paper used = 06857 @ rx 122
=84.0 cm’ (to 3 s.f.)
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10.

11.

(i) Draw a line BT such that T lies on AP and BT is perpendicular
to AP.

A
T ‘
11 cm
M > Q N
AT = AP -TP
=11-7
=4 cm
AB = AR + RB
=11+7
=18 cm

Using Pythagoras’ Theorem,
BT’ =18 -4
BT =418 - 42
=/308
=17.55 cm (to 4 s.f.)
£ ABT =180°-90° —77.16° (£ sum of a AA)
=12.84°
ZLABQ =90° + 12.84° = 102.84°
Area of shaded region
= Area of trapezium ABPQ — area of sector APR
— area of sector RBQ
1 77.16°
= E(” + 7)(17.55) - 360°
=32.5cm’ (to 3 s.f.)
Draw a line YT such that 7 lies on XC and Y7 is perpendicular to
XC.

| 102840
360°

x 7°

XT=XC-TC
=4p-p
=3pcm
XY=4p+p
=5pcm
Using Pythagoras’ Theorem,
YT*=XY* - XT’
=(5p)" - Gp)’
=25p> - 9p’
= 16p°
YT =.4/16p° =4pcm
£ XYT =180°-90° —53.13° (£ sumof a A)
=36.87°



£ XYD =90° + 36.87° = 126.87°
Area of enclosed region
53.13° , 12687°
3600 <P g
10p* — 7.418p* - 1.107p°
=1.47p" cm’ (to 3 s.f))
12. (i) Since OQ=0A=16cm,
L OQA = LOAQ = 66°
£ZBOQ =2 x 66° (ext. £ of A)

1
5 (4p + p)(4p) -

=132°
(ii) Length of arc OB = 132° x 2 x 16
360°
=36.86 cm (to 4 s.f.)
66°

Length of arc PYB = x 2w x 32
360°

=36.86 cm (to 4 s.f.)
PO =32-13.02=18.98 cm
Perimeter of shaded region = 36.86 + 36.86 + 18.98
=92.7 cm (to 3 s.f.)
132°
360°
=294.9 cm’ (to 4 5.f.)

(iii) Area of sector BOQ = x 7 x 16

o

Area of sector APYB = 66 x 7T x 327
360°

=589.8 cm’ (to 4 s.f.)
Area of AAOQ = % x 16 x 13.02 x sin 66°

=95.15 cm’ (to 4 s.f.)
Area of shaded region = 589.8 —294.9 — 95.15
=200 cm’ (to 3 s.f.)

13. (i) A
B
12 cm

C D 0

Since B is the midpoint of arc AC,

£/ BOC = 45°

OB=0A=12cm

sin 45° = BD

12

BD = 12 sin 45°
=8.49 cm (to 3 s.f.)

(ii) cos45° = oD
12
OD =12 cos 45°
=8.485 cm (to 4 s.f.)

CD=12-8.485=3.515cm

o

Length of arc CB = 345

Oo

x 2w x 12

=9.425 cm (to 4 s.f.)
Perimeter of shaded region = 8.485 + 3.515 + 9.425
=21.4cm (to 3s.f)

(iii) Area of sector OBC = 45 x 7t x 127
360°

=56.55 cm’ (to 4 s.f.)
Area of ABDO = % x 8.485 x 8.485

=36.00 cm’ (to 4 s.f.)
Area of shaded region = 56.55 — 36.00
=20.5 cm’ (to 3 s.f.)

Review Exercise 8

1.

360° —120°
360°
=5.03 cm (to 3 s.f.)

(i) Area of sector OBPA = zzgo x 7t x 127

(i) Length of arc BPA = x 2w x 12

=302 cm’ (to 3 s.f.)

P 0 S

2r cm

»
>

Since lengths of arcs PO = OR = RS,
/POQ = /QOR = /ROS = % rad
Using cosine rule,

OR =1+ =2 xrxrxcos %

2 2
=2r—r
2
=r
OR =rcm

T
RS =r+r =2 xrxrxcos 3

)
2
=r
RS =rcm
ZQRS = /20RO + LORS
r,r
3 3

2_1t rad
3

Area of shaded region = % X 7 X F X Ssin ZTTE

=0.433r% cm® (to 3 s.f.)
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Challenge Yourself

1. (a) Perimeter = arc AB + AB

=7 X 14 + 14
2
=(Tn+ 14) cm
(b) Perimeter = (nx%) + (nx%) +14
=7+ 14) cm
(¢) Perimeter = [nxﬁj + (nxﬂj + [nxﬂj + 14
6 6 6
=(7Tn+ 14) cm
(d) Perimeter =(n X &) +(n X ﬁj +(TC X &) +(n X EJ + 14
8 8 8 8
= (7t + 14) cm

All the perimeters are equal.
In general, it does not matter how many identical semicircles are on
the line AB, all the perimeters are equal.
2. (i) By Pythagoras’ Theorem,
AP’ = PB’ + AB’
A2+r)Y =12-rP+12
144 4 24r + r* = ©* = 24r + 144 + 144
144 + 24r + 7" =r* — 24r + 288
24r = 24r + 144
48r = 144
r=3
(i) AP=12+3=15cm
PB=12-3=9cm
Using cosine rule,
15°+12° - 9?
2x15%x12
=0.8
/PAB =cos"' 0.8
=0.644 rad (to 3 s.f.)
o LPAC =0.644 rad
(iii) LPCA = L PAC =0.6435 rad
LAPC =1 —0.6435-0.6435 (£ sum of a A)
=1.855rad

cos LPAB =

Area of minor sector RPS = % x 3% x 1.855
=8.346 cm’ (to 4 s.f.)
Area of minor sector ARB = % x 12% x 0.6435

=46.33 cm’ (to 4 5.f.)
Area of minor sector BCS = Area of minor sector ARB
=46.33 cm’

Area of AAPC = % x 15 x 15 x sin 1.855

=108.0 cm’ (to 4 5.f.)
Area of shaded region = 108.0 — 46.33 —46.33 — 8.346
=6.99 cm’ (to 3 s.f.)
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Chapter 9 Volume and Surface Area of Pyramids, Cones and Spheres
TEACHING NOTES

Suggested Approach

In the previous grades, students have learnt to find the volume and surface area of cubes, cuboids, prisms and cylinders. Here,

they will learn to determine the volume and surface area of other regular figures, the pyramid, cone and sphere. By the end
of this chapter, students are to be familiar with the various formulas in calculating the volume and surface area, as well as the
various real-life examples of such figures. When the value of m is not stated, students are to use the value in the calculator. In
some problems, students are expected to recall and apply Pythagoras’ Theorem.

Section 9.1:

Section 9.2:

Section 9.3:

Section 9.4

Volume and Surface Area of Pyramids
As an introduction, teachers can show students some real-life examples of pyramids and question students on
the properties of pyramids (see Class Discussion: What are Pyramids?)

Teachers should go through the part of a pyramid. Following that, students should observe and recognise the
various types of pyramids. Teachers should indicate that the pyramids studied in this chapter are right pyramids,
where the apex is vertically above the centre of the base and the base is a regular polygon.

The activity in determining the volume of a pyramid is to enable students to appreciate the relation between the
volume of a pyramid and its corresponding prism (see Investigation: Volume of Pyramids).

Volume and Surface Area of Cones

Similar to pyramids, teachers can start off with an activity to introduce cones (see Class Discussion: What are
Cones?).

To improve and enhance understanding, students should learn and explain the features of a cone and state the
differences between a cone, a cylinder and a pyramid (see Journal Writing on page 258, and Investigation:
Comparison between a Cone and a Pyramid).

Proceeding on, students should realise that the volume and total surface area of a cone is analogous to the volume
and total surface area of a pyramid. The curved surface area of a cone is one unique calculation that has to be
noted.

Volume and Surface Area of Spheres

Besides the volume and surface area of a sphere, students have to be aware of the volume and total surface area
of a hemisphere, or half a sphere as well. Teachers should demonstrate how the volume and surface area of a
sphere can be obtained (see Investigation: Volume of Spheres and Investigation: Surface Area of Spheres), and
show the simple steps in deriving the volume and total surface area of a hemisphere (see Thinking Time on page
271). This will minimise the formulas students need to recall.

Volume and Surface Area of Composite Solids

In this section, students are required to make calculations involving the various composite solids made up of
regular figures. Besides the ones covered in this chapter, regular figures from previous grades, such as cubes,
cuboids, prisms and cylinders may be included. Weaker students may need a revision of their formulas for volume
and total surface area.

In calculating the total surface area, students must be careful not to include any sides that are overlapping. It is
good practice to state and calculate the volume and total surface area part by part.

Challenge Yourself

A regular tetrahedron is a solid made up of four equilateral triangular faces. Therefore, it is a pyramid regardless
of which side it lies on. This information is required for Question 1.

For Question 2, to derive and prove the statement, students should observe that the length from the centre of
the top of the hemisphere to the side of the depth of the water in the sphere is also its radius. After applying
Pythagoras’ Theorem, the statement should follow after a little logical reasoning.
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WORKED SOLUTIONS

Class Discussion (What are Pyramids?)

1. The pyramids are made up of one base and four triangular faces
joined to the sides of the base. The four triangles are joined by a
single point at the other end.

2. The slanted faces of the pyramids are congruent, isosceles triangles.

3. The bases of these pyramids are squares.

4. The vertex of a pyramid is the point where the vertices of the triangle
are joined to the vertices of the base. The apex of a pyramid is the
point vertically above the base, where the triangles are joined to
each other.

5. The cross sections of a pyramid are squares and are not uniform
throughout the pyramid.

6. The food pyramids, human pyramid and rice dumplings are pyramids
and they have the same features as the pyramids in Fig. 10.1.

7. Three more real-life examples of pyramids are the roof of a house,
tents, packets of milk etc.

Thinking Time (Page 248)

The slant edge is the hypotenuse of a right-angled triangle, together with
the height of the pyramid and half of the diagonal of the base.

The slant height is the hypotenuse of another right-angled triangle,
together with the height of the pyramid and half the side of the base.

The slant faces of regular pyramids are congruent, isosceles triangles.

Journal Writing (Page 248)

Prisms have two polygonal bases that are congruent and parallel to each
other while pyramids have only one polygonal base with an apex

vertically above it.

The sides of a prism are made up of rectangles while the sides of a
pyramid are triangles that are joined at the apex.

The cross-section of a prism is uniform while the cross-section of a

pyramid is non-uniform.

Investigation (Volume of Pyramids)

It will take 3 times to fill the prism completely.

Volume of pyramid = 3 x volume of corresponding prism

Class Discussion (What are Cones?)

1. The cones have a circular base with a curved surface and an apex
opposite the base.

2. The base of a cone and a cylinder is a circle. The sides of a cone and
a cylinder are curved surfaces.

A cone has one circular base while a cylinder has two circular bases.
A cone has an apex opposite its base while a cylinder does not have
an apex. The cross-section of a cone is non-uniform while the cross-

section of a cylinder is uniform.
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3. Both the cone and pyramid have one base only. Both the cone
and pyramid have an apex. The cross-section of both the cone and

pyramid are non-uniform.

The base of a cone is a circle while the base of a pyramid is a polygon.
The side of a cone is a curved surface while the sides of a pyramid
are made up of triangles. The cross-section of a cone is a circle while
the cross-section of a pyramid is a polygon.

4. Three more real-life examples of cones are traffic cones, tents and

mountains etc.

Journal Writing (Page 258)
Apex

Slant height Height

A cone is a solid in which the base is bounded by a simple closed curve
and the curved surface tapers into a point called the apex, which is
opposite the base. If the apex is vertically above the centre of the circular

base, we call the cone a right circular cone.

The perpendicular height (or height) of a cone is the perpendicular
distance from the apex to the base of the cone. The slant height of a
right circular cone is the distance from the apex to the circumference
of the base.

AN

Cone Cylinder

A cone has one circular base while a cylinder has two circular bases.
A cone has an apex opposite its base while a cylinder does not have an
apex. The cross-section of a cone is non-uniform while the cross-section

of a cylinder is uniform.

ALY

Cone Pyramid

The base of a cone is a circle while the base of a pyramid is a polygon.
The side of a cone is a curved surface while the sides of a pyramid are
made up of triangles. The cross-section of a cone is a circle while the
cross-section of a pyramid is a polygon.

Q7o



Investigation (Comparison between a Cone and a Pyramid)

1. The polygon will become a circle.

2. The pyramid will become a cone.
Thinking Time (Page 260)

Volume of a cone = % ar’h

Volume of a cylinder = mur*h
Since the cone and cylinder have the same base and same height,

.. Volume of cone = % x volume of a cylinder

Investigation (Curved Surface Area of Cones)

If the number of sectors is increased indefinitely, then the shape in
Fig. 10.15(b) will become a rectangle PORS.
Since PO + RS = circumference of the base circle in Fig. 10.15(a),
then the length of the rectangle is PQ = nur.
Since PS = slant height of the cone in Fig. 10.15(a), then the breadth
of the rectangle is PS = L.
.. Curved surface area of cone = area of rectangle

=PQ x PS

=qrl

Thinking Time (Page 263)

Total surface of a solid cone
= Curved surface area of cone + base area of cone

=l +

Thinking Time (Page 267)

A hemisphere is half a sphere.
Some real-life examples of hemispheres are bowls, stadium domes,
the base of a tilting doll etc.

Class Discussion (Is the King’s Crown Made of Pure Gold?)

11.6 kg

714 cm?®
_ (11.6 x 1000) g

714 cm’
_ 11600 ¢
© 714 cm’
=16.2 glem’ (to 3 s.f))
Since 16.2 g/cm® # 19.3 g/cm’, the crown was not made of pure gold.

Density of the crown =

Investigation (Volume of Spheres)

Volume of cylinder = wtr’h
=X x2r

=2

Volume of sphere = = x volume of cylinder

X
)
=)
<
w

W

WA Wl Wl
a
o

Investigation (Surface Area of Spheres)

Part I:

Length of second piece of twine = 2mrh
=2nxrxr
=2’

Curved surface area of sphere = 2 x length of first piece of twine
=2 x length of second piece of twine
=2 %2’
= 4qr’

Part I1:

4. 4 circles are covered completely with the orange skin.

5. Surface area of the orange = 4’

Thinking Time (Page 271)

Total surface of a solid hemisphere

= Curved surface area of hemisphere + Base area of hemisphere
=L 4 i
2
=2n +
=3mr”
Practise Now 1
1. Volume of triangular pyramid

= % x base area x height

=1 x36x7
3

=84 cm’

2. Volume of the pyramid
= % x base area x height

=% % 229 x 229 x 146

=2550000 m’ (to 3 s.f.)

Practise Now 2

Volume of pyramid = % x base area x height
75 = % x (5 x 5) x height
75 = 2_35 x height
.. Height =9 m
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Practise Now 3 (ii) Let the point where the vertical from V meets the square base be P.

1
PB = 5 x PO
= l x 7
2
=3.5cm
In AVPB, £P =90°.
Using Pythagoras’ Theorem,
VB® = VP’ + PB’
8 =VP +3.5°
VP’ =8’-35°
=64-12.25
=51.75

. VP = +/51.75 (since VP >0)

.. Volume of pyramid = — x base area x height

x7x7x +51.75

7 cm’ (to 3 s.f.)

W= W=

=1

—_

Area of each triangular face = 1 x12x 15 .
2 Practise Now 5

=90 m’
Area of square base =12 x 12 1. Volume of cone = 1 wh
2 3
=144 m |
.. Total surface area of pyramid = 3 xmx 8 x17
=4 x area of each triangular face + area of square base ’
=4 %90 + 144 =3623
2
=504 m = 1140 cm’ (to 3 s.f.)

_1_»
Practise Now 4 2. Volume of cone = 3 wrth

(i) Total surface area of pyramid 84w = 1 XX 6" %X h
=4 x area of each triangular face + area of square base 3
84m = 12nh

Soh=7Tm
Total surface area of pyramid — area of square base
= Py ! The height of the cone is 7 m.

Area of each triangular face

4
_161-(7%x17) .
=4 Practise Now 6
_ 12 Let the height of the smaller cone be & cm.
4 Then the height of the bigger cone is (k2 + 12) cm.
=28cm

Q

Area of AVOR = % «7x VB =28

hcm

7 «vB =28
2

VB =8 cm

12 cm

[
'
'
'
'
'
'
[
i
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
'
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Since AOPB is similar to AOQD,

oP PB
00 ~ 0D
h _ 5
h+12 20
hoo 1
h+12 4
dh=h+12
3h=12
h=4

.. Height of bigger cone =12 + 4
=16cm
.. Volume of frustum = volume of bigger cone — volume of smaller cone
S
3 3

n(R’H - r’h)

1(20° x 16 — 5* x 4)

(6300)

W= W= W=

100%
600 cm’ (to 3 s.f.)

D N

Practise Now 7

1. Total surface area of cone = mrl + mur’
=tx9x5+m+9°
=45n + 81n
=126m
=396 cm’ (to 3 s.f.)

2. Total surface area of cone = murl + 7’

350 = x 8 x [+ x §

=8nl + 64n
8l =350 — 64%
350 — 647
l= 8n
_ 350 — 64 x 3.142
T 8x3.142

=5.92 m (to 3 s.f.)

Practise Now 8

1. Let the slant height of the cone be / m.
Using Pythagoras’ Theorem, [ = V8> + 157
=17
.. Curved surface area of cone = nr/
=nx8x17
=136x
=427 m’ (to 3 5.f.)
2. Let the height of the cone be /& cm.
Using Pythagoras’ Theorem, i = v/12* + 7°
=9.747 (to 4 s.f.)

—_

. Volume of the cone = = 'k

3
% %7t x 77 x 9.747

500 cm’ (to 3 s.f.)

Practise Now 9

1. Radius of ball bearing = 0.4 + 2

=0.2cm

Volume of ball bearing = — 77’

I
I
X
El
X
o
A

Mass of 5000 ball bearings
= volume of 5000 ball bearings x density

4m
=5000Xﬁ x 11.3

=1890 g (to 3 s.f.)
2. Volume of basketball = 5600

4 1 = 5600
3
, 4200
r =
TT
414200
Sor= T

=11.0cm (to 3 s.f)
The radius of the basketball is 11.0 cm.

Practise Now 10

Radius of sphere =25 + 2

=125cm
Surface area of sphere = 4’
=4 xmx 125
=6.25n

= 1960 cm’ (to 3 s.f.)

Practise Now 11
Curved surface area of hemisphere = 200 cm’

L 4 =200
2

2m? =200
100
r=—
11
100
=T (since r > 0)

=5.64 cm (to 3 s.f.)
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Practise Now 12

Height of cone = % x height of cylinder
=3 x 3r
4
9
=Zr
4
1 2 9
Volume of cone = = " —r
3 4
3_5
= Zqr
4

Since volume of cone = 10 / = 10 000 cm’,
then %m-’ =10 000

. 10 000 x 4
3n
40 000
T 3

Volume of cylinder = mtr*(3r)

=3xr
40 000
3n
=40 000 cm’
=401

=3n x

.. Amount of water needed to fill container completely = 40 + 10

Practise Now 13

(a) (i) Radius of hemisphere =30 + 2
=15cm
Height of cone =50 — 15
=35cm

Volume of solid = volume of cone + volume of hemisphere

1

= 2625w + 22507
=4875n
= 15300 cm’

(ii) Using Pythagoras’ Theorem,

Slant height of cone = /15> + 357

=38.08 cm (to 4 s.f.)

Total surface area of solid
= curved surface area of cone
+ curved surface area of hemisphere
=mx 15%x38.08 +2xmx 15
=571.27 + 4507
=1021.2n
=3210 cm’ (to 3 s.f))
(b) (i) Volume of cylinder = 4875n
n(12.5)h = 4875n
_ 4875w
156257
=31.2cm
The height of the cylinder is 31.2 cm.
OXFORD
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=501

= _ ><n><152x35+l ><i><n><153
3 2 3

(ii) Surface area of the cylinder
=20 + 2nrh
=2xmx 125 +2xmwx12.5x31.2
=312.57 + 780x
=1092.5x cm’

Exercise 9A

1.

Volume of triangular pyramid = %
=L x15x4
3
=20 cm’
Volume of pyramid = % x base area x height
=1 «x3x6
3
=46 cm’
Base area of pyramid = % x7 x4
=14 cm’
Volume of pyramid = % x base area x height
=1 x14 x5
3
=23l w
3
Base area of pyramid =10 x 6
=60 cm’

Volume of pyramid = % x base area x height

100 = % x 60 x height

100 =20 x height
.. Height =5 cm

Base area of pyramid = % x5x%x8
=20 cm’
Volume of pyramid = 13 x base area x height

50 = % x 20 x height

50 = 2_30 x height
. Height =7.5 cm

Volume of pyramid = % x base area x height

100 = 13 x base area x 12

100 =4 x base area
.. Base area = 25 m’
Let the length of the square base be x.
2
x =25
o x = /25 (since x >0)
=5m
The length of its square base is 5 m.

x base area x height



7. . (i) Volume of pyramid = % x base area x height
: =L x15x9x1413
: 3
S6iem =636 cm’ (to 3 s.£.)
E 11. (i) Volume of pyramid = — x base area x height
66 cm

32cm 180 = =~ x 10 x 8 x height

0 Wl— w|—
S

180 = 3 x height

.. Height =6.75 cm
(ii) Let the slant height from V to PQ be [/, cm,
the slant height from V to QR be [, cm.
Using Pythagoras’ Theorem,
I, = V6.75% + 4?

Area of triangular face OWX = % x 66 x 56 =7.846 (t0 4 5.£.)

= 1848 cm’ L, =675 +5°

Area of triangular face OXY = 1 3263 =8.400 (to 4 s.f.)
2 .. Total surface area of pyramid

_ 2
= 1008 cm = Area of all triangular faces + area of square base
Area of rectangular base = 66 x 32 | |
=2112 em? =2x 5x10x7.846+§x8x8.400 +10x8
.. Total surface area of pyramid =2(39.23 + 33.6) + 80
=2 x area of OWX + 2 x area of OXY + area of square base — 145.66 + 80
=2x 1848 +2 x 1008 + 2112 =226cm2 (tO3Sf)
=7824 cm’ 1
1 12. (i) Volume of pyramid = — x base area x height
8. Volume of paper weight = 3 X base area x height 3
) 700 = L x 16 x 14 x height
= 3 x6x6x7 3
=84 cm’ 700 = % x height
Mass of 4 paper weights = volume of 4 paper weights x density ~. Height =9.375 cm
=4x84x3.1 (i) Let the slant height from the top of the pyramid to the side with
=1041.6¢ 16 m be [, cm,
9. Volume of pyramid = mass of pyramid =+ density the slant height from the top of the pyramid to the side with
=3500+6 14 m be [, cm.
=83 % cm?® Using Pythagoras’ Theorem,
. I, = V9.375% + 7
Volume of pyramid = 3 x base area x height =11.70 (to 4 s.£)
_ 2 2
83% = % x 30 x height l, =~N9.375" +8
| =12.32 (to 4 s.f.)
83 3 =10 x height .. Total surface area of pyramid

= Area of all triangular faces + area of square base
Coras 1
. Height =8 = cm 1 1
3 =2X(—x16><11.70x—x14><12.32)+16><14
10. (i) Let the point where the vertical from V meets the rectangular 2 2

base be P =2(93.6 + 86.24) + 224
PO=15+2 =359.68 + 224
=75cm =584 cm’ (to 3 s.f.)
. 1 .
Using Pythagoras’s Theorem, PV = v16° — 7.5° 13. Volume of pyramid = 3 x base area x height
=14.13 to 4 s.f.
em o5 =1 x15x10x20
=14.1cm (to 3 s.f.) 3
The height of the pyramids is 10.1 cm. =1000 cm’
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14.

Volume of cubical tank = 7

=30’
=27 000 cm’

Volume of water left in tank after pyramid is removed
=27 000 - 1000

=26 000 cm’

Let the depth of the remaining water in the tank be d cm.
30 x 30 x d =26 000

900 d =26 00

sod=28—
9

8

The depth of the remaining water is 28 g cm.

ie.a>b

Let WX be a, XY be b and the height of the pyramid be A.

Using Pythagoras’ Theorem,

Since a > b, VB > VA,
.. the slant height VA is shorter than VB.
15. (i) Let the slant height be [ cm.

. . (8)
Using Pythagoras’ Theorem, [ = 8 —(2

= 64 - 16
= J48

=6.928 cm (to 4 s.f.)
=6.93 cm (to 3 s.f.)

(ii) Base area of tetrahedron = % x 8 x 6928

=27.712 cm’

Let the height of the tetrahedron be 4 cm.

Using Pythagoras’s Theorem, h= [g2 _ (% v 6.928)

=6.532 cm (to 4 s.f.)

.. Volume of tetrahedron = % x base area x height

Exercise 9B

1.
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= % 27712 x 6.532

=603 cm’

(a) Volume of cone = % rth

=l x T x 6% x 14
3

=168n
=528 cm’ (to 3 s.f.)

2

(b) Volume of cone = = x base area x height

x 154 x 5

W= W=

=256 2 cm’
3

(¢) Volume of cone =

== XX 7 x 14
2

=57ln
6

=180 cm’ (to 3 s.f.)
(d) Circumference = 132
2mr =132
132
=S

N J

Volume of cone =

2. Volume of cone =

320m= = xux8&xh

320:;:21%“
h=15cm

3. Volume of cone = % x base area x height

160 = % x 20 x height

160 = 2—;) x height

.. Height =24 m

4. Volume of cone = l arth

Sor= J§ (since r >0)
=3cm
5. (a) Total surface area of cone = mrl + mur’
=nux4xT+nux4’
= 28w + 161
=44n
=138 cm’ (to 3 s.f.)



7. Total surface area of cone = 1000 cm

(b) Radius of cone =28 +2
=14 mm
Total surface area of cone = mrl + 7/
=mx 14 x 30 x 7w x 14
=420m + 1967
=6161
= 1940 mm’ (to 3 s.f.)

(¢) Circumference = 132

2nr =132
132
Sor= E
66

T

Total surface area of cone = nrl + 70

66
=mx— X 254+4mx
4 Tt

4356
=1650 +
11

=3040 cm’ (to 3 s.f.)

2
6. Curved surface area of cone = 847t mm

(6)l = 84w
6ml = 84n
_84n
61

=14 mm

The slant height of the cone is 14 mm.
2
a(15)] + m(15%) = 1000
1571 + 2257 = 1000
157/ = 1000 — 2257
1000 — 2257
= 15x
_ 1000 — 225 x 3.142
15 x 3.142
=6.22 cm (to 3 s.f.)
The slant height of the cone is 6.22 cm.
Curved surface area of cone =251 m’

nr(5) =251
Sur =251
251
Lr=Ess

=16.0 m (to 3 s.f.)
Radius of conical funnel = 23.2 + 2
=11.6cm

Volume of conical funnel = % rth

=% wtx 11.6> x 42

= 1883.84m cm’
Radius of cylindrical =16.2 +2
=8.1cm
Volume of cylindrical tin = 1883.84r cm’
m(8.1%)h = 1883.84x
65.61mh = 1883.84n

_ 188384
= 65.61n

=28.7 cm (to 3 s.f.)

10. Volume of conical block of silver = % arth

= l xx 122 x 16
3
=768m cm’
Radius 0facoin=l% +2
3
== cm
4
Volume of a coin =
2
=Tt X g X l
4 6
3 3
= _—_mcm
32

.. Number of coins that can be made

_ Volume of conical block of silver

Volume of a coin

768w
=3
327
=8192
11. Circumference of base of cone = 2mr
=2xmx 10
=207 cm
slant height 20 1 1 1

Observe that

= — X

circumference of cone  20m ~® T 2 T 2m
.. The net of the cone is a semicircle, where the slant height is the

radius of the semicircle.
10 cm

207 cm
12. (i) Letthe diameter of the semircircle be d; cm,

the diameter of the base of the cone be d. cm.
Circumference of semicircle = % d,

1 x 7t x 10

=5mcm
Circumference of base of cone = 5t cm
nd. =5m
sd.=5
The diameter of the base of the cone is 5 cm.
(ii) Radius of the cone =5 +2

=2.5cm
Slant height of the cone = 10 + 2
=5cm

Curved surface area of the cone = mr/
=nx25x%x5
=12.5%
=393 cm’ (to 3 s.f.)
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13. Using Pythagoras’ Theorem,
=5 +12°

=13 cm
Curved surface area of the cone = nr/
=mwx5x13
=65m
=204 cm® (to 3 s.f)
14. Using Pythagoras’ Theorem,
h = ~20% - 8?
=18.33 cm (to 4 s.f.)
Volume of cone = % wrth

=% w1t x 82 x 18.33

=391.04n
= 1230 cm’ (to 3 s.f.)
15. (i) Using Pythagoras’ Theorem,

r=20-17
=152
Volume of cone = %nrzh
=L ax152x17
3
-861 1
3

=2710 mm’ (to 3 s.f.)
(i) Total surface area of cone = murl + mur’

152 x21 +mx 152

=71 X

=21152 m+ 152n

= 1290 mm® (to 3 s.f.)
16. Let the height of the smaller cone be & cm.
Then the height of the bigger cone is (& + 18) cm.

18 cm

Since AXPS is similar to AXQU,

XP PS
X0 T QU
h 6
h+18 15
15h = 6h + 108
9h = 108
h=12
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.. Height of bigger cone = 18 + 12

=30cm
*. Volume of frustum
= volume of bigger cone — volume of smaller cone

nR’H — 13 rth

W= W= W= W=

W(R°H - r*h)
(15 x 30 — 6* x 12)

(6318)

=2016x
= 6620 cm’ (to 3 s.f.)

17. (i) Radius of cone = 14 + 2

18.

=7cm
Total surface area of solid = 2mrl
=2xmx7x15
=210m

=660 cm’ (to 3 s.f.)
(ii) Using Pythagoras’ Theorem,
h =415 -7
=13.27 cm (to 4 s.f.)

Volume of solid =2 x % rth

xmwx 7 % 13.27

w| N

=1360 cm’ (to 3 s.f.)
Total surface area of cone = 1240 m®
1(13.5)] + w(13.5)> = 1240
13.57l + 182.25x = 1240
13.5x] = 1240 — 182.25%

. l_1240—182.25n
T 13.5%

=15.74 m (to 4 s.f.)
Using Pythagoras’ Theorem,

h = ~15.74> —13.5°

=8.093 m (to 4 s.f.)

Volume of cone = % arth

= % x 7 x 13.5% x 8.093

= 1540 m’ (to 3 s.f.)

Exercise 9C

1.

(a) Volume of sphere = %mﬁ

4

T xnx§
3

68225
3

=2140 cm’ (to 3 s.f.)



(b) Volume of sphere = — mur’

x 7t x 14°

WA Wl

=3658 2 1
3

=11 500 mm® (to 3 s.f.)

(c) Volume of sphere = %nﬁ

A axd
3

—851 5
3
=268 m’ (to 3 s.f.)
(a) Volume of sphere = 1416 cm’
407 = 1416
3

1062

T
1062

r=gT
=6.97 cm (to 3 s.f.)
(b) Volume of sphere = 12 345 mm’

4

I =12345
3
, 37035
" T Tan
s 37035
“T=N 4n

=14.3 mm (to 3 s.f.)
(¢) Volume of sphere =780 m’
2 2 =780
3

, 585
r=—

7
585

7
=5.71 m (to 3 s.f.)
(d) Volume of sphere = 972w cm’

i ar =972n
3

Sr=

=729
~r=3729
=9cm
(e) Volume of sphere = 4987 mm’

4 1 = 4987
3

P=3731
2

’ 1
s r= 3373=
S = 332

=7.20 mm (to 3 s.f.)

3.

(f) Volume of sphere =15 % am’

4 3

Tt =15"n
3 16
64

64
=2.25m (to 3 s.f.)

(a) Surface area of sphere = 4

=4xmx12?

= 5761

=1810 cm’ (to 3 s.f.)
(b) Surface area of sphere = 4t

=4xmx9

=324xn

= 1020 mm’ (to 3 s.f.)
(¢) Surface area of sphere = 4’

=4xmx3

=36m

=113 m’ (to 3 5.f)

Total surface area of hemisphere = mur” + % x 4mr’

=3n
=3xmax7
=147n
=147 x 3.142
=462 cm’ (to 3 s.f.)
(a) Surface area of sphere =210 cm’
4’ =210
4n

210
=N (since r > 0)

=4.09 cm (to 3 s.f))
(b) Surface area of sphere = 7230 mm’

4mr® =17230
, 7230
" =T4n
7230
S =\T4n (since r >0)

=24.0 mm (to 3 s.f.)
(c) Surface area of sphere = 3163 m’
4’ = 3163
, 3163

vy

3163
Sr=N"Tan (since r > 0)
=159 m (to 3 s.f.)
(d) Surface area of sphere = 64x cm?
4m* = 64
=16
Sr= \/E (since r > 0)

=4cm OXFORD
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(e) Surface area of sphere = 911x mm’
4’ =911m
gl
4

r —
1[% (since r > 0)

=15.1 mm (to 3 s.f.)
(f) Surface area of sphere = 49 m’
4’ = 49n
2. B
4

r= 1,2—9 (since r > 0)

=35m
6. Curved surface area of hemisphere = 364.5m cm’

ST

7

% « 4 = 36451

2m? =364.57
» _ 3645
r = ——
2
R 1f¥ (since r > 0)
=13.5cm

7. Radius of a ball bearing =0.7 + 2
=0.35cm

Volume of a ball bearing = %nﬁ

4 %035
3

0.1796 cm’ (to 4 s.f.)
Mass of a ball bearing = 0.1796 x 7.85
=1.40986 g

1000
1.40986
=709 (to the nearest whole number)

Number of ball bearings =

8. Volume of hollow aluminium sphere

= iJ'l:R3— iJ'cr3
3 3

i xnx303—i x 7t % 20°
3 3
=36000n—10666%n
=25333%ncm3

Mass of hollow aluminium sphere = 25 333 % Tt x 2.7

=215000 g (to 3 s.f.)
=215kg
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9. Radius of hemisphere =2 +2

=lcm
Volume of a hemisphere = % x %nﬁ
=20
3
=2 xqx 1’
3
= Znem?
3
Volume of sphere = %n x 54
43R = 36n
3
R =27
~R=327
=3cm
10. Radius of sphere =26.4 +2
=132cm
Volume of acid in the sphere = % X %nf
L2,
3
=2 xmx 13.2°
3

=1533.312n cm’
Radius of beaker =16 + 2
=8cm
Volume of acid in the beaker = 1533.312n
nR’d = 1533.312%
nx8 xd=1533312n
64mnd = 1533.312n
_ 1533312
64
=24.0 cm (to 3 s.f.)
The depth of the acid in the beaker is 24.0 cm.
11. Radius of cylindrical tin = 18 + 2

=9cm

sod

Volume of water in the cylindrical tin = 7k
=nx9 x13.2
=1069.27 cm’

Radius of spherical ball bearing = 9.3 + 2

=4.65 cm

Volume of spherical ball bearing = % 7R’

=4 nx465
3

=134.05957 cm’
Volume of water and spherical ball bearing
=1069.2m + 134.0595 &t



Volume in the cylindrical tin = 1203.2595%
ntx 9% x H =1203.2595n
81ntH = 1203.2595x%
_ 1203.2595
S8l
=14.86 cm (to 2 d.p.)
The new height of water in the tin is 14.86 cm.
12. Volume of sphere = 850 m’
4

SoH

2 =850
3
, 1275
" =0

R [PXE
Sor = o

=5.876 m (to 4 s.f.)
Surface area of sphere = 4’
=4 xmx5876
=434 m’ (to 3 s.f.)
13. Surface area of basketball = 1810 cm’

4mr® = 1810
. _1810
47
1810 .
S = \/Z (since r > 0)
=12.00 cm (to 4 s.f.)
4 3

Volume of basketball = 3 178

= % x 7 x 12.00°

=2304n
= 7240 cm’ (to 3 s.f.)

14. Curved surface area of hemisphere = % x dqur’

= 27t/ units®

. 2 tal
Flat surface area of hemisphere = str” units

Ratio of red paint to yellow paint = 2m°  :
= 2 =1
15. (i) Radius of sphere = radius of cylindrical can
=34cm
Diameter of sphere = 3.4 x 2
=6.8cm
Depth of water in the can when the sphere was placed inside
=6.8cm

Surface area of can in contact with water
=qr + 2nrh
=nx34+2xwx34x638

=11.56m + 46.24x

=57.8n

=182 cm’ (to 3 s.f.)

(i) Volume of water in the can when the sphere was placed inside

=wh- 2
3

=nx3.42x6.8—%xnx3.43

8
—_ 2 — —_—
—3.4n(6.8 415)

= 2 i cm’
(3.4 ><215 X 7T

Let the depth of water in the can before the sphere was placed
inside be d cm.

2 4
Volume of water = (3'4 x ZB X% cm’

nr2d=3.42><2i X T
15

7(3.49d = 34> x 2 % -
3.4% x 2i X 7T
cd= —— 1
34%n
=2i
5

The depth of water in the can was 2 % cm.

Exercise 9D

1. Radius of cylinder =12 +2
=6m
Total surface area of rocket
= Flat surface of cylinder + curved surface area of cylinder
+ curved surface area of cone
=Ax6 +2xTx6x42+7wx6x 15
=36m + 5047w + 907
=630x
=1980 m’ (to 3 s.f.)
2. Volume of remaining solid
= Volume of cylinder — volume of cone
=nx62x15—% xmwx 3 x15
=540m — 45=n
=495n
=1560 cm’ (to 3 s.f.)
3. (i) Volume of the solid
= Volume of hemisphere + volume of cylinder
=1 X 4 xax T +uxT %10
2 3

= 228% 7+ 490

7182
3

=12260 cm’ (to 3 s.f.)
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(ii) Total surface area of the solid

= Flat surface of cylinder + curved surface area of cylinder +

curved surface area of hemisphere
=axT+2xmxTx10+ % x4 xmxT

=491 + 1407 + 98x%

=287xn

=902 cm’ (to 3 s.f.)
(i) Volume of the solid

= Volume of hemisphere + volume of cone
= 1 x 4 xmwx 21+ 1 x 7w x21* x 28

2 3 3

=6174rn + 41167

=10 290z

=32300 cm’ (to 3 s.f.)
(ii) Total surface area of the solid

= Curved surface area of hemisphere +

curved surface area of cone

= % x4 xmx21”+mx21 x35

= 882w + 73.5%
=1617n
= 5080 cm’ (to 3 s.f.)
7 1=7000 cm’
3
Height of the cone = § x 4r
12r
=__— cm
5

Volume of cone = 7000 cm®

1 X T X 17 X 12_r=7000
3 5
4 3 =7000
5
T
Volume of cylindrical container = rtr’h
=7 x P x 4r
= 4’
= 478750
b1
=35 000 cm’
Amount of water needed = 7000 + 35 000
=42 000 cm’
=421
(i) Radius of cylinder =8 + 2
=4m

Total surface area of solid cylinder with conical ends
= 2 x curved surface area of cone +

curved surface area of cylinder
=2xmux4x6+2xmx4x8
=481 + 64n
=112n
=352m’ (to 3 s.f.)

10.

(ii) Using Pythagoras’ Theorem,

h=+6*—42

=4.472m (to 4 s.f)
Volume of the solid cylinder with conical ends
=2 x volume of cone + volume of cylinder

=2x% XX A x 4472+ x4 x 8

=552 m’ (to 3 s.f.)
Radius of the cylinder = 4.7 + 2
=235m
Height of cylinder = 16.5 — 2.35
=14.15m
Capacity of tank
= volume of hemisphere + volume of cylinder

= % x % X 7T % 235 + 7 x 2357 x 14.15

=273 m’ (to 3 s.f.)
Volume of cone = volume of ball

l ><J'c><42><h=i><J'c><32
3 3

16 1 =36
3
S h=36x -
16
=6.75cm

(i) Volume of cone =1 % x volume of hemisphere

xnx352xh=1é xl X%XRX353

2

W=

408 % h = 34 300

b =34 300 = 408 %

=84 cm
The height of the cone is 84 cm.
(ii) Using Pythagoras’ Theorem,

1 =+/84% +35°

=91 cm

Total surface area of the solid

= Curved surface area of cone +
curved surface area of hemisphere

=TEX35X91+%X4XTCX352

= 31851 + 2450w
= 56351 cm?

(i) Volume of the solid = volume of pyramid + volume of cuboid

1

=§ x 30 x 30 x 28 + 30 x 30 x 40

8400 + 36 000
=44 400 cm’
(ii) Using Pythagoras’ Theorem,

slant height of pyramid, [ = V28 + 157

=31.76 cm (to 4 s.f.)
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Total surface area of the solid
= Total surface area of visible sides of cuboid +

total surface area of all triangular faces of pyramid

=(30x30+4x30x40)+(4x%x30x31_76)

=5700 + 1905.6
=7610 cm’ (to 3 s.f.)

Review Exercise 9

1. (a) (i) Volume of the solid
= Volume of pyramid + volume of cuboid

%x20><20><24+20><20><50

3200 + 20 000
=25200 cm’

(ii) Total surface area of the solid

= Total surface area of visible sides of cuboid +

total surface area of all triangular faces of pyramid

=(20x20+4x20x50)+(4x%x20x26)

= 4400 + 1040
= 5440 cm®
(b) (i) Volume of the solid

=2 x volume of cone + volume of cylinder

=2x% «x0.5x12+mx05 x2.5

1 5
=_n+=m
5 8

33

—=x

40
2.59 m’ (to 3 s.f.)
Using Pythagoras’ Theorem,

slant height of cone, / = v1.2> + 0.5

=13m
Total surface area of the solid

(i)

=2 x curved surface area of cone +
curved surface area of cylinder

=2xmx05%x13+2xmx0.5x%x2.5

=131+ 2.5%

=3.8n

=119 m* (to 3 s.f.)

Volume of the hemisphere

=l x i x 7 x 407
2 3

(©) ()

= 426662
3

=134 000 cm’ (to 3 s.f.)
(ii) Total surface area of the hemisphere

=% x4 % 70 x 407 + 71 x 407

= 32007 + 16007
= 4800
=15100 cm® (to 3 s.f.)

(d) (i) Volume of the solid

=2 x volume of hemisphere + volume of cylinder
=2 x % x % xTx3.5 +mx3.5 x4

=334 m’ (to 3 5.f.)
(ii) Total surface area of the solid
=2 x curved surface area of hemisphere +

curved surface area of cylinder
=2x % x4xmux35+2xnux35x4

=497 + 28n
=7Ix
=242 m’ (to 3 s.f)
(i) Volume of the structure
= volume of the cone + volume of hemisphere
1

— xixnx43
2 3

% X7 x 5% 20 +

1662 m+422 0
3 3
|

=2091 1
3

=658 cm’ (to 3 s.f.)
Using Pythagoras’ Theorem,

slant height, / = 20% + 57

=20.62 cm

Total surface area of the structure

(i)

= Total surface area of cone + total surface area of hemisphere

= (x5 +mx5x20.62) + nx42+%x4xnx42

=128.1x + 48x
=176.1x
=553 cm’ (to 3 s.f.)
Volume of the rocket
= volume of cone + volume of cylinder

=% x 70 x 182 x 49 + 71 x 182 x 192

=5292m + 62 208n

=67 5007 cm’

=0.06757t m’

Density of metal = 2145
0.0675x

=10 115 kg/m’ (to the nearest whole number)
Surface area of first sphere = 144w cm’

dory = 144m
1 =36

. r; =36 (sincer, >0)

=6cm
Volume of first sphere = %nr?

=4 XX 6
3

= 288w cm’
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5.

Surface area of second sphere = 2567 cm’
4ntr} = 256w
r; =64
b= Joa (since r, > 0)
=8cm

4

Volume of second sphere = 3 L

=i><J'E><83
3

=682 2 1 om’
3

Volume of larger sphere = 288m + 682 % T

i R’ =970 g xem’
3 3
R =728
S R=1<3728

=8.996 cm (to 4 s.f.)
Surface area of larger sphere = 4mR’
=4 x 1t x 8.996
=1020 cm’ (to 3 s.f.)

(i) External radius =12 +2
=6cm
Internal diameter = 12 -2 -2
=8 cm
Internal radius =8 + 2
=4cm
N
Volume of hollow sphere = 3 TR’ — 3 17
= i XX 6 — i
3
= 2887851 x
3
=202 2 wem’
3
Mass of hollow sphere =202 % nx54
=3438.159 ¢
=344 kg (to 3 s.f.)
(i) Volume of solid sphere = 202% nem’
i xnxri =202%n
3 3
r =152
soro= 3152
=5.34cm (to 3 s.f.)
OXFORD
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x Tt x4°

6.

7.

9.

(i) Number of drops = 5000 + 12.5
=400
(ii) Volume of one drop of oil = 12.5 mm’

i xmxr =123
3

, 75

i

i
7 \V8n
=1.44 mm (to 3 s.f.)

Let the radius of the cylinder and sphere be r units.
Surface area of the sphere = 477” units’
Curved surface area of cylinder =2 wrh

=2XJTXTX2r

= 470 units>
.. Surface area of the sphere

= curved surface area of cylinder (shown)
Radius of hemispherical roof = 10 + 2
=5m

Curved surface area of hemispherical roof = % x dqur’

=2xmx5
=507 m’
Cost of painting = 50m x PKR 1.50
= PKR 235.62 (to the nearest paisa)
(i) External radius =50.8 +2

=254cm
Internal diameter = 50.8 — 2.54 — 2.54
=45.72 cm
Internal radius =45.72 + 2
=22.86 cm

Volume of metal hemispherical bowl

LIV g

2 3

1

:%x % wmx254 - L & k2286

SSIIEN

=9300 cm’ (to 4 s.f.)
=0.009 300 m’

97.9
0.009 300
=10 500 kg/m’ (to 3 s.f.)
(ii) Volume of liquid in the bowl
1 4 5
= _ X —mr
273
=12 nx2s6
273
=25020 cm’ (to 4 s.f.)
=0.02502 m’
Mass of the liquid = 31.75 x 0.02502
=0.794 kg (to 3 s.f.)

=7%¢g

Density of metal =



10.

11.

12.

(i) Radius of capsule A =0.6 + 2
=0.3cm
Surface area of capsule A
=2 x curved surface area of hemisphere +
curved surface area of cylinder

=2x % x4xmx03+2xnx0.3x%x24

=0.367 + 1.44n
=1.8n cm’
Surface area of capsule B = 1.8 cm’
2xmx0.6"+2xmx0.6xh=18n
0.72n + 1.2xh = 1.8n

1.27th = 1.08%
h= 1.08
1.2

=09cm

(ii) Volume of capsule A
=2 x volume of hemisphere + volume of cylinder

=2x % x % x7x 03 +mx03 x 2.4

=0.036m + 0.2167

=0.252n

=0.792 cm’ (to 3 s.f.)

Volume of capsule B

=1 x0.6"%x0.9

=0.324xn

=1.02 cm’ (to 3 s.f.)
Radius of pillar =40 + 2

=20cm

Since the pillar has the same mass as a solid stone sphere of the same
material,

.~. the pillar has the same volume as the solid stone sphere.

Volume of solid stone sphere = %nR3

= i x 7 x 40°
3
256 000 3
= T cm
3
Volume of pillar = & 63000 7 om’
nxzoth+ l X i an203= 2560001‘5
2 3 3
400mh + 16000 2563000 .
400sth = 80 0007
o h =200 cm

Radius of cylinder and cone = 2r + 2
= r units
Radius of sphere =2r +2
=r units
Volume of cylinder = m x r* x 2r

0 3
= 27t units

13.

14.

Volume of cone = — x 1t x 1> x 2r

7 units®

Wi W~

Volume of sphere = % XX

= i 7 units®
3

Ratio of volume of cylinder to volume of cone to volume of sphere
30, 2 3 4 3

= 2mr Zar . —mr
3 3
= 2 2 4
3 3
= 6 2 4
= 3 1 2
Radius of hemisphere =2 + 2
=1cm
Radius of cone =6 + 2
=3cm
. 1 4 3
Volume of hemisphere = 5 X 3 T
=lxix:r[xl3
2 3
= 2nem’
3
Volume of cone =40 x %J‘E
lxnx32xh=@n
3 3
3nh=&n
3
'.h:gxl
3 3
=8§cm
9

The height of the chocolate cone is 8% cm.
Radius of cone =4.2 +2

=21cm
. 1 4 3
Volume of hemisphere = 5 X 3Jcr
= 1 X 4 xmx2.1°
2 3
=6.174n cm’

Volume of cone =56 — 6.174x
% x 70x 212 x h = 56— 6.174x

1.47xh =56 - 6.174n
56— 6.174x
T 147n

=7.93 cm (to 3 s.f.)
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Challenge Yourself

1.

be x cm,
the slant height of a face of a tetrahedron be / cm, and
the height of the tetrahedron be H cm.
Using Pythagoras’ Theorem,
2
I=,x- = (sincel>0)

N =

The centre of a side of a tetrahedron is % of its slant height.

Using Pythagoras’ Theorem,

1l
=
|
|
=

= \/gxcm
“\N3

Base area of tetrahedron

Volume of tetrahedron = 500 cm’®

1 V3o, \ﬁpsoo
3 4 3
X =4243 (to 4 s.f)
oox = 34243
=16.19 (to 4 s.f.)
Total surface area of tetrahedron = 4 x base area

=4x g x 16.19°

=454 cm’ (to 3 s.f.)

N~

(ST

Using Pythagoras’ Theorem,

2

e
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Let the side of a face of a tetrahedron which is an equilateral triangle,

Since x = , the water in the hemisphere is not a

AEPN
2

N~

hemisphere on its own.

But the volume of water is more than the volume of a hemisphere
. r . .
with 3 as its radius.

Volume of water > volume of hemisphere with radius %

X

X
a
X
/N
| =
N———

x

x

a

X
oo| T,

3
XTTX’r

X
= WA ws

X
SN

x volume of the bowl

= o= N~ N~

.. The volume of water is more than é of the volume of the

bowl. (shown)



Chapter 10 Congruence and Similarity Tests

TEACHING NOTES

Suggested Approach

Teachers may want to introduce this topic by asking students to recall what they have learnt in Book 2 on congruent and similar
triangles. Then, teachers may get students to investigate whether all the conditions are necessary to prove whether two triangles
are congruent or similar.

Section 10.1:

Section 10.2:

Section 10.3:

Congruence Tests

Teachers may wish to recap with the students, that for congruent triangles, all the corresponding lengths and
angles are equal.

For each of the 4 congruent tests that are covered in this section, teachers should ask the students to construct a
triangle in as many ways as possible and see what conclusion they can make by comparing these triangles (see
Investigation: SSS Congruence Test, Investigation: SAS Congruence Test, Investigation: AAS Congruence Test
and RHS Congruence Test).

Teachers should teach students how to match the vertices of two triangles correctly, even if the two triangles are
not congruent. Once students have learnt all the 4 congruent tests, they can learn to identify pairs of congruent
triangles and prove the congruency (see Class Discussion: Consolidation for Congruence Tests).

Teachers should highlight to students that the 4 congruent tests covered in this chapter are not the only congruence
tests.

Similarity Tests

Teachers may wish to recap with the students, that for similar triangles, all the corresponding lengths and angles
are proportional and equal, respectively.

For each of the 3 similarity tests that are covered in this section, teachers should ask the students to construct a
triangle in as many ways as possible and see what conclusion they can make by comparing these triangles (see
Investigation: AA Similarity Test, Investigation: SSS Similarity Test and Investigation: SAS Similarity Test).

Once students have learnt all the 4 congruent tests and 3 similarity tests, teachers may ask students to compare the
congruent tests with the similarity tests (see Thinking Time on page 306). Teachers should highlight to students
that the 3 similarity tests covered in this chapter are not the only similarity tests.

Applications of Congruent and Similar Triangles

Now that students have learnt the congruent and similarity tests, they can apply the concepts to solve problems
in mathematics and in real life. For Worked Example 10, teachers should recap with students the properties of
a perpendicular bisector and an angle bisector before going through the problem.

Challenge Yourself

For Question 1, let the height of APST from P to ST be k' units and use similar triangles to solve the problem.
Students need to manipulate algebra properly, otherwise they may end up with a long and tedious working.
For Question 2, students should identify a pair of similar triangles and let QU be x cm and VS be y cm. Then
they can formulate a pair of simultaneous equations involving x and y and solve for x and y to find the length of
QU. For Question 3, students should identify two pairs of similar triangles first.

OXFORD
188



WORKED SOLUTIONS

Investigation (SSS Congruence Test)

5. From this investigation, we can conclude that if the 3 sides of a
triangle are equal to the 3 corresponding sides of another triangle,

then the two triangles are congruent.

Investigation (SAS Congruence Test)

5. From part 1 of this investigation, if two sides and the included angle
of a triangle are given, then only a unique triangle can be constructed.
9. From part 2 of this investigation, if two sides and an angle which
is not the included angle of a triangle are given, then there is more

than one way to construct the triangle.

Investigation (AAS Congruence Test)

3. From part 1 of this investigation, if two angles and the side of the
triangle between the two angles are given, then only a unique triangle
can be constructed.

6. From part 2 of this investigation, if two angles and the side of the
triangle that is not between the two angles are given, then only a
unique triangle can be constructed.

7. It does not matter. Given the values of two angles, we can find the

value of the third angle in the triangle.

Investigation (RHS Congruence Test)

3. From the investigation, if the hypotenuse and one side of a right-
angled triangle are given, then only a unique triangle can be
constructed.

Class Discussion (Consolidation for Congruence Tests)

(a) A<= A

B< D

C<C

AB = AD (given)

BC = DC (given)

AC = AC (common side)

.. AABC = ADC (SSS)
(b) D<=D

E<G

F<F

DEF = DGF (given)

DFE = DFG = 90°

DF = DF (common side)

.. ADEF = ADGF (AAS)
(c) PP

Q<3S

R <R

OR = SR (given)

PRQ = PRS = 90°

PR = PR (common side)

.. APQR = APSR (RHS)
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d WeW

X<Z

YeY

WX = WZ (given)

WEX = WPz = 90°

WY = WY (common side)

. AWXY = WZY (SAS)
(e) A<= C

B<D

C<=A

AB = CD (given)

BAC = DCA (corr. /s, AB /| DC)

AC = CA (common side)

.. AABC = ACDA (SAS)
® E<G

F<H

G<E

EF = GH

EF = HE

EG = GE (common side)

.. AEFG = AGHE (SSS)
@ <K

J<=L

K<1

1J = KL (given)

JK = LI (given)

IK = KI (common side)

. AIJK = AKLI (SSS)
(h) M< 0O

N<P

O<=M

ON = MP (given)

MON = OMP (corr. /s, ON // PM)

OM = MO (common side)

.. AMNO = AOPM (SAS)

Investigation (AA Similarity Test)

2. LACB=180°-50°-30°=100°
£ XZY =180° — 50° — 30° = 100°
Yes, LACB = LXZY
3 veo 4B _BC_AC
XY YZ XZ
4. Yes, the two triangles are similar.
5. Yes, these given conditions are enough to prove that the two triangles
are similar.

Thinking Time (Page 300)

1. If two angles of a triangle are given, the third unknown angle is a
unique angle of the triangle. As such, the AAA Similarity Test is
not necessary.

2. Yes, two congruent triangles satisfy the AA Similarity Test.
Congruence is a special case of similarity.



Investigation (SSS Similarity Test)

DE
PQ
EF
OR
DF
PR

3.

T o|h DWW A0

N o= N= o=

o
~

DF

Yes, — = — = —

PO QR PR

4. LEDF=/QPR

/. DEF = /PQOR

£ DFE = /PRQ
5. Yes, the two triangles are similar.
6. Yes, these given conditions are enough to prove that the two triangles

are similar.

Thinking Time (Page 304)

For both the SSS Congruence Test and the SSS Similarity test, the 3 ratios
of the corresponding sides of two triangles must be equal. However, for
the SSS Congruence Test, the ratio of the corresponding sides of the two
triangles must be equal to 1.

Investigation (SAS Similarity Test)
PO _ 45

3. =— =15
AB 3
OR 75
BC 5
ves, PO _ OR
AB BC
4 yes PR _PQ _OR

AC ~ AB  BC
S. ZBAC=LQPRand LACB = £PRQ
6. Yes, the two triangles are similar.
7. Yes, these given conditions are enough to prove that the two triangles
are similar.

Thinking Time (Page 306)

1. For both the SAS Congruence Test and the SAS Similarity test, the
2 ratios of the corresponding sides of two triangles must be equal
and the pair of included angles must also be equal. However, for
the SAS Congruence Test, the ratio of the corresponding sides of
the two triangles must be equal to 1.

2. Since the given conditions for the AA Similarity Test is enough,
there is no need for AAS Similarity Test.

3. Yes. For RHS Similarity Test, if the ratio of the hypotenuse and one
side of a right-angled triangle is equal to the ratio of the hypotenuse
and one side of another right-angled triangle, then the two triangles
are similar. However, this test is not included in the syllabus.

Practise Now 1

1. A< E

B<F

C<D

AB=EF=5m

BC=FD=11m

AC = ED (given)

- AABC = AABC (SSS)
2. WeW

X<Z

Y<Y

WX = WZ (given)

XY =ZY (given)

WY =WwY

s AWXY = AWZY (SSS)

Worked Example 2

PG

O<H

R< F

PO =GH =9 mm

QPR = HGF = 40°

PR =GF =12 mm

- APQR = AGHF (SAS)

Practise Now 2

1. P<S
Q<P
R<T
PQ = SP (given)
POR = SPT (given)
OR = PT (given)
. APOR = ASPT (SAS)
2. A<X
B<Y
C<Z
ABC = XYZ = 36°
BC=YZ=12cm
However, AB is not equal to XY.
. AABC is not congruent to AXYZ.

Practise Now 3

1. (i) A<=C
0<0
B< D
AB = CD (given)
OAB = 0DD =25° (alt. /s)
OA=0C
.. AAOB = ACOD (SAS)

(ii) Since AAOB = ACOD, then all corresponding angles are equal.

BDC = ABO = 25°
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2. (i) P<=R
Q<SS
S<0
PQ = RS (given)
PQS = RSQ (alt. /)
SO = QS (common side)
- APQS = ARSQ (SAS)

(ii) Since APQS = ARSQ, then all the corresponding sides and

angles are equal.
OR=PS=7cm
OPS = SRO = 140°

Worked Example 4

In ADEF, EFD = 180° — 80° — 30° (£ sum of a /\)
=70°

a = >

<
<>
Ad

NECEE

ABC = FED = 80°
BAC = EFD = 70°
BC =ED =10 mm
. AABC = AFED (AAS)

Practise Now 4

(a) VeZ

WeY

X< X

VWX = Z¥X (alt. Zs)

WXV = YXZ (vert. opp. )

WX = YX (given)

- AVWX = AZYX (AAS)
(b) A<D

B<C

C<B

BAC = CDB = 35°

ACB = DBC (given)

BC = CB (same side)

. AABC = ADCB (AAS)

Worked Example 5

By Pythagoras’ Theorem,

ST =TU? + SU?
=3 +47
V35

=5cm
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PSS

Q<U

R<T

POR = SUT = 90°
PR=ST=5cm
OR=TU=3cm

. A POR = ASUT (RHS)

Practise Now 5

(a) A< E

B<D

C<C

ACB = ECD = 90°

AB = ED (given)

BC = DC (given)

.. AABC = AEDC (RHS)
(b) X<=Z

WY

Z<=X

XWZ = Z¥YX = 90°

WZ =YX (given)

X7 = 7ZX (same side)

.o AN XWZ = AZYX (RHS)

Worked Example 6

ACB = ABC (base Zs of isos. A)
=70°
YXZ=YZX = M (base s of isos. A)
=70°
A<Y
B<X
C<=Z
ABC = YXZ = 70°
ACB = YZX = 70°
. AABC is similar to AYXZ (2 pairs of corr. Zs equal).

Practise Now 6

1. (a) ABC =180°-60°—45° (£ sumofa A)
=75°
YXZ =180° - 60° — 75° (£ sum of a A\)
=45°
AsY
B<Z
C<X
BAC = Z¥X = 60°
ACB = YXZ = 45°
. AABC is similar to AYZX (2 pairs of corr. Zs equal).



(b) DEF = 180° — 90° — 30° (£ sum of A) Worked Example 7

N A<T
QPR =180° —90° — 50° (£ sum of a A) BeoU
=40° Cos
bep AB 15
E<Q U = 3 =25
F<R AC 10
Since there are no corresponding pairs of angles that are equal, s = 4 =25
the two triangles are not similar. BC 15
(¢) RV s 6 =25
S<U . AABC is similar to ATUS (3 ratios of corr. Zs equal).
T<T
57:73 = UfV (vert. opp. £s) Practise Now 7
RST = VUT (alt. /s)
. . @) A<=Z
. ARST is similar to AVUT (2 pairs of corr. Zs equal).
@ K< K s
Lo N C<X
M<P A8 _ 5 N
LK:M = NI?P ( common angle) ié 76.5 5 3
KLM = KNP (corr. s, LM /| NP) X = 9 = 3
. AKLM is similar to AKNP (2 pairs of corr. Zs equal). BC 3 2
) Awa WS
B<D - AABC is similar to AZYX (3 ratios of corr. /s equal).
C=b (b) P< U
BziC = Di\E (common angle) Q<S5
ABC = ADE (corr. /s, BC // DE) ReT
. AABC is similar to AADE (2 pairs of corr. Zs equal). PO 5 _ 3 1
(if) Since AABC is similar to AADE, Uus 15 73
AB _ BC _ AC R
AD DE AE ur 1
7 _8 orR _6 _,
DE 12 ST 2
8DE =84 .. Since the 3 ratios of corresponding angles are not equal, the two
DE =10.5cm triangles are not similar.
6 _3
AD 12 Worked Example 8
8AD =72
AD =9 cm D<D
BD=9-6=3cm E<-G
(iii) L = é =2 ZBF %GﬁH (common angl
AD 3 = gle)
AC 8 8 DE _1
CE ~12-8 4 DG 2
. AB _AC DF _1
"BD  CE DH 2
. DE _ DF
"' DG~ DH
. ADEF is similar to ADGH (2 ratios of corr. sides and included

Z equal).

OXFORD



Practise Now 8

@ J<N

(b)

K< M

L<L

JLK = NLM (vert. opp £5s)
JL 3 5

NL 54
KL
ML~ 72
JL KL
"NL ML
. AJKL is similar to ANML (2 ratios of corr. sides and included

/£ equal).

A<Z

B<Y

C<X

ACB = ZXY = 75°

aC_15

zZX 10

BC_10 )

YX 5

.. Since the 2 ratios of corresponding sides are not equal, the two

triangles are not similar.

Practise Now 9

1.

OXFORD
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(i) A< E

B<C

C<G

AC = EG (given)

ACB = EGC (corr. /s, BC I/ EG)

BC = CG (given)

. AABC = AECG (SAS)
(i) A= F

C<F

D <D

ADC = EDF (vert. opp. £5)

Since AABC and AECG are congruent,

then BAC = CEG,

i.e. DAC = DEF.

.. AACD is similar to AEFD (2 pairs of corr. Zs equal).
(iii) Since AC=EF =15cm, then EF=15-9=6cm

Since AACD and AEFD are similar, then

DF _ EF
DC ~ AC

i.e. DE _6
5 15
.. DF = Rl x5

15
=2cm

2. A<=X
X<B
P<Q
ARP = XBQ (corr. 23, XP /| BC)
APX = X0OB (corr. /s, XQ /I AC)
. AAXP is similar to AXBQ (2 pairs of corr. Zs equal).
Since AAXP and AXBQ are similar, then

5o _ xB
XP  AX
e BQ _ 4
15 3
4
S.BO=—x15
0 3
=20cm
A<=X
B<B
C<Q

ABC= XéQ (common angle)

ACB = XOB (corr. s, XP /| BC)

. AABC is similar to AXBQ (2 pairs of corr. Zs equal)
Since AABC and AXBQ are similar, then

AC _ AB

X0 XB
. AC 7
ie. — = —
16 4

SLAC = l x 16
4
=28 cm

Practise Now 10

P<P

A< B

0<0

AP = BP

AQ=BQ

PQ = PQ (common side)

. APAQ and APBQ are congruent (SSS Congruence Test).
. APQ=BPQ

i.e. APR = BPR

Since AP = BP and PR is a common side, APAR and APBR are congruent

(SAS Congruence Test).

. AR=RB
ARP = BRP

_180°

(adj. £s on a str. line)

=90°
.. PQ is the perpendicular bisector of AB.



Practise Now 11

1.

A< A
B<D
C<E
BC _AC
DE ~ AE
. BC 10
1.e. —mm= —
112 2
~Bc=2 112
2
=56 m
C<A
D<B
E<E
AB _ BE
CD DE
. AB 18
1.e. — = —
14 21
AB=18 14
2.1
=12m

Exercise 10A

1.

(a)

(b)

(c)

(d)

(a)

Comparing triangle (ii) and triangle (vii),

The 3 sides of triangle (ii) are equal to the 3 corresponding sides
of triangle (vii).

.. The two triangles are congruent (SSS).

Comparing triangle (iii) and triangle (v),

The 2 sides and the included angle of triangle (iii) are equal to
the 2 corresponding sides and the corresponding included angle
of triangle (v).

.. The two triangles are congruent (SAS).

Comparing triangle (i) and triangle (ix),

The 2 angles and 1 side of triangle (i) are equal to the 2
corresponding angles and the corresponding side of triangle (ix).
.. The two triangles are congruent (AAS).

Comparing triangle (vi) and triangle (viii),

The hypotenuse and 1 side of triangle (vi) are equal to the
hypotenuse and 1 side of triangle (viii).

.. The two triangles are congruent (RHS).

A<P
B<Q
B<R
AB = PQ (given)
BC=0R=8cm
AC=PR=6¢cm

~. AABC = APQR (SSS)

(b) D=2

(c)

(d)

(a)

(b)

(c)

E<Y

F<X

DE=ZY=3m

DEF = Z¥X = 70°
EF=YX=5m

.. ADEF = ANZYX (SAS)
LW

M<YV

N<U

LMN = WVU = 30°
LNM = WOV =70°
MN=VU=T7cm

- ANML = AUVW (AAS)
G<=U

H<T

[<S

GHI = UTS = 90°
GI=US =13 mm

HI =TS =5 mm

- AIHG = ASTU (RHS)
A< FE

B<D

C<F

The 3 sides of AABC are not equal to the 3 corresponding sides

of AEDF.

.. AABC is not congruent to AEDF.

X<0

Y<R

Z<P

XZP = QPR = 40°

YZ=RP=6mm

XZ is not equal to QP.

- AXYZ is not congruent to AQRP.

G<U

H<T

IS

HGI =180° —75° —40° (£ sum of a )
= 65°

TSU = 180° — 55° — 40° (£ sum of a )
=85°

HI=ST=5cm

GAI = UTS = 40°

GIH is not equal to UST and HGI is not equal to TUS.

. AGHI is not congruent to AUTS.
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(d)

(a)

(b)

(c)

(@)

(e)

®

M<P
N<Q
O <R
By Pythagoras’ Theorem,
PO =127 -5

=10.91 cm (to 4 s.f.)
MNO = POR = 90°
NO=QR=5cm

MN is not equal to PQ and OM is not equal to RP.
. AMNO is not congruent to APQOR.

A< C

B<B

D <D

AB = CB (given)

AD = CD (given)

BD = BD (common side)
. AABD = ACBD (SSS)
A<= C

B<D

D<B

AB = CD (given)

AD = CB (given)

BD = DB (common side)
.. AABD = ACDB (SSS)
A< E

B<D

C<C

AC = EC (given)

CB = CD (given)

ACB =ECD (vert. opp. £5s)
~. AABC = AEDC (SAS)
A<= C

B<D

C<=A

BC = DA (given)

AC = CA (common side)
BCA =DCA (alt. /s)

- AABC = ACDA (SAS)
A< C

D <D

E<B

AE = CB (given)

AED = CBD (given)

EAD = BCD (given)

.. AADE = ACDB (AAS)
B<FE

C<F

D <D

BC = EF (given)

CBD = FED (given)
BDC = EDF (vert. opp. £5s)
.. ABCD = AEFD (AAS)

OXFORD
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(® A<C

B<B

D<D

AD = CD (given)

AB = CB (given)

BD = BD (common side)

.. NABD = ACBD (SSS)
(h) A<= C

B<D

C<A

BC = DA (given)

AC = CA (common side)

ABC = CDA = 90°

.. ANABC = ACDA (RHS)
i) R<V

S<U

T<T

RT = VT (given)

ST = UT (given)

RIS = ViU (vert. opp. £)

.. ARST = AVUT (SAS)
(ii) Since ARST = AVUT,

UV=SR=4cm
(iii) Since ARST = AVUT,
UVT = SRT = 80°
(iv) RS is parallel to UV.
i) J=G
I<=H
H<1

JI = GH (given)

JH = GI (given)

IH = HI (common side)

- ANJIH = AGHI (SSS)
(ii) Since AJIH = AGHI,

IGH = HJI = 60°

GHI = 180° — 60° — 40° (£ sum of a A\)

=80°

(a) A<= C

B<D

C<A

BC = DA (given)

AC = CA (common side)

BCA = DAC (alt. /s)

.. AABC = ACDA (SAS)
(b) E<G

F<H

G<E

GF = EH (given)

EG = GE (common side)

EFG = GHE = 90°

. AEFG = AGHE (RHS)



(¢c) <K
J<L
K<1
IJ = KL (given)
JK = LI (given)
IK = KI (common side)
. AIJK = AKLE (SSS)
d M<0
N< P
O<=M
MO = OM (common side)
MNO = OPM = 90°
MON = OMP (alt. /)
- AMNO = AOPM (AAS)
e Q<S5
R<T
S<0Q
0S = SQ (common side)
ROS = T80 (alt. /)
OSR = SOT (alt. Zs)
.. AQRS = ASTQ (AAS)
® U<=0
Ve X
WU
VW = XU (given)
UV = QX (given)
UVW = QXU = 90°
- AUVW = AQXU (RHS)
A< C
B<D
C<A
AB=CD
BC =DA
AC = CA (common side)
. AABC = ACDA (SSS)
BAC = DCA (alt. /s)
ACB = CAD (alt. /s)
AC = CA (common side)
. AABC = ACDA (AAS)
BC=DA
AC = CA (common side)
BAC = DCA (alt. Zs)
.. ANABC = ACDA (SAS)

Exercise 10B

1.

(a) Comparing triangle (i) and triangle (iii),

The 2 angles of triangle (i) are equal to the 2 corresponding

angles of triangle (iii).
.. The two triangles are similar (2 pairs of corr. Zs equal).
Comparing triangle (v) and triangle (vii),

The 2 angles of triangle (v) are equal to the 2 corresponding

angles of triangle (vii).

.. The two triangles are similar (2 pairs of corr. Zs equal).

2.

(b) Comparing triangle (ii) and triangle (vi),

2

12
e
LI
4
78
39
The 3 ratios of the corresponding sides of triangle (ii) and triangle

(vi) are equal.
.. The two triangles are similar (3 ratios of corr. sides equal).

(¢) Comparing triangle (iv) and triangle (viii),

% _,
6
18 _,
4.5

The ratios of the corresponding sides of triangle (iv) and triangle
(viii) are equal and the pair of included angles are also equal.
. The two triangles are similar (2 ratios of corr. sides and

included £ equal).

(a) STU = 180° — 70° — 50° (Zsum of a A)

=60°
A<S§
B<T
C<U
BAC = ISU = 70°
ABC = STU = 60°
. AABC is similar to ASTU (2 pairs of corr. £Zs equal)

(b) XN
YoM
Z<L
Xy _ 4,
NM 8
Xz _ 21 _,
NL 7 7
Z_15 g
ML~ 5
~. AXYZ is similar to ANML (3 ratios of corr. sides equal)

(©) D<=G
E<]
F<H
DEF = GIH = 90°
DE _6 2
G 93
EF 4 2
H 6 3
DE _ EF
Gl IH

.. ADEF is similar to AGIH (2 ratios of corr. sides and included
Z equal).
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3. (a) In the smaller triangle, d U<=U

180° — 60° — 60° = 60° Ve X
In the larger triangle, WY
180° — 50° —65° vOw = X0y (common angle)
2 w.__8 _8_2
Two angles of the smaller triangle are not equal to the two Ux 8+4 12 3
corresponding angles of the larger triangle. uw 10 10 _ 2
.. The two triangles are not similar. Uy 10+5 15 3
225 . AUVWis similar to AUXY (2 ratios of corr. sides and included
(b) 45 =05 Z equal).
15 -05 5. (a) A<= A
30 B<D
8 05333 04sh) CeE
15 ACB = AED (corr. s, BC // DE)
The 3 ratios of corresponding sides of both triangles are not BAC = DAC (common angle)
equal. . AABC is similar to AADE (2 pairs of corr. /s equal).
.. The two triangles are not similar. Since AABC is similar to AADE, then
(¢) Included angle = 110° BC AC
19 04 DE ~ 4E
25 . X 12
1—04667 Le.E =12+4
5 - (to4s.f) Ny
The ratios of the corresponding sides of both triangles are not e 16 x 12
equal. =9
.. The two triangles are not similar. AB AC
4. (@ A<E AD  AE
Beb e, 2 - 12
C<C y+6 16
ABC = EDC (alt. /s) .y _3
ACB = ECD (vert. opp. /) " y+6 4
. AABC is similar to AEDC (2 pairs of corr. /s equal). 4y =3(y+6)
() [ <1 4y =3y+8
J<F y =18
H< G (b) A< E
[JH = IFG (corr. s, JH /| FG) B<D
JIH = FIG (common angle) C/\e c .
- AIJH is similar to AIFG (2 pairs of corr. £s equal). B{C = DEEC (corr. £s, AB // DE)
(€ P<T ACB = ECD (common angle)
0<S . AABC is similar to AEDC (2 pairs of corr. Zs equal).
R <R Since AABC is similar to AEDC, then
PﬁQ =TRS (vert. opp. £5s) AC - BC
PR3 s s
TR 6 ie. 1°3
R = 4 =0.5 6
SR 8 X =—x4
- APQR is similar to ATSR (2 ratios of corr. sides and included 5
£ equal). =438
DE  DC
BA ~ BC
ie. % = %
5
Sy = o x 9
=75
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(c)

(@)

A< A

B<E

C<D

ABC = AED (given)

BAC = EAD (common angle)

. AABC is similar to AAED (2 pairs of corr. Zs equal).

Since AABC is similar to AAED, then
DE _ AE
CB AB
X 6+3
ie. = = ——
4 3

2x4
3

SoX o=

=12
AB

AB _ AC
AE

AD
6

ie. — =
9 3+y

5334y =54
3+y =18
y =15

A< A

B<E

C<F

ABC = AEF (corr. /s, BC I/ EF)

BAC = EAF (common angle)

~. AABC is similar to AAEF (2 pairs of corr. Zs equal).
Since AABC is similar to AAEF, then

AC _ AB
AF ~ AE
. 8 10
Yy T 10+4
8§ _10
8+x 14
8§ 5
8+x _7
56 =40 + 5x
5x =16
x =32
A< A
C<F
D<G

ACD = AFG (corr. Zs, CD /| FG)
CAD = FAG (common angle)

~. AACD is similar to AAFG (2 pairs of corr. Zs equal).

y 8

ie. =
y+3 8+32
oy _ 8
Ty+3 112
11.2y =8y +3)
112y =8y +24
32y =24
y=175
i) A<D
B<C
D<B
AB 1
DC 15 3
BD 6 1
CB 18 3
AD 2 1
DB 6 3

. AABD is similar to ADCB (3 ratios of corr. sides equal).
Since AACD is similar to AAFG, then

(i)
DAB=CDB=110.5°

éXY: 18 cm
5
XY=30cm

UY=§X30=12CII1

AYUV is similar to AYXZ (2 pairs of corr. Zs equal).
Since AYUV is similar to AYXZ, then

Xz _xy
uv uy
. 18+Wz 30
i.e. = —
18 12
18+WZ 2
18 2
18+ WZ =45
WZ =27 cm
0]
9cm
P 5cm 1

APOI is similar to AOBT.
Ol=9-5=4cm

Since AACD is similar to AAFG, then BT _ OT
AD _ AC or.n
AG — AF ie. BT = 2
4 5
BT = 2 x 4
5
=72cm
Length side of square BLUE =9 + 7.2

=16.2cm
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9. (i) B<D (ii) AQPR is similar to ATUR (2 pairs of corr. Zs equal).

A< B PO _ QR
CeC TU ~ RT
ABC = BDC = 90° LPo 12,
BC =DBC (common angle) 0y 6
. ABAC is similar to ADBC (2 pairs of corr. Zs equal). <. The ratio PQ : TUis 2 : 1.
B< D 11. (i) Since A coincides with T when the triangle is folded, ANT is a
Ao A straight line.
C<B Hence MN is perpendicular to AT.
ABC = ADB = 90° (i) A<M
BAC = DAB (common angle) R<N
. ABAC is similar to ADAB (2 pairs of corr. Zs equal). T:_) r R
Hence ABAC, ADBC and ADAB are similar. AST = MIY T=90°
(ii) By Pythagoras’ Theorem, ATR = MTN (common angle)
AB =P 122 . AART is similar to AMNT (2 pairs of corr. /s equal).
(iii) By Pythagoras’ Theorem,
=5 N s
=5m
Since ABAC, ADBC and ADAB are similar, then =100
BC _ AB =10cm
DB AD 1
i.e.ﬂzé NT=§><10=SCm
4 3 Since AART is similar to AMNT, then
" BC =2 x4 Y _ NT
3 AR RT
=6 2 m ie. MN-_ 5
3 6 8
By Pythagoras’ Theorem, MN = 5 <6
2 \2 , 8
CD = (65) -4 =3.75cm
12. A<J
_ 256 J<=A
“No D<E
=51 Since AO = JO and EO = DO,
3 JD = AE
10. (i) AQTU is similar to AQRS (2 pairs of corr. Zs equal). Since AO = JO, EO = DO and JOE = AOE (vert opp. £5s),
or QU AD = JE
OR oS AJ = JA (same side)
jo J2TRT _8+4 <. NAJD = AJAE (SSS)
12 8
g IZTZRT = ; Exercise 10C
2(12+RT) =36 1. A< A
24 +2RT =36 B< B
2RT =12 C<C
RT =6cm AC = A'C (given)
AQPU is similar to ASRU (2 pairs of corr. Zs equal). BC = B'C (given)
PU _ QU ACB = A'CB’ (vert. opp. £s)
RU  SU . AABC = AA'B'C (SAS)
o, PR+6 _8+4 Hence, AB = B'A'.
6 4
§ PR+6 _ 3
6
PR+6 =18
PR =12cm
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A B’
©)

B A

A< A

0«0

B< B

AOB = A'OB’ (vert. opp. )

Since AA' and BB’ are hinged halfway at O,
OA = 0OA' and OB = OB’

.. ANAOB = AA'OB' (SAS)

Hence, AB=A'B'.

ASOR is similar to APOQ.

SR _ OR
PO 00
. SR 30
ie. — = —
4 15
.‘.SR:ﬁ x 4
15
=8m

Hence the height of the tree is 8 m.
P<Q
0«0
C<C
PO = QO (given)
OC = OC (common side)
OCP = 0CQ = 90°
. APOC and AQOC are congruent (RHS Congruence Test).
Hence OC is the angle bisector of AOB.
A< A
B< B
C<C
AC = AC (common side)
BCA=B'CA (same line of vision)
BC=B'C
.. NAOB = ANA’OB' (SAS)
Hence AB = AB'.
Given that the image of the candle is 3 times the length of the candle,
AC 1
DE 3
AABC is similar to ADBE.
BD  DE
BA ~ AC
. X 3
ie. L1
sox =45

7.

P<0Q

0<0

MM

OP = 0Q (given)

OM = OM (common side)

PMOQ = 90°

PM = OM

.. APOM and AQOM are congruent (SSS Congruence Test).
Hence OM is the angle bisector of AOB.

Review Exercise 10

1.

2.

(a) A<= R
B<P
C<=0
AB=RP=5m
AC=R0=7m
BC=PQ= 6m
.. AABC = ARPQ (SSS)
(b) A<= P
B<Q
C<R
AB=PQO=12cm
AC=PR=89cm
BAC = QPR = 80°
. AABC = APQR (SAS)
(c) A<= P
B<Q
C<R
BC=0QR=9cm
ABC = POR = 30°
AB is not equal to PQ.
~. AABC and APQR are not congruent.
(d) POR =180° —75° —45° (£ sum of a A\)
=60°
A< P
B<0Q
C<R
AB=PQ=65mm=6.5cm
BC=0QR=89 mm=28.9cm
ABC =POR = 60°
. AABC = APOR (SAS)
JLK =180° - 55° —50° (£ sumof a A)
=75°
D<J
E<L
F<K
DEF = JLK = 75°
DFE = JKL = 50°
EF=LK= 3cm
.. ADEF = AJLK (AAS)
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3. (@ A<D (f) FoF
B<E He
CC Gl

AB = DE (given)

ABC = DEC (given)

BAC = EDC (given)

.. AABC = ADEC (AAS)

GF = JF (given)

GFH = JF1 (vert. opp. £8)
HGF = JJF (corr. £s, GH // 1)
. AFHG = AFIJ (AAS)

ACB =DCE - AFH = AFI1J (AAS)
BC =EC FAG =FIJ
AC=DC FH=FI
(b) F<F GH =JI
G<=1 4. (a) ABC = 180° — 75° — 40° (£ sumofaA)
H<J =65°
GH = IJ (given) OPR = 180° — 65° — 40° (£ sum of a A)
GHF = IJF (given) =75°
GFH =1IFJ] (vert. opp. £5s) A< P
. AFGH = AFIJ (SAS) B<0Q
FGH = FIJ C<R
FG=FI ABC = PQR = 65°
FH=FJ BAC = QPR =75°
(© KM BCA = QRP = 40°
L< N .. AABC is similar to APQR (3 pairs of corr. Zs equal).
N<L (b) ABC =180° - 120° —25° (£ sum of a A\)
KN = ML (given) =35°
LN = LN (same side) QﬁP =180° - 120° —45° (£ sum of a A)
LKN = NML = 90° =15°
. AKLN = AMNL (RHS) A< Q
KEN = MNL B<P
KNL = MLM C<R
KL =MN ABC = QPR = 120°
d) S<R BAC is not equal to PQR and BCA is not equal to PI/Q\Q.
Q<P .. AABC is not similar to AQPR.
P<0 (€ A< P
OP = PR (same side) B<Q
0SP = PRO (given) C< R
SPQ = ROP (given) AB 2 1
. ASOP = ARPQ (AAS) PO 4 2
SOP = RPQ BC_6_1
SO =RP OR 12 2
sP=kQ AC_5 1
(© E<E PR 10 2
B C . AABC is similar to APQR (3 ratios of corr. sides equal).
FeD d A<P
BE = CE (given) B0
BEF = CED (vert. opp. £8) C<R
BFE = CDE (given) AB = 1
. AEBF = AECD (AAS) PQ 2
EBF =ECD LS
OR 8 2
BF=cb AC 35 7
EF =ED E = ﬁ = E
~.Since the 3 ratios of corresponding sides are not equal,
AABC is not similar to APQR.
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.. Hence OC is the angle bisector of AOB.

(e) A<= P 8. (a) AABC is similar to AADE (2 pairs of corr. Zs equal).
B<R AE _ AD
C<Q AC ~ AB
BAC = QPR =70° o lAta _5+4
AB 6 74 5
PR -2 CT4+a 9
AC 5 _5 - 74 5
PO T3 3 5(7.4 +a) =66.6
.. Since the 2 ratios of corresponding sides are not equal, 37+ 5a =66.6

AABC is not similar to APRQ. S5a =29.6

® AP a =592

B<Q (b) AABC is similar to AEDC (2 pairs of corr. Zs equal).
C<R EC _ D
ABC = POR = 90° AC  CB
AC 9 ie. — = L
PR 45 10 7
BC 7 S 7b =110
ok 350 bolsd
.. AABC is similar to APQR (2 ratios of corr. sides and included 7

Z equal). ED = b

@ 0<0 AB ~ CB
A<B ie. < = n
D<C 8 d

. . Tc =88
AO = BO (given) 4
D? = COA(given) c= 127
AOD = BOC (vert. opp. £s) (¢) APXQ is similar to APAR (2 pairs of corr. Zs equal).
.. AOAD = ANOBC (SAS) PR PA

(ii) Since AAOAD EAAOBC, A A E = X
then OAD = OBC and ODA = OCA. 6+d 944

() PeS ie. s - 9
Q<R 5. 54+9d =78
R<Q 9d =24
PQ = SR (given) 2
OR = RQ (common side) d=2 3
PQR = SﬁQ (corr. Zs, PQ // RS) APQY is similar to APRB (2 pairs of corr. Zs equal).
. APOR = ASRQ (SAS) PY _ PQ

(ii) Since APOR = ASRQ, PB ~ PR
then 0S = PR=5cm e ¢ __6
QPR = QSR = 50° e+3 .52

. P<0 ) 3
0<0 '.8§e=6e+18

C<C 2

OP = 0Q (given) 23e=18

OPC = 00QC =90°

OC = OC (common side) e=67

. APOC = AQOC (RHS) 9. (i) P<R

Since APOC = AQOC, Q<0

POC=0C S< P

POS = ROP (common angle)
0SP = QPR = 90°
- APQS is similar to ARQP (2 pairs of corr. Zs equal).
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(i) Since APQS and ARQP are similar, then
os _ QP
0P~ OR
. S 8
ie. % =0
1005 = 64
508 =64cm
10. (a) (i) B<=A
C<C
D<E
CBD = CAE (corr. /s, BD /| AE)
BCD = ACE (common angle)
. ABCD is similar to AACE (2 pairs of corr. Zs equal).
B<G
C<F
D < E
Since CBD = CAE, CBD = FGE (corr. /s, AC /| FG)
BCD = GFE (corr. s, BC // FC)
.. ABCD is similar to AGFE (2 pairs of corr. Zs equal).
(ii) Since ABCD and AACE are similar, then

(ii) Since APLQ and ARLN are similar, then

LR _ LN
P LQ
. LR 12+ 4
Le. — =
4 8
8LR =64
s LR =8cm
(b) ) N<=N
Q<=M
R<S

NRQ = NSM (corr.2s, SP // OR)

ONR = MNS (common angle)

. ANQR is similar to ANMS (2 pairs of corr. Zs equal).
(ii) Since ANQR and ANMS are similar, then

MS _ NM
OR  NQ
. OMS 12
1.e. — = —
18 24
Ms 1
18 2
S MS =9 cm

(¢c) APLM is similar to ARLQ (2 pairs of corr. Zs equal).

BD _ BC
AE ~ AC
BD _ 6
16 10+6
~. 16BD =96 12. (i)
BD =6cm

(b) BH=18 + 6 =24 cm
AG=BH=24cm
L EG=24-16=8cm
Since ABCD and AGFE are similar, then

FG _ EG
CB ~ DB
ie. E= §
6 6
. FG =8cm
S FH=8+10=18cm
(c) A<« H
C<F
E<D

ACD = HED (corr. Zs, AC /| FH)
AEC = HDF (corr. /s, DH /| AE)
.. AACE is similar to AHFD (2 pairs of corr. Zs equal).
11. (a) () P<R
L<L
Q<N
OPL = NRL (corr. Zs, PO // RN)
PLQ = REN (vert. opp. )
- APLQ is similar to ARLN (2 pairs of corr. £s equal).

OXFORD

(i)

APQM is similar to ASNM (2 pairs of corr. Zs equal).
APQOM is similar to ARNQ (2 pairs of corr. Zs equal).
S5
T<T
R<P
SR=SP=9cm
ST = ST (given)
STR = STP = 90°
. ASTR = ASTP (RHS)
R<R
T< P
U<=0
RTU = RPQ (corr. /s, TU /I PQ)
TRU = PﬁQ (common angle)
. ARTU is similar to ARPQ (2 pairs of corr. Zs equal).
Since ASTR = ASTP, TP = RT.
Since ARTU and ARPQ are similar, then
RO _ RP
RU ~ RT
o 1100 _2
7+UQ =14
L UQ =7cm
PQ _ RP
TU ~ RT
ie. PS—Q = %
. PQ =10cm



13. i) C<=P

A<= A

N< N

AN = AN (common side)

CAN = PAN (given)

Since CP is a straight line,

ANC = ANP = 90°

.. ACAN = APAN (AAS)
(ii) C<=C

M<T

N<P

MCN = TCP (common angle)

Since ACAN = APAN,

CN=PN

CN _ 1

CcpP 2
Since M is the midpoint of CT,

CM 1

CcT 2
. ACMN is similar to ACTP (2 ratios of corr. sides and included
Z equal).
Since ACMN is similar to ACTP, CNM = CPT and MN is
parallel to TA.
Hence MTAN is a trapezium.

Challenge Yourself

1.

The following solution gives the shortest working. If the students do
not manipulate algebra properly, this can lead to a long and tedious
working.

Let the height of APST from P to ST be h'.

Using similar triangles,

K a
hth' b
ie. bh' =a(h+ 1)
bh' —ah' =ah — (1)
Area of trapezium QRST

= area of APST — area of APQR

1 1
=—bh+h)— —al'
p Pir )= 5a
= % (bh' — al’ + bh)
= % (ah + bh) (Substitute (1) into the equation)

1
=—(a+bh
2(01 )

Given PQ = QR = RS, APQU, AVRU and AVST are similar (AA
Similarity Test).
Let QU=xcmand VS =y cm.
Then RU=(5-x)cmand VR=(5-y) cm.
PQ VS
oU ST
S5_Y

X 1

xy=5 —(1)

PO _ VR

QU ~ RU
5 5-y

X 5-x
x(5-y) =5(5-x)
S5x—xy =25-5x
10x —xy =25 — (2)
Substitute (1) into (2),
10x-5 =25
10x=30
x =0
5. QU =3 cm
It is given that AB = AC, CB = CE and BD = BE.
Since CB = CE (given), then DE=9 -5 =4 cm.
ACBE and ABDE are similar (AA Similarity Test since both
triangles are isosceles and ZBEC = £ DEB).

BE _ DE
BC DB

B = 4 since BD = BE (given)
9 BE

BE" =36

BE =6 cm (since BE > 0)
AABC is also similar to ABDE (AA Similarity Test since both
triangles are isosceles and ZABC = £ CBE).

AC _CE

BC ~ BE

ac _9

9 6

.'.AC=§><9
2
=13.5cm
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Chapter 11 Geometrical Constructions

TEACHING NOTES
Suggested Approach

Students have learnt how to draw triangles and quadrilaterals using rulers, protractors and set squares in primary school. Teachers
need to reintroduce these construction tools and demonstrate the use of these if students are still unfamiliar with them. When
students are comfortable with the use of these construction tools and the compasses, teachers can proceed to the sections on
construction of triangles and quadrilaterals.

Section 11.1: Construction of Triangles
Students should be able to construct the following types of triangles at the end of this section:

* Given 2 sides and an included angle
* Given 3 sides
* Given 1 side and 2 angles

As a rule of thumb, students should draw the longest line as a horizontal line. Teachers are to remind their
students to mark all angles, vertices, lengths and other markings (same angles, same sides, right angles etc.)
clearly. Students should not erase any arcs that they draw in the midst of construction and check their figure at
the end.

Section 11.2: Construction of Quadrilaterals
Students should be able to construct parallelograms, rhombuses, trapeziums and other quadrilaterals at the end
of this section.

As a rule of thumb, students should draw the longest line as a horizontal line. Teachers are to remind their
students to mark all angles, vertices, lengths and other markings (same angles, same sides, right angles etc.)
clearly. Students should not erase any arcs they draw in the midst of construction and check their figure at the
end.
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WORKED SOLUTIONS

Practise Now 1

(i) Lengthof AC=11.3cm
(ii) Length of BS=4.0 cm

Practise Now 2

R
T
7.2 cm Q-8 cm
P 8.4 cm Q
(i) Required angle, QﬁR =77°
(ii) Length of QT =5.3 cm
Practise Now 3
VA
U
48° >6°

OXFORD
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(iii) The point U is equidistant from the points Y and Z, and equidistant from the lines XY and XZ.

Practise Now 4

1. 7
/
8.5cm

Length of AC =12.2 cm

2. p ' C
L] ' A
+ ,/'/ = 6.5cm
Al } Llp
10.5 cm

Length of AC =12.3 cm

OXFORD



Practise Now 5

1. S
6 cm
9cm
= 9cm
P
4.5cm R
6 cm
o
ORS=171°
2. s
P R
12 cm
7.5 cm
o
QRS =74°

OXFORD



Practise Now 6

P 5.6cm

(i) Length of PS=7.0 cm
(ii) PSR =54°

Practise Now 8
Practise Now 7

5cm

A

M 5cm N
8 cm 10 cm
mMNO = 118°
6 cm
B 3.5cm
mCD =9 cm

OXFORD



Practise Now 9

Y 6 cm X
6 cm s N 6 cm
z 6 cm W
mWY = 8.4 cm
Practise Now 10
S
P
7lcm
Q
mRS =5 cm

Practise Now 11

D C
N
N\
AN
6 cm N\
AN
AN
AN
A 4 om \"ﬁ
m BD =6 cm
Practise Now 12
P O
/
/
/
/
<
/ 9
/
/
/
AT
M S5cm N

Length of the rectangle is 6.9 cm

OXFORD
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Practise Now 13

C

7/

u“‘o
)
D

6 cm B

N

A

Length of the longest side is 2.8 cm

Practise Now 14

H 5.5cm /AG

70°

E 5.5cm F

mFH =6.3



Practise Now 15

mABC =97°

Practise Now 16

mXYZ="18

@ OXFORD



Exercise 11A 3. P

1 C
6.5 cm
10 cm 10 cm
80°
A 8cm B
Length of AC =9.4 cm
2. C
& 9cm
QPR = 53°
4.
9cm
-
A 5cm 5
Length of AC=7.5 cm
ft
9.5 cm
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45° 60°

X Y
10.2cm

Length of XZ=9.1 cm

9.8 cm

(i) Lengthof AC=11.6 cm
(ii) Length of BS=5.9 cm

OXFORD



8.8 cm

A

60°
9.4 cm
(i) Required angle, BAC =52°
(ii) Length of CS=3.9 cm
T
9.5cm
8.5cm
0 ! - !
9.8 cm

(i) Required angle, PQR =52°
(ii) Length of QT =8.0 cm

OXFORD
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9.2 cm

8.8 cm

R
Q 10.4cm

(i) Required angle, QﬁR =71°
(ii) PT=4.2cm

(i) Lengthof XZ=7.5cm X t 8 cm t Y
(ii) Length of UY=7.2 cm

(iii) The point U is equidistant from the points X and Y, and
equidistant from the lines XY and YZ.

OXFORD



12.

C 5cm
11 cm
N
62°
T
A
10.2 cm
(i) Length of BC =10.9 cm
(iii) Length of ST =4.7 cm
13. C
4.6 cm
54° | |
A ' 8.5cm ' B
OXFORD
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14. R

7.9 cm
9.2 cm
P
/8.3 cm Q
Exercise 11B
1.
}
}
12 cm

Length of diagonal BD = 16.9 cm

OXFORD



2. 96mm=9.6 cm
84 mm = 8.4 cm

[ '
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. )
. ,
. )
. )
. ,
N
o .
mm N
= *
:
PN
N
. .
. .
) .
) .
) .
) .
) .
)
)
)
,
)
,
.
,
.
,
)
)
)
)
)
.
,
)
,
,
o1
|

96 mm

Length of each of the two diagonals = 12.8 cm

1
LI
6 cm

Length of each of the two diagonals = 10.1 cm, 6.5 cm

OXFORD
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P H S
9 cm
7.5cm

¢ 12 cm R

0Ps = 133°
5. 60mm=6cm

9mm=0.9 cm

s i R

1
P 60 mm ¢

OPS =171°

6.7 cm

(i) Lengthof PR=7.1 cm
(ii) RPS=70°

OXFORD



W, 6 cm 7 5.5cm
AT ZTR
4.5cm ’ . //
5 o
s lq e 4
S [Va) ’,l g
60° . /'
X 8 cm Y o
Length of YZ=3.9 cm ol
Length of WY =6.9 cm L
PL- Q
8. Quadrilateral 5.5¢cm
Diagonal PR = 7.5 cm
11.

140°

4.5cm
Length of YZ=3.9 cm
m<QRS = 140°

measure & write the size of sides & angles marked wired.

9. Quadrilateral

A
A
Z S
Q
s XS
(&)
o~
B
3cm

C

D

mNO =4.2 cm

12.

3.5cm

M 6.5cm
Length of diagonal MO = 7.2 cm

In each case Don’t draw the redline it is to be measured only @



13.

14.

D
—
A&
A 6cm

Breadth of the rectangle ABCD = 3.5 cm

," 70 701)1

15.

Length of the shorter side Ps = 3.4 cm

P 3cm @)

/V\
65° 0306\

M

3cm N
mNP =1.3

~

m<WXY=90°

\\\\\\\\\\\



18. 56 mm =5.6 cm
112mm=11.2cm

112 mm

Length of WY =11.6 cm
Length of XZ =10.7 cm

(i) Length of diagonal BD = 8.4 cm
(i) Length of AT=7.1cm

N (i) Lengthof 0S=5.4cm
P Zom Q (i) Length of SU=4.5 cm

OXFORD @



21.

10 cm

(iii) Length of PO =7.0 cm

T

10 cm

i) ORS=119°
(ii) Length of PT=5.4cm

OXFORD



23.

7 cm

p O

11 cm

(i) ORS=109°
(ii) Length of RU=4.1 cm

24,

(i) Length of WY'=8.6 cm
(ii) Length of ST=6.5cm
(iii) WX = 105°

25. s
T R
5.8cm
4.6 cm
120°
105°
X | R i
6.5 cm 0

OXFORD <::::::::::::>
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Review Exercise 11
1. ¢

60°

A 4.5cm B

(i) Lengthof AC=5.4cm
(i) Length of CS=3.3 cm

(i) Required angle, OPR = 46°
(ii) RT=79cm

T 12 cm

OXFORD



8cm

OXFORD
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(iii) Rhombus



5.5cm

A 120°
S B

(i) Lengthof BD=7.1cm
(i) Length of ST =6.5 cm

6 cm

=

2cm
60°
P []
8 cm
(i) Required angle, ORS = 123°
(ii) Length of QU =6.5 cm

OXFORD



45°

(ili) AB=BC=AD=CD="7.1cm
ABCD is a square.
(iv) Length of DS =9.3 cm

Challenge Yourself
1. 2. P
R
6 cm 6
cm
7 cm
P H o 1 0
0 8 cm
Incircle
Circumcircle

OXFORD



Chapter 12 Further Geometrical Transformations
TEACHING NOTES
Suggested Approach:

This topic deals with spatial visualisation and teachers would be able to find many examples in the surroundings. Teachers
should make use of these everyday examples to help students understand transformations from a three-dimensional point of
view, in order for them to apply the concepts to the drawing of graphs.

Section 12.1: Rotation
Teachers should highlight the importance of providing exact specifications for transformations. In the case of a
rotation, the centre of rotation needs to be specified. The importance of specifying the centre can be illustrated
by calling up students to stretch out an arm each, and rotate it 90 clockwise. A few possibilities would arise as
some might rotate their arms such that the centre of rotation is the shoulder, or at the elbow joints, or with their
wrists at the centre of rotation.

Section 12.2: Enlargement
Teachers can revise the construction steps needed for the enlargement of a given figure with a positive scale factor.
Teachers should then proceed to illustrate the construction steps for negative scale factors, and the construction
steps involved in finding the centre of enlargement as well as the scale factor if given the original figure and its
image.

OXFORD



WORKED SOLUTIONS
Thinking Time (Page 350)

The distance between A and A’ and that between C and C’ from the centre
of rotation will be the same. Points along the perpendicular bisectors
of AA’ and CC’ indicate where the respective distances between A
and A’, and C and C' are equal. Hence, the point of intersection of the
perpendicular bisectors would mean that this point is equidistant from
both A to A" and C to C’, thus the centre of rotation lies here.

Class Discussion (Enlargement in our surroundings)

Teachers can come up with an example of enlargement in the classroom,
for example an A5 notebook compared to an A4 one, before getting
students to build on this and discuss with each other.

Practise Now 1

I~

=t

(a) From graph, vertices of ALMN are L(- 1, 6), M(0, 9) and N(1, 6).

(b) From graph, line m, is the perpendicular bisector of AP while line
m, is the perpendicular bisector of BQ. The point of intersection of
these two perpendicular bisectors D(4, 3) gives the centre of rotation.
Joining AD and PD gives the angle of rotation which is 90 clockwise.

Practise Now 2 &

B

OXFORD
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Practise Now 3

Practise Now 4

(a) From the graph plotted, coordinates of centre of enlargement are
(-1, 0).

(b) Scale factor = Q = i =2
AB 2



Practise Now 5

%

%

5. ] ] ] I
& i iz i 8 I
I

(a) From the graph plotted, A is the invariant point and hence, centre of
enlargement is (1, 1).

(b) Length of AB = 6 units
Height of AABC =5 units

.. Area of AABC = % ©6)(5)

=15 units®
Area of AAPR=3"x 15
=135 units’
Exercise 12A
1.
g B

@ OXFORD



=

I
1T

From graph,
grap . . . (ii) From graph, line m; is the perpendicular bisector of AA" while
(a) Image of P under clockwise rotation of 90 about R is P'(3, -3) . . . . .
. . . . line m, is the perpendicular bisector of BB'. The point of
(b) Image of Q under anticlockwise rotation of 90 about P is

0'(7,6)
(c) Image of R under 180 rotation about Q is R'(9, -2)

Bl
yi Y
(ul

A AREE!

intersection of these two perpendicular bisectors (2, 0) gives
the centre of rotation. The angle of rotation is 180°.

kv
£ P i
1T

(a) From graph, centre of rotation is given by point of intersection
D.
(i) Coordinates are (6, 3)
(i) Angle of rotation = 180°

(b) From graph, line m, is the perpendicular bisector of QQ" while

(a) From graph, coordinates of the image are (6, 5).
(b) From graph, coordinates of the image are (7, 0).
Since R represents an anticlockwise rotation of 240° about
the origin, R* will be (240° x 2) — 360° = 480° — 360° = 120°
anticlockwise rotation about the origin. R* will then be 120° x 2 = . . . . )
240° anticlockwise rotation about the origin. h.ne 18 the.: perper'ldlcular l?lsector of PP .
(i) The point of intersection of these two perpendicular
bisectors at E gives the centre of rotation, with coordinates
5,2).
(ii) The angle of rotation obtained by joining PE and PE' is
90°.
(¢) From graph, the coordinates of the vertices are (2, 2), (0, 0) and
2,-1).

OXFORD @
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:ﬁ H:;’i

L\S)

Points A(0, 2) and B(-2, 0) lie on the line y = x + 2. Under a clockwise
rotation of 90 about the origin, point A becomes A’, and B becomes

A.
Gradient = — =1
run .
y-intercept = 2 (© N
.. Equation of the lineis y=—x+2ie. x+y=2. ) Tl
8- EEEE#""""""""”%’””””””””””””"”””””””””” T e
IIE S|
& ~
\ (i) ’
\ e e g

(i) From graph, coordinates of Q" are (6, 1). .. k=6.
(i) From graph, line m, is the perpendicular bisector of PP’ while ) /
line m, is the perpendicular bisector of QQ'. The point of

intersection of these two perpendicular bisectors (2, 0) gives
the centre of rotation. The angle of rotation is 90° clockwise.

.. The image of the point (1, 2%) on line PQ is ( 4%, 1) on

line P'Q'".
(iii) The coordinates of the point on line PQ whose image is

(51, 1) on line P'Q’ are (1, 31) .
2 2

Exercise 12B
1. (a)

P
[ _—— ————
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®
’ 5.
R ~
4 ,
7 T~ 2 3 Y
1 B T ‘
8
: 1 .1 1 .1
From the graph, the coordinates are P| 2 > 2 5] (0] 35, 15
- and R(2, 2).
Bl
; 6.
2 5 3 1
10
: ; ‘ ; i ﬁﬂ:
/ (a) From the graph plotted, A is the invariant point and hence, centre
of enlargement is (2, 1).
,I (b) From the graph, coordinates are P(12, 1) and Q(6, 7).
/ / 7.
/ e /
; g &
Z ad 0 /
/ I
8 [ i
—_—t—tf e\ / B EmE
~ \ \ H
AR EN <L HRMAR AR AN EnE AR AL JRE AR AR JREARARRRr (RNANENARC NEARENNRL JRREN NRL/imEAN RARE REN
2 3 A L l ﬁég

Frﬁm thengraph plotted, the coordinates are L ( 1 %, 3) ,M(2,5) and

OXFORD @ N|5.2=1.
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(c)

B4 S 6

o

(a) Image of Ais A'(4,4)
(b) Image of B is B'(10, 6) AR R dn ARaEEEEARE aR J 0
(¢) Image of Cis C'(4,2)

From graph, coordinates of centre of enlargement are (4, 3).

AIBI
Scale factor = — =— 2 =_ l

(d) Image of D is D' (4%, 5)
AB 6 3

(a)
’ (d)
=
% 4 PRGN
€3
) 5 3
I
£ . 1
From graph, coordinates of centre of enlargement are | 5 > 3.
3 Y %;E A’B ’ 2 1
i i : H Scale factor = AB "6 3
From graph, coordinates of centre of enlargement are (5, 5).
rp 10.
Scale fact A58 3 2
cale factor = —r _ll_ -
2 16 \
/
(b) :
/! \
/!
/ \
/ \
7 i \
- [ ' \
r / \
; B 8 \
|
i - ﬁg&
From graph, coordinates of centre of enlargement are (0, 1). gk / §
Scale factor = B =i=2 | \ /
2 [ \ -/
/ /
R B IR s 1 e b e e e IR e e e E R et
L _SE
: 8




11. (a) (d)
[Emnm (1)
HHTE K
\
% \
\
AL \ \ f
/ \ \
LR x|
= 4 F 5. o3 ] % H
T i F F
1 § icaasa
(b) © i
I BN ABNARRENREN ABRa S By =33 RBN RGN N SNNARUEREN SN YauNRRRRuN swmAR)y RN Suma
I
I
i
/ r 1 H i
i | a8 LI : 2
I L N I —
/!
EESsERs
|
/
/!
/!
/
T Ly
M HEHHHH R :
(©)
12. (a)
Y
cal
7| 2 2y ﬁ77
x B
2 P 2 GSaaaees From graph, coordinates of centre of enlargement are (7, 6).

PO 6

Scale factor= — = 5 =2
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5. 1 ]
3 i 8

From graph, coordinates of centre of enlargement are (2, 1).

Scale factor = Q = 2 =3
CB 3
(©
i o -
i NN N ""”’”"’:’“F"""”””‘:”””””””” E NS NN SN NN N
A 1 1 ] E

From graph, coordinates of centre of enlargement are (4, 6).

Scale factor = Q = E =1 l
CB 4 2
Gy
[Seama (0]
eal 'R

From graph, coordinates of centre of enlargement are (4, 6).

Scale factor:—Q =_£ =_l
AB 6 3

13.

(e)

%

3

From graph, coordinates of centre of enlargement are (3, 2).

Scale factor = Po =

T =2
17
2
)
B i & i T —

From graph, coordinates of centre of enlargement are (4, 5).

Scale factor = — PO =— 36 =2
AB 1.8

(a) The image figure is AABC.
(b) The image figure is rectangle PBOR.

OXFORD
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14.

(a) From the graph plotted, the coordinates are P(—6, 5) and

0(0,-3).
(b) Length of PQ =5 x 2 units
= 10 units
15.

From the graph plotted, the coordinates of AABC are A(1, 1),

B(5,2) and C(2, 3).

16.

Ev
y
"

A

8

T
& IT
LT

From the graph plotted, the coordinates are A(1, 1) and C(0, 3).

OXFORD
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17. Since PQRS is a square, PQ = RQ =20 cm

18.

Scale factor = ro = 20 =2
AB 10
Let the distance of centre of enlargement from point A be x.
Distance of centre of enlargement from point P will be twice that
of point A, i.e.
2x=x+20
x=20

.. The distance of the centre of enlargement from point A is 20 cm.

Area of image = &’ x (area of original figure)
When k=4, k=2




19.

18
C_,,—"/
6
- _E.‘ z ’_’_’_‘_’: _________ ]
>4 8 B 4 P 24 o
From drawn diagram, FA = 1.5 cm
o Lengthof EA=1.5x4
=6cm
20.
A L >
o
>
5cm | =+ H—— ]
1 >t I
(b)== =
60° . ]
9cm

D
(a) AALO is enlarged by a scale factor of -3 at centre O.

Review Exercise 12
1. (a) Under a reflection in the y-axis, (a, b) — (-a, b)
.. Coordinates of image of P are (-2, —1).

(b) Under a 90° anticlockwise rotation about the origin, (a, b) —

(=D, a)
.. Coordinates of image of P are (1, 2).

(¢) The translation is represented by [ 5 ]

2)-5)-(3)

.. Coordinates of image of P are (3, 4).
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From the graph plotted, from enlargement centre (0, 3), the image
of P at x = 4 will give P'(4, 7). Hence, scale factor of enlargement
=2.

Coordinates of the image of Q, Q" are (6, —1).
sp=T,m=6andn=-1

Scale factor, k =4

BC _

a k=4

(a) BC

(b) Size of AB'C’ =size of ABC
. AB'C’ -1
" ABC
M =kK=4=16
area of ABC

OXFORD

(a) AB:AB,=1:2

(b) Scale factor of enlargement = -2
Area of AAB,C, : area of AABC
=(=2y:1
=4:1

i

3 I
t

(a) From the graph plotted, coordinates of centre of enlargement
are (1, 1).

rp’

(b) Scale factor = =3

(¢) From graph, coordinates of the image are (4, 4).
(d) From graph, coordinates of the point are (2, 3).

1

(a) From the graph plotted, the coordinates are A,(—4, 0), B,(—4,
—4) and C,(-12,-4).

b 22 =2 2o
AB 2

areaof AABC 1

1
area of AAB,C, 2° 4



9.

(a) Enlargement at centre A with scale factor 4

(b) Translation parallel to AP with length AP

(c) 180° rotation about point P

(d) Enlargement at centre A with scale factor 2

(e) Enlargement at centre point X, where 2HX = XK, with scale
factor 3

(f) Enlargement at centre B with scale factor 2

Challenge Yourself

1.

From the graph plotted, AABC will be mapped onto AA,B,C, under

a 90° clockwise rotation about the origin.

(a) PQ would be a reflection in the x-axis followed by a 90°
clockwise rotation about the origin. Taking the point (1, 1):
After Q, the image would be (1, —1); followed by P, the image
would be (-1, -1).

.. A single transformation equivalent to PQ would be a reflection
in the line y + x =0.

(b) QP would be a 90° clockwise rotation about the origin followed
by a reflection in the x-axis.

Taking the point (2, 1):

After P, the image would be (1, -2); followed by Q, the image
would be (1, 2)

.. A single transformation equivalent to QP would be areflection
in the line y = x.
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Chapter 13 Statistics
TEACHING NOTES
Suggested Approach

Students are already familiarised by histograms. In this chapter, they will learn about frequency polygon using histogram of
grouped data with unequal class intervals. They will further learn about standard variance and its applications in real-life.

Section 13.1 Frequency Polygons
It is crucial that the differences between ungrouped data and grouped data as well as discrete and continuous
data are stated at the beginning. The use of class intervals for grouped data is what differentiates both types of
data, as the interval ‘groups’ similar data together. Students are also required to make frequency tables in this
section.

Students can be grouped together to discuss and present the similarities, differences, advantages and disadvantages
between a stem-and-leaf diagram and a histogram for grouped data.

Students are to be exposed to the usage of histograms for grouped data with unequal class intervals.

Section 13.2: Standard Deviation
Teachers can use use the Investigation activity on page 375 to introduce the need to have a statistical measure —
standard deviation — to describe the distribution of a set of data. Then, guide the students to go through the
Investigation activity on page 376 to obtain the formula for a new measure of spread. With this, there should be
more opportunities for the students to compare the means and standard deviations of two sets of data by referring
to the context of the questions.

Teachers should take time to go through the use of calculator to find the mean and standard deviation for a set of
data. Also, teachers should engage the class in the Class Discussion on page 385 to allow the students to discuss
about examples of inappropriate representations of data from newspapers and other sources, e.g. whether certain
representations are misleading.
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WORKED SOLUTIONS

Investigation (Are Averages Adequate for Comparing
Distributions?)

1. °

1 2 3 4 5

\

2. No, as these three averages are not able to describe the distribution
of the set of data.

Investigation (Obtaining a Formula for a New Measure of
Spread)

Part 1: Mean Temperatures

1. Mean temperature of City A

_ 25+24+26+33+31+29
- 6

=28°C
Mean temperature of City B

_21+15+23+36+41+32
- 6

=28°C

2. Yes

3. The spread of the temperatures of City A is less wide as compared
to the spread of the temperatures in City B.

Part 2: Spread of the Temperatures

4. _
x xX-X

25 25-28=-3

24 24 -28=-4

26 26-28=-2

33 33-28=5

31 31-28=3

29 20-28=1

Sum S(x-x)=0

5. The data of City B is more spread out.

X xX—-X
21 21-28=-7
15 15-28=-13
23 23-28=-5
36 36-28=8
41 41-28=13
32 32-28=4
Sum S(x-x)=0

The value of 2(x — ¥) from City B is the same as the value of
Z(x —X) from City A.

This is not a good measure of spread since it does not show that the
spread of the temperatures in City B is wider than that in City A.
For City A,

X (x -x%)°
25 (25-28)° =9
24 (24 -28)* =16
26 (26 -28)" =4
33 (33 -28)* =25
31 (31-28Y =9
29 (29-28)" =1
Sum S(x-%) =64
For City B,
X (x - f)z
21 (21 -28)* =49
15 (15-28) =169
23 (23-28)* =25
36 (36 —28)* = 64
41 (41-28)* =169
32 (32-287 =16
Sum S(x — %) =492

The value of 2(x — X)* from City B is greater than the value of
3(x — %) from City A.

This is a good measure of spread since this will remove the negative
value of the difference between each data and the mean and hence
show that the spread of the temperatures in City B is wider than that
in City A.

3(x — ¥)* will increase when there are more data values.

No, it does not mean that the spread will increase when there are

more data values.
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9. For CCity A,
T(x-%) 64
—— =% - 10.7 (to 3 s.f.)
For City B,
T(x-%) 492 )
6 T 6

This will provide a good indication on how the data are spread about
the mean since it takes into account the number of data.
10. For City A,

,/@ =\/% =3.26 (to 3 s.f.)

11. For City B,

,/@ =,/% =9.06 (to 3 s.f.)

12. The standard deviation for City B is larger. This means that the
temperatures of City B are more widely spread than those of City A.

Thinking Time (Page 384)

The measured mean is 1.5 °C higher than the correct mean since the total
error of the measurements is divided by the number of measurements.

There will be no change in the standard deviation since the difference

between each data and the mean cancels the 1.5 °C error.

Class Discussion (Matching Histograms with Data Sets)

Histogram A represents data set V since the distribution is skewed to the

right so its median should match the bar on the left.

Histogram B represents data set III since the distribution is skewed to
the left so its median should match the bar on the right.

Histogram C represents data set VI since its mean and median are close

to each other so its distribution is more symmetrical.

Histogram D represents data set II since its mean and median are the
same so its distribution is more symmetrical. But the data is more widely
spread so standard deviation is higher.

Histogram E represents data set I since the distribution is skewed to the
left so its median should match the bar on the right. Also, its mean and

median are close to each other.

Histogram F represents data set IV since the distribution is skewed to
the right so its median should match the bar on the left.
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Practise Now 1

Method 1 (Using the heights of rectangles)

Circumference (x cm)

Method 2 (Using frequency densities)

Circumference Class width Frequency | Rectangle’s
(x cm) height
40<x=<70 30 | 3 x standard 33 33+3=11
70 <x <80 10 | 1 x standard 27 27 +1=27
80 <x =100 20 | 2 x standard 30 30+2=15
100<x <110 10 | 1 x standard 6 6+1=6
110 <x < 120 10 | 1 x standard 4 4+1=4
A
281 -
2 244
1)
=
S 201
2
Z 16+
=]
s 12+
20
2 51
0 ‘Av >
40 70 80 100 110 120

Circumference (x cm)

Circumference F Class Frequency density
requenc
(x cm) quency | width _ Frequency
Class width
0<x=<70 33 30 33+-30=1.1
70<x <80 27 10 27+10=2.7
80 <x =100 30 20 30-20=1.5
100 <x < 110 6 10 6+10=0.6
110 <x < 120 4 10 4+-10=04
A
304+
Z 25+ ]
E 20+
T 15+
g
= 1.0+
£ 05+
0 3o 70 80 100110 120"




Practise Now 2

(a) Mid-value =45

_ Xx
Mean, x = —
n

_ 104
-3

=13

(b) Marks (x) Mid-value Number of students
20 <x <30 25 2
30<x <40 35 3
40 <x <50 45 8
50 <x < 60 55 9
60<x <70 65 11
70 <x < 80 75 5
80 <x <90 85 2
Practise Now 3
x x
6 36
9 81
15 225
26 676
10 100
14 196
21 441
3 9
Sx =104 3’ = 1764

.. Zx
Standard deviation = S X

=7.18 (to 3 s.f.)

Practise Now 4

Standard deviation of their ages = 3.74 years

Practise Now 5

(a)

Marks Frequency Mld(-xv)alue fx Joa
0<x<4 3 2 6 12
4<x=<8 8 6 48 288
8<x=<12 14 10 140 1400

12<x=<16 2 14 28 392
16<x<20 3 18 54 972
Sum 3f=30 Sfe=276 | Ifx’ = 3064
)
(i) Mean, = E—J;f
_ 26
T30
=92
.. o EA
(ii) Standard deviation = 57 -
_ [3064 2
=30 "~ 92

=4.18 (to 3 s.f.)

(b) Since the mean mark for Class A is lower than that of Class B, the

students of Class A did not perform as well overall in comparison
to the students of Class B.

Since the standard deviation of Class A is higher than that of Class
B, this indicates that there is a greater spread of marks in Class A,
i.e. some students scored very high marks while some scored very

low marks.

Practise Now 6

Standard deviation =12.1¢g
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Exercise 13A

1. () A
9_
7__
z °T
§ 5+
=
E ot
=
3 4
2__
1 4
07510 15 20 25~
Number of laptops
(i) Thel ine on the histogram shows the required frequency
polygon.
2. (a
Lower class | Upper class
Marks Tally Frequency
boundary boundary
56 — 60 1l 55.5 60.5 7
61 -65 1/ 60.5 65.5 7
66 — 70 # 65.5 70.5 5
71-175 H HH# 70.5 75.5 10
76 — 80 t 75.5 80.5 5
81-285 1 80.5 85.5 5
86-90 1 85.5 90.5 2
91-95 " 90.5 95.5 3
96 - 100 1" 95.5 100.5 3
(b) 90.9:91-95
66.2: 66 — 70
81.5:81 -85
(0 A
10+
9 =+
8 —+
‘7 —+
2ol [N
Q
]
g 5t
=
4 —+
\
\
1 —+
0 '55.5 60.5 65.5 70.575.5 80.585.5 90.5 95.5 100.5 >
Marks
(d) The line on the histogram shows the required frequency
polygram.
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3.

4.

(a) Total number of shops =4+ 11 +15+24+18+9+3

(b)

22+
20+
18+
161
14+
12+

Frequency

10+
g1
6L
4+
s

0

(a)

=84

A

790 95 100 105 110115 120 125=
Cost (x cents)

Class
interval

Class
width

Frequency

Frequency density
_ Frequency
~ Class width

0<x=<20

20

4+20=0.2

20 <x =30

10

12

12+10=12

30<x =40

10

14

14+10=14

40 <x <50

10

11

11+10=1.1

50<x=<70

20

8+20=04

70 <x =< 100

30

6+30=0.2

(b)

Frequency density
e 2 ==
» o b
1 1 1 1 -
T T Ll

e 2 2

N~
| |
T

.

o

»
'

S N A
| } |

Frequency density
<)
o]
}

e 2 2
s B @

20 30 40 50 70

100

20 30 40 50 70

100




It is an open ended question. Students may give different answers.

Since the class intervals are unequal, the histogram is to be drawn

using either height of rectangle or frequency density.

a Frequency density
ass
. I Class width | Frequency _ Frequency
interva = Class width
10=<x<15 5 32 32+5=64
15=<x<20 5 40 40+5=8
20=<x<25 5 25 25+5=5
25 =<x<30 5 12 12+5=24
30 <x<40 10 7 7+10=0.7
40 < x <50 10 4 4+10=04
A 9,
8.0
70T
6.0
&
Z 50T
3
z
§ 40+
=
=
£
<9
30+
20T
1.0
0 ‘Av >
7.510 15 20 25 30 50 55
Length of service (x years)
Length (mm) Mid-value Frequency
25-29 27 2
30-34 32 4
35-39 37 7
40 - 44 42 10
4549 47 8
50 - 54 52 6
55-59 57 3

The points to be plotted are (22, 0), (27, 2), (32, 4), (37,7), (42, 10),
(47, 8), (52, 6), (57, 3) and (62, 0).

Frequency

30
25
20
15
10

Number of crates

%0 1 2 34 5 6 7 8 9
Rotten oranges from Country A

501
451
401
351
301
251
201
15+
101

Number of crates

00 1 23 456738 "
Rotten oranges from Country B

(ii) Largest number of rotten oranges found in a crate from
country A=9
Largest number of rotten oranges found in a crate from
country B =8

(iii) Total number of rotten oranges from country A
=@x0)+OxD+(12x2)+(28x3)+(22x4)+(15%x5) +

5x6)+2x7+2x8+(1x9)

=0+9+24+84+88+75+30+14+16+9
=349
Total number of rotten oranges from country B
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=GIx0)+BOxD+@x2)+@x3)+(Ix4)+(2x5)+
2x6)+(I1x7)+(1x8)
=0+30+16+12+4+10+12+7+ 16
=99
(iv) P(crate contains no fewer than p rotten oranges) = %
Number of crates with no fewer than p rotten oranges
=3 %100
4

=75
Since 1 +2+2+5+15+22+28=175,
sp=3

Exercise 13B

1. (a . B

3 9

4 16

5 25

7 49

8 64

10 100

13 169

x =50 ' =432

Mean, x = Ix
n
_ 50
7

=7.1429 (to 5 s.f.)

. Xx _
Standard deviation = S x?

432

== - 7.1429°
=3.27 (to 3 s.f.)
(b) . 2
28 784
25 625
32 1024
20 400
30 900
19 361
22 484
24 576
27 729
23 529
Sx =250 3 = 6412

_ X
Mean, x = —
n

_ 250
10
=25

.. zx _
Standard deviation = " x°

_fearz
=\ 2

=4.02 (to 3 s.f.)

© x x
-5 25
-4 16
0 0
1 1
4 16
-2 4
3x=-6 = =62
Mean, x = Ix
n
]
6
=-1
2
Standard deviation = \’ Z% -x°
62 )
=\g ~ D

=3.06 (to 3 s.f.)

2. (a) Standard deviation = 11.1 (to 3 s.f.)
(b) Standard deviation = 9.35 (to 3 s.f.)

(c) Standard deviation = 11.9 (to 3 s.f.)

3 Marks (x) | Frequency fx Noa

2 5 10 20

3 7 21 63

4 6 24 96

5 4 20 100

6 9 54 324

7 3 21 147

8 6 48 384

Sum Sf=40 | Sfr=198 | I’ =1134

Mean, x = Zzi;
_ 108
40
=4.95




. A
Standard deviation = >f -X Mid
Salary (PKR) | Frequency ! 16 fx i
1134 value (x)
—— — 495’
40 200 <x <220 8 210 1680 352 800
=196 (to3s.8) 220 < x < 240 23 230 520 | 1216700
Number of goals
24 <2 1 2 4 1
scored per match (x) | Frequency Jx fx 0 <x <260 6 50 000 000 000
0 10 0 0 260 < x < 280 3 270 810 218 700
1 3 3 3 280 < x = 300 10 290 2900 841 000
Sfx pYs
2 7 14 28 Sf=
Sum /=60 = 14680 | =3 629200
3 6 18 54
- Ifx
4 2 8 32 Mean, x = 7
5 3 15 75 _ 14680
=60
6 1 6 36
=245 (to 3 s.f.)
Sum Sf=37 Sfi=69 | I’ =233 ]
.. Zfx —2
Standard deviation = -X
2f
— Zfx
Mean, x = g 2
3629 200 2
_9 ="  |**3
T 37
= 1.86 (t0 3 5.f) =250 (to3sf)
: 7. (a) Standard deviation = 11.7 (to 3 s.f.)
Standard deviation = Z{x _3 (b) Standard deviation = 7.23 (to 3 s.f.)
f 8. (i) ForClass A,
_ |23 (e x %
-\ 37 37
4 16
=1.68 (to 3 s.f.)
6 36
Mid- 6 36
x Frequency fx fx
value (x) 7 49
0<x<5 4 2.5 10 25 ] 64
5<x=<10 12 7.5 90 675 10 100
10<x=<15 20 12.5 250 3125 11 121
15<x<20 24 17.5 420 7350 12 144
20<x <25 16 22.5 360 8100 Sy =64 2 = 566
25<x=<30 4 27.5 110 3025
M - Xx
Sum Sf=80 Sfc= 1240 | Sf3 =22 300 ean, x = —-
_ 64
— Ifx By
Mean, x = =—
xf =8
1240
T80
=15.5
dard deviation = | 22 - ¥
Standard deviation =  f

~ [22300 R
_,/ 5 155

=6.20 (to 3 s.f.)
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9. (i) Mean mark = 10
x+5+16+6+10+4

=10
Standard deviation = N x° 6
n x+41 =60
566 , x =19
=4]/——-8
8 (ii) 2
=2.60 (to 3 s.f) * *
For Class B, 4 16
x x 5 25
0 0 6 36
1 1 10 100
1 1 16 256
2 4 19 361
3 9 Sx =60 =¥’ =794
14 196 , 2
Standard deviation = L X’
17 289 n
25 625 = % -10?
Sx =63 S =1125 =5.69 (to 3 s.f.)
(iii) Seema had the highest score of 19 marks, and performed much
— Xx . . .
Mean, x = - better than her friends, given that her score was almost twice
63 that of the mean mark.
=< 10. (i)
8 x x
=7.875
2 23 529
Standard deviation = g
eviation =q=,~ =¥ 15 225
= % ~ 7875 8 64
=8.87 (to 3 s.f) 13 169
(ii) The mean scores of the students from Class A and Class B are 28 784
approximately the same. This means that the students from 6 36
each class in general did not perform better or worse than the
students from the other class. However, the scores of Class B 15 225
have a higher standard deviation than those of Class A, which Sy = 108 2 = 2032
indicates that there is a greater spread in the scores of Class B. 5
Mean, x = =X
n
_ 108
-7
= 15.4 minutes

2
Standard deviation = \’ % -x°
2032 (108’
- 7 7

=7.23 minutes (to 3 s.f.)
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(ii) . 2
20 400
12 144
5 25
10 100
25 625
3 9
12 144
3x =87 3x° = 1447
Mean, x = Ix
n
_ 8
7

= 12.4 minutes (to 3 s.f.)

.. x _
Standard deviation = " %’

-\ 7 7
=7.23 minutes (to 3 s.f.)

(iii) Since the mean time taken for Kiran to fall asleep in Nathia Gali
is lower than that in Home, therefore the time taken for Kiran
to fall asleep in Nathia Gali is shorter than the time taken for
her to fall asleep when she is in Home.

Both standard deviations are approximately the same which
indicates that the spread of the time taken for Kiran to fall asleep

in Nathia Gali and Home is the same.
11. (i) For Train A,

e,

Standard deviation = >F X

_ 1209 )
=30 - 327

=1.55(to 3 s.f)

For Train B,
Time (minutes, x) | Frequency fx 7
2 4 8 16
3 3 9 27
4 9 36 144
5 9 45 225
6 7 42 252
7 5 35 245
8 3 24 192
9 0 0 0
Sum Sf=40 | Zfr=199 | A7 = 1101
Mean, x = 22:—]?
_ 199
40

4.98 (to 3 s.f.)

Standard deviation = | 22— ¥°
tandar eviation = Zf X

_ 1101 R
=\ a0 — 4975

=1.67 (to 3 s.f)

Time (minutes, x) | Frequency Jx 2 (ii) Train A arrives late more consistently than Train B since its
2 3 6 12 standard deviation of the time of arriving after the scheduled
time is lower than that of Train B.
3 2 6 18 (iii) Train B is more punctual on the whole than Train A since its
4 5 20 80 mean time of arriving after the scheduled time is shorter than
12 60 300 that of Train A.
12. (a)
6 10 60 360 . -
ime id- 2
7 6 0 294 (minutes) | FTeUeNCY | vape ) | S fx
8 1 8 64 20<t<22 5 21 1680 352 800
9 1 9 81 2<t<24 11 23 5290 1216 700
Sum 3f=40 She=211 | T =1209 24<t <26 27 25 4000 1 000 000
_ S 26 <t <28 13 27 810 218 700
Mean, x = 37
S 28 <1 =30 4 29 2900 841 000
211
=20 Sum 3f=60 Sfe=1500 | =’ =37 740

=5.28 (to 3 s.f))

OXFORD

UNIVERSITY PRESS



. - _Zfx
(i) Mean, x = >F
_ 1500
- 60
=25
i) Standard deviation = || Lo ¥
(ii) Standard deviation = >f X
37400 )
= 50 -25

(b) The patients in both hospitals have the same waiting time on
the whole since their mean waiting time is the same. However,
Hillview Hospital has a higher standard deviation, which
indicates that there is a greater spread in the waiting time,

i.e. some patients have a much longer waiting time than other

patients.
13. (a) For City A,
Temperature birik
D Frequency | value fx s
(O]
(%)
35=x<40 1 37.5 37.5 1406.25
40 <x<45 4 42.5 170 7225
45 < x <50 12 47.5 570 27075
50=x<55 23 52.5 1207.5 63 393.75
55 =x<60 7 57.5 402.5 23 143.75
60 < x<65 3 62.5 187.5 11 718.75
3 S
Sum $f=50 fx o
=2575 =133962.5
(i) Mean, x = é—];f
2575
- 50
=51.5°C
foz —2

(i) Standard deviation = Sf - X

_ ’133962.5 2
= 30 -515

=5.20°C (to3s.f.)
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For City B,

Temperature biLE-
D Frequency | value fx e
() )
35=x<40 2 37.5 37.5 1406.25
40 < x <45 14 42.5 170 7225
45 = x <50 16 47.5 570 27075
50=<x<55 10 52.5 1207.5 63 393.75
55 <x<60 5 57.5 402.5 23 143.75
60 < x<65 3 62.5 187.5 11718.75
b Sh
Sum $f=50 e f
=2430 =120012.5
. - Xfx
(i) Mean, x = >F
2430
50
=48.6°C
2
. .. Zfx —2
(ii) Standard deviation = v -X

~ [120012.5 R
= S~ 486

=6.19°C (to 3 s.f.)
(b) City A is warmer on the whole than City B because its mean
temperature is higher than that of City B.
(¢) City A’s daily temperature is more consistent as its standard

deviation is lower.

14. Mean =9
10+6+18+x+15+y
=9
6
10+46+18+x+15+y =54
x+y =5
y=5-x —(

100+ 6+ 18+ X+ 157+ Y =685 + x* + y
Standard deviation =6
2 2
\/685+g +y _9? =6
685 + x* + y*
6
685 + x* + y*
6
685 + x> +y* =702
X+y =17 —®
Substitute (1) into (2):
C+GB-x'=17
X +25-10x+x" =17
27— 10x+8=0
27 -5x+4)=0
20 -1D(x-4)=0
x=lorx=4

-9* =36

=117



Whenx=1,y=4.
Whenx=4,y=1.

SoX

15. (i)
(ii)

16. (i)

(i)

=1l,y=4orx=4,y=1

Sets A and C since the mean of each set is 5.

Set C since the numbers in the set are the closest to each other
compared to the numbers in the other two sets.

Y to find the combined mean since the

X+
Yes, we can use >

number of students from each school is the same.
T+5 _ (SRS
2~ 20100 " 100
_Zfx+Xfy
- 200
_ IS
200
=(x+y)
which is the combined mean of x and y.

No, not possible since the sum of the standard deviations

SR, \/fo L
100 ° TN700 7

of the masses of both schools \/

3 \/sz + 37

00 —(x+ y)2 which is the combined standard

deviation.

(iii) For School A and School B combined,

Mass (x kg) | Frequency fx il
40 7 280 11 200
45 26 1170 52 650
50 60 3000 150 000
55 34 1870 102 850
60 25 1500 90 000
65 33 2145 139 425
70 10 700 49 000
75 1 75 5625
80 4 320 25 600

Sum $f=200 | Sfr=11060 | Zf= 626350

Combined mean mass
11060

T 7200

=553kg

Combined standard deviation

626350 R
_,/ S0 — 533

=8.58 kg (to 3 s.f.)

Review Exercise 13

1. (a) For Mishal’s shots,

x ¥
47 2209
16 256
32 1024
1 1
19 361
35 1225
Sx =150 ¥’ = 5076
(i) Mean distance, x = 27)6
_ 150
6
=25 mm
(ii) Standard deviation = 2% _ 52
=14.9 mm (to 3 s.f.)
For Jamil’s shots,
X xz
20 400
9 81
16 256
43 1849
13 169
4 16
Sx =105 =y =2771
(i) Mean distance, x = ZWX
_ 105
6
=17.5 mm

(ii) Standard deviation= E% -x°

/2771 R
=g 175

=12.5 mm (to 3 s.f.)



(b) Mishal’s shots are less accurate than Jamil’s shots since the For Company B,

mean distance of Mishal’s shots from the centre of the target is Mid-
higher. Also, Mishal’s shots have a higher standard deviation Lilfl'espans Frequency | value fr V%
which indicates the greater spread of the distance of each shot (hours) (63
from the centre of the target. 600 < 1< 700 8 650 | 5200 | 3380000
2.
For Company A, 700 < ¢ < 800 10 750 7500 5625 000
. Mid- 800 < <900 12 850 10 200 8 670 000
LD Frequency | value fx il
(hours) Rl s 900 < < 1000 16 950 | 15200 | 14400000
600 < 1 <700 2 650 1300 845 000 1000 < r< 1100 24 1050 | 25200 26 460 000
700 < £ < 800 9 750 6750 5062 500 1100 = < 1200 18 1150 20 700 23 805 000
800 < £ < 900 16 850 12750 10 837 500 1200 < ¢ < 1300 12 1250 | 15000 18 750 000
2
900 < <1000 | 21 950 | 19950 | 18952500 Sum = 100 =fx fx
=99000 | = 101 130 000
1000 < t< 1100 29 1050 15750 16 537 500
1100 < 7< 1200 18 1150 | 20700 | 23805000 Standard deviation = Y 2
=\ 37
1200 < < 1300 5 1250 6250 7 812 500
101130 000 2
s 2 = \/ ——F———9895
Sum $f= 100 f i 100
=99000 | = 100010 000 =179 hours (to 3 5.f.)
S t=179
(i) Mean, ¥ = Zzﬁ (i) The light bulbs produced by both companies have the same
f amount of lifespans in general as the median lifespans are almost
= % the same. However, the light bulbs produced by Company B
990 b have a higher standard deviation which indicates that there is
: _ 990 o a greater spread of the lifespans of their light bulbs. Hence
“P= Company B is less consistent than Company A in producing
2 2 B . . .
Standard deviation = ZJ;X _7 light bulbs with the same lifespan.
f Challenge Yourself
_ \/ 100010000 — 9902 1. Sets Wand X since the spread between the data in each of these sets
100 is the same as Set A.
= 141 hours (to 3 s.f.) 2. M={2,-1,0,1,2}
S.g=150
N={-+5,0,0,0, 5
r=100-8-10-12-16-18-12 { \/_ \/_}
n=>5
=24
Mean =0

Standard deviation = \/E
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Chapter 14 Probability of Combined Events
TEACHING NOTES
Suggested Approach

As the pupils are already familiar with the concept of probability that they learnt in Grade 7, it would be easier to approach this
topic. A quick revision is suggested with the summary list on the first page of this chapter.

Following the revision, teachers can get students to think about how games in sports such as tennis, football or hockey are
started. Teachers can prompt students to notice that generally, a coin or something else with two sides is used, and a player
from each team will choose either face, determining who has the first advantage based on the outcome of the toss. Why is the
coin the norm in most cases? Why not use a die or any other objects?

Teachers can then get the whole class to throw a coin 20 times each and record the number of occurrences of heads and tails.
Students can then tally the number of heads and tails to draw a distinction between the theoretical and actual probabilities
occurring in an event. Teachers can urge students to think about whether the outcome of one toss affects the outcome of the
next toss. Teachers may then discuss some cases where probability is useful in making real-life predictions, and demonstrate
why learning about the probability of combined events, and not just single events, is important in the real-world context.

Section 14.1: Probability of Single Events
As the pupils are already familiar with set notation, teachers can introduce the concept of sample space and events
using set notation.

Section 14.2: Simple Combined Events, Possibility Diagrams and Tree Diagrams
In this section, we introduce the possibility diagram and tree diagram when two events are taking place. Possibility
diagrams and tree diagrams are very useful for solving problems involving two events. Teachers can go through
the Worked Examples or work out the Practise Now questions on the board for the class and let students read
the Worked Examples themselves.

Section 14.3: Addition Law of Probability and Mutually Exclusive Events
Go through the Investigation on Mutually Exclusive and Non-Mutually Exclusive Events on page 406 so that
pupils can distinguish the difference between them. The main concept is that Mutually Exclusive Events cannot
occur at the same time and P(A or B) or P(A U B) = P(A) + P(B).

Section 14.4: Multiplication Law of Probability and Independent Events
Discuss the concept of independent events and dependent events using simple everyday life examples such as
the following:

(i) Throwing a coin followed by tossing a die. Will the first event affect the result of the second event?
(ii) Tossing a white die followed by tossing a red die. Will the first event affect the result of the second event?

(iif) A baghas 5 red marbles and 7 blue marbles. All the marbles are identical except for their colour. A marble
is selected, its colour is noted and it is put back into the bag. A second marble is then picked and its colour
noted. Will the first event affect the result of the second event?

(iv) A baghas 8 red marbles and 9 blue marbles. All the marbles are identical except for their colour. A marble
is selected, its colour is noted and it is put aside. A second marble is then picked and its colour is noted.
Will the first event affect the result of the second event?

Teachers can work through the Investigation on Dependent Events on page 415 for a better understanding of
dependent events. Teachers can also use some of the questions in Practise Now 9 and 10 to show how problems
involving independent and dependent events can solved, and teachers can get students to work with tree diagrams
as well as possibility diagrams.

If time permits, ask the pupils to work on the Performance Task on page 417 for enrichment.

OXFORD



Challenge Yourself
For question 2, teachers may advise the students to search on the Internet by keying in ‘Monte Hall problem’ to
understand more on this question.

Question 3 involves the concept of the probability of the complement of any event, i.e. P(E") = 1 — P(E), to find
out the probability of at least two students having their birthday falling on the same day of the year.

OXFORD @



WORKED SOLUTIONS
Thinking Time (Page 393)

P(A U B) refers to the probability of an event landing in A or in B or in

both A and B.
U
A B
U
A B
U
'

P(A N B) refers to the probability of an event landing in

A and B.

U

>
‘
=

Investigation (Mutually Exclusive and Non-Mutually
Exclusive Events)

1. The sample space is {1, 2, 3,4,5,6,7, 8}.

Part 1: Mutually Exclusive Events
1

2. A={2,3,5,7}and P(A) =

A= oo n

3. B={4,8and P(B) = % =
4. No

6 3
5. AUB={2,3,4,5,7,8}andP(AUB):g=Z

6. Yes, since the two events are mutually exclusive.

Part 2: Non-Mutually Exclusive Events

7. C=1{1,3,5,7} and P(C) = % _1

2
8. Yes
9. AUC={1,2,3,5,7}andP(AUC)=%

10. No, since the two events are not mutually exclusive.

Class Discussion (Choosing a Diagram to Represent the

Sample Space)

1. (a)
R+ ) ) ) . .
R—T ° . . ° °
3
g
a
'g B+ . ) ) . .
o
5]
%]
B+ ° ° ° . .
B+ . . . . .
| | | | |
1 1 1 1 1
B B B R R
First Draw
(b)

= - - TR ~ - E -~ R~ - R~ - I ~ N -~ B~ v I~ - - R~ VI - - B SR~ R~ VI~ '~ - ' - - ~ R - VI -

NN AN AN

B: Blue
R: Red

OXFORD
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2. [Itis easier to represent the sample space on the possibility diagram

than the tree diagram.

Investigation (Dependent Events)

1. First Second
Draw Draw
6(_2]
9 3 G
7 G <
10 3 (_ 1 J Y
9 3 G: Green

Y: Yellow

2. (i) Probability =

(ii) Probability =

O W=

3. No
Yes. If the first marble drawn is green, then there will still be 3 yellow
marbles in the bag. However, if the first marble drawn is yellow,
then there will only be 2 yellow marbles left.
4. P(GYorYY)
7 3 3.2
—X= |+ |=%x=
10 9 10 9

3

No
5. (i) Event B is dependent on event A since the probability of B
happening depends on the outcome of A.
(i) No

Performance Task (Page 417)

(a) Area of the unit circle
=mn(1)’
= 3.14 square units (to 3 s.f.)

(b) The number of points within the unit circle

(c) =D2/E2*4

(d) The mean area of the unit circle is 3.20 square units (to 3 s.f.).
Yes, it is close enough to the value of .

Practise Now 1

(a) Let S represent the sample space.
S ={22, 23, 25, 32, 33, 35, 52, 53, 55}
(b) (i) Let A be the event that the two-digit number formed is prime.
A ={23,53}

S

P(A) =

OXFORD
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(ii) Let B be the event that the two-digit number contains the digit
2.
B ={22,23,25,32,52}
5

P(B)= 3

(iii) Let C be the event that the two-digit number is divisible by 4.
C={32,52}

2
PO)= 3

(iv) Let D be the event that the two-digit number is divisible by 13.
D= {52}
1
P(D) = ry
(v) Let E be the event that the two-digit number is not divisible by
13.
E=4{22,23,25,32, 33, 35, 53, 55}

8
P(E)= —
(E) 9
Alternatively,
P(D)=1-P(D)

=1 &
9

8
9
Practise Now 2

Let S represent the sample space.

S={C,L,E, V,E,,R}

(i) Let A be the event that the letter chosen is an ‘E’.
A= {Eu Ez}

P(A) =

W= [N

(ii) Let B be the event that the letter chosenisa ‘C’ ora ‘R’.
B={C,R}

P(B) =

W= N

(iii) Let C be the event that the letter chosen is a ‘K’.
c={}
P(C) =

(e Y k=]

=0
(iv) Let D be the event that the letter chosen is a consonant.
D={C,L,V,R}

P(D) =

(SN SRNe N



Practise Now 3

1.

(a) 6-sided Die
1 2 3 4 5 6
1 L1 L2 |1L,3|L4)|L5]|1,6
Tetrahedral Die | 2 | 2,1 | 2,2 | 2,3 |2,4|25]|26
5 |51]52]53]54]|55]5,6
6 |6,1]|62)|63]|64]|65]|6,6
(b) (i) P(both dice show the same number) = %
_ 1
6

(ii) P(the number shown on the tetrahedral die is greater than

the number shown on the 6-sided die)

10
T 24
=3
12
(iii) P(the numbers shown on both dice are prime numbers)
-5
T 24
_1
4
Second Card
1 2 3 4 5
1 1,1 1,2]1,3]1,4] 15
2 2,1 122123124125
First Card
3 3,1 32|33]3,4]3,5
4 4,1 | 4,2 | 4,3 | 4,4 | 4,5
5 511]52153]|54]|5,5
(i) P(number shown on the second card is greater than the number

(i)

shown on the first card)

10

25

_2

s

P(sum of the two numbers shown is greater than 7)

_5
T 25

(iii) P(product of the two numbers shown is greater than 10)

_8
25

Practise Now 4

1. (a) Tetrahedral Die Tetrahedral Die
+|(1[(2|5]6 x|1|2]|5]|6
1(2(3|6]|7 1(1[(2|5]|6
213141718 212|41(10(12

6-sidedDie| 3 |4 (5|89 6-sidedDie| 3 | 3| 6 [15]|18
4|15|16(|9]10 4|4)8(20(24
5/6|7]10|11 5|5|10(25(30
6|7|8[11[12 6|6|12(30(36

(b) (i) P(sum of the scores is even)

12
T 24
1
T2

(i) P(sum of the scores is divisible by 3)
-8
T 24
1
"3

(iii) P(sum of the scores is a perfect square)
_ 4
T4
1
"6

(iv) P(sum of the scores is less than 2)
=0

(¢) (i) P(product of the scores is odd)

_ 6
Y
1
T4

(ii) P(product of the scores is larger than 12)
_ 8
Y
=1
"3

(iii) P(product of the scores is a prime number)
_ 5
T4

(iv) P(product of the scores is less than 37)
=1

OXFORD
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2. (a)
1+ . . .
Second Spin 2~ . . .
31 o . o
! ! !
T T T
1 2 3
First Spin
(i) P(eachscoreisa ‘1’)
1
9
(ii) P(at least one of the scores is a ‘3°)
5
9

(b) @

(ii) P(final score is even)

W= Oolw

(iii) P(final score is a prime number)
8

9

Practise Now 5

Second Throw Third Throw
H

H < H: hits the bull’s-eye
M M: misses the bull’s-eye
H

M <
M

1. First Throw

H

M

(i) P(misses the bull’s-eye once)
3

8
(i) P(hits the bull’s-eye at least once)
7

8

OXFORD
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2.

(a) Box A Box B Sum Product
1 -2 1
1 <
2 —3 2
1 —3 2
2 <
2 — 4 4
1 —4 3
3 <
2 —5 6
1 —35 4
4 <
2 —6 8
(b) (i) P(atleast one ‘1’ is obtained)
=3
)
(ii) P(the sum of the two numbers is 3)
=2
8
1
T4
(iii) P(the product of two numbers is at least 4)
_
-8
1
)
(iv) P(the sum is equal to the product)
-1
8

Practise Now 6

1.

(i) P(picture card or Ace)
= P(picture card) + P(Ace)
12 4
25
16
52
4
13
(i) P(Ace or card bearing a number which is divisible by 3)
= P(Ace) + P(card bearing a number which is divisible by 3)

4 12
= — 4+ —
52 52
4 12
= — 4+ —
52 52
_16
52
-4
13
(iii) P(King or Queen)
= P(King) + P(Queen)
4 4
= — 4+ —
52 52



8

52

2
13
(iv) P(Jack or Ace)

= P(Jack) + P(Ace)
4 4
25
8
52
2
13
P(neither Jack or Ace)
2

13
1
13

Practise Now 7

1. (i) P(Por Q wins)

= P(P wins) + P(Q wins)
1 1

"5 6

11

" 30

(ii) P(Q or R or S wins)
= P(Q wins) + P(P wins) + P(S wins)

R N S §
6 7 8
73
T 168

(iii) P(P or Q or R or S wins)
= P(P wins) + P(Q wins) + P(P wins) + P(S wins)

1 1 1 1
Ly S+ 4=
5 6 7 8
_ 53
840
P(none wins)
—p- 233
840
_ 307
840
Practise Now 8
1. First Pen Second Pen
5
12 B B: Blue pen
5 B R: Red pen
12 7 R
12
i

5l =
=
7A$
= &

—
NS}

(i) P(first pen selected is R)
1
12
(ii) P(second pen selected is B, given that the first pen selected
is B)
=5
12
(iii) P(first pen selected is B and the second pen selected is B)
5 5
2 e
25
144
(iv) P(second pen selected is B)
=P(B, B) + P(R, B)
5 5 7 5
et n
S
12
(v) P(no blue pen was selected)
7 7
TR
s
T 144

Practise Now 9

1.

In the ‘Administrative’ Department, there are 6 men and 8 women
and in the Technical Department, there are 12 men and 4 women.
(i) P(both the chairman and chairwoman are from the ‘Technical’
Department)
- 2 X i
18 12
2

9
(i) P(the chairman is from the ‘Administrative’ Department and

the chairwoman is from the ‘Technical’ Department)
6 4

T8 12
1

9
(i) P(both laptops break down)
=0.1x0.35
=0.035
(ii) P(Laptop X breaks down but Laptop Y does not)
=0.1 x (1-0.35)
=0.065
(iii) P(exactly one of the laptops breaks down)
=[0.1 x (1 -0.35)] + [(1 - 0.1) x 0.35]
=0.38
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Practise Now 10

1. First Student ~ Second Student
15
27 B
16 B <
28 1276
27
16
12 27 _B
11 G
27

(i) P(first student is B and the second student is G)

=P(B, G)
16 12
16 12
28 27
16
63

(ii) P(one student is B while the other student is G)

=P(B, G) + P(G, B)
16 12 12 16
— X — 4+ — x —
28 27 28 27
32
63

B: Boy
G: Girl

(iii) P(at least one of the students is G)
=P(B, G) + P(G, B) + P(G, G)

16 12 12 16 12 11
=— X —+— X —=+— X —
28 27 28 27 28 27
-8
63
Alternatively,

P(at least one of the students is G)

=1 - P(both students are B)

=1-(B,B)
16 15
=]1- — x —
28 27
43
63
2. First Ball Second Ball
% R
7
R 15 B
8 1
16 e w
8 R
7 1376
16 B 15 B
5 w
% Ligps
15 l
w 15 B
OXFORD 0

15 w

R: Red ball
B: Blue ball
W: White ball

(i) P(first ball is R and the second ball is B)
=P(R, B)

8 7

I

16 15

x

30

(ii) P(one ball is R while the other ball is B)
=P(R, B) + P(B, R)

8 7 7 8

— X — + — X —

16 15 16 15

A

15

(iii) P(two balls are of the same colour)
=P(R, R) + P(B, B) + P(W, W)

8 7 7 6 1 0
=— X—+— X —+ — X —

16 15 16 15 16 15
_

120

Exercise 14A

1.

Let S represent the sample space.

S={(H,1),(H,2),(H,3),(H,4),(H,5),(H,06),(T,1),(T,2),(T,3),

(T,4),(T,5,(T,6)}
Let S represent the sample space.
Let F be the event that the pen drawn is faulty.
Let N be the event that the pen drawn is not faulty.
§={Fy, F, F3, N, Ny, N3, N, }

. . 4
Probability that the pen drawn is not faulty = 7

After drawing the first pen, S = {F,, F,, F5, N,, N,, N;}

Probability that the second pen drawn is faulty = 2
_ 1
T2
Let S represent the sample space.
s={B,1,L,1;,L,0,P,S,,S,, T, Y}
(i) P(the letter on the chosen card is a ‘S’)
_2
T
(ii) P(the letter on the chosen card is a ‘P’ or an ‘I’)
_ 4
Rt
(iii) P(the letter on the chosen card is a vowel)
_4
T
(iv) P(the letter on the chosen card is a consonant)
_ 4
T
-7
Y



(a)

(b)

(a)

(b)
(c)

5+ ) . )
X
Cg 44 . . .
he)
<
19)
S 3+ ) . )
%)
21 . . .
! ! !
T T T
1 2 3
First Box
(i) P(cards bear the same number)

2
12
_1
6
(ii) P(numbers on the cards are different)
_ 10
12
_s
6
Alternatively,
P(numbers on the cards are different)
=1 — P(numbers on the cards are the same)

—1- 1

6
_3
6
(iii) P(larger of the two numbers on the card is 3)
_3
12
_1
4
First Number
+ 0 1 2 3 4 5
= 0 0 1 2 3 4 5
2
§ 1 1 2 3 4 5 6
Z
= 2 2 3 4 5 6 7
S| 3 3 4 5 6 7 8
Q
“1 4456|7819
5 5 6 7 8 9 10
36 possible outcomes

(i) P(sum of the two numbers is 7)
_ 4
" 36
1

9

(ii) P(sum of the two numbers is a prime number)

-7
36

(d)
(a)

(b)

(c)

(iii) P(sum of the two numbers is not a prime num

ber)

17
36
_ 19
" 36
(iv) P(sum of the two numbers is even)
_ 18
" 36
1
2
(v) P(sum of the two numbers is not even)
11
2
1
T2
The sum of 7 is more likely to occur.
X X
+ | 4[5 ]|6 x| 4| 51|6
7 | 111213 7 | 28 | 35| 42
y y
8 | 12|13 | 14 8 | 32|40 | 48
9 | 13|14 |15 9 |36 |45 | 54
(i) P(sum x + y is prime)
_4
"9
(i) P(sum x + y is greater than 12)
=6
)
2
)
(iii) P(sum x + y is at most 14)
_8
)
(i) P(product xy is odd)
22
)
(ii) P(product xy is even)
-7
"9
(iii) P(product xy is at most 40)
23
"9
First Toss Second Toss ~ Third Toss
H
H < H: Head
T M: Tail
H
H
T <
T
H
H <
T
T
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(i) P(three heads) 10. Let S represent the sample space.

_ 1 S ={BBB, BGB, BBG, GBB, BGG, GBG, GGB, GGG}
T8 (i) P(three grandsons)
(i) P(exactly two heads) 1
_3 K
T8 (ii) P(two grandsons and one granddaughter)
(iii) P(at least two heads) 3
_4 K
T8 (iii) P(one grandson and two granddaughters)
-1 3
=3 - 3
Alternatively, 11.
P(at least two heads)
= P(exactly two heads) + P(three heads) T ¢ ¢ ¢ ¢ *
— § + l 4+ . . ) ) .
8 8 §
4 = —+ . . . . .
=3 § 3
_ 1 @ 21 ° ) ° . .
T2
8. Let S represent the sample space. 1 . ] . . .
S ={RB, BB, WB, RR, BR, WR} |

(i) P(marbles selected are of the same colour) i 3 3 1 5

= % First Spin
1 (a) (i) P(numbers on the spinners whose sum is 6)
= g _ i
(ii) P(marbles selected are blue and red) 25
2 =1
1 (ii) P(the same numbers on both spinners)
= g _ i
(iii) P(marbles selected are of different colours) 25
1
1 = _
= l —_ 5 5
2 (iii) P(different numbers on both spinners)
K] =11
9. (a) Let S represent the sample space. 5
S={11,12, 13,21, 22, 23, 31, 32, 33} = 4
(b) (i) P(number formed is divisible by 3) . 3 . .
(iv) P(two different prime numbers)
_3 e
? T 25
= 3 (b) P(first number less than second number)
(ii) P(number formed is a perfect square) = B
-0 25
2
(iii) P(number formed is a prime number) = 3
4
- 5 12. (a) Die
(iv) P(number formed is a composite number) 1 2 3 4 5 6
5
= 9 Coin| H | 1 2 31415 6
T |2 |46 8 [ 10 | 12
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(b)

13. (a)

(b)

(i) P(player’s score is odd)

-3
12
1
T4
(ii) P(player’s score is even)
= 1 — l
4
_3
T4
(iii) P(player’s score is a prime number)
=3
12
1
T4
(iv) P(player’s score is less than or equal to 8)
_10
12
_3
6
(v) P(player’s score is a multiple of 3)
-4
12
-1
T3
First Die
- 0 1 2 3 4 5
0 0 1 2 3 4 5
L2101 1 0 1 2 3 4
A
g 2 2|1 |o]|1]2
Al 3|3 |21]0]1]2
4 4 3 2 1 0 1
5 5 4 3 2 1 0
(i) P(difference of the two numbers is 1)

10
36
s

18

(ii) P(difference of the two numbers is non-zero)

30
36
_s
6
(iii) P(difference of the two numbers is odd)
18
36
1

2

14.

15.

(iv) P(difference of the two numbers is a prime number)

_16
© 36
_4
"9
(v) P(difference of the two numbers is more than 2)
12
© 36
-1
"3
7 1,7 2,7|4,7|5,7
5 1,5]12,5]|4,5 7,5
2 4 {1,424 54|74
=]
s 2 | 1,2 4,215,372
75]
1 2,1 (4,15 1|7,1
1 2 4 5 7

First Ball

(i) P(numbers obtained on both balls are prime)

_ 6
20
=3
T 10
(ii) P(sum of the numbers obtained is odd)
_ 11
T 20
(iii) P(product of the numbers obtained is greater than 20)
-4
T 20
1
"5
(iv) P(difference in the numbers obtained is less than 7)
=1
(v) P(product of the numbers obtained is divisible by 9)
=0
5+ ) . ) .
8
UQ)-‘ 3 . ° . .
2
§ 1+ . . . .
[75]
0+ . . . .
| | |

] I T
1 2 4 5

First Spin
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16.

(i) P(scores on both cards are the same)
2
16
1
8
(ii) P(scores on both cards are prime)
_ 4
T 16
1
4
(iii) P(sum of the scores is odd)
_ 8
T 16
1
2
(iv) P(sum of the scores is divisible by 5)
_ 4
T 16
1
4
(v) P(sum of the scores is 6 or less)
1
T 16
(vi) P(product of the scores is not 0)
_2
T 16
3
4
(vii) P(product of the scores is greater than 11)
4

T 16

Spin Toss

1
2
R < R: Red
1 T B: Blue
1 2 G: Green

H H: Head
M: Tail

W] —

W]~
=
_A
~

(i) P(red on the spinner and tail on the coin)

= X

N | —

AN~ W=

(ii) P(blue or yellow on the spinner and head on the coin)

(3)+(53)

1
3

OXFORD
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17.

18.

Second Bag

@

(i)

(iii)

(iv)

)

(vi)

T+ . . .
21 ° ] °
1+ ° ] °
I I I
1 3 5
First Bag
P(two numbers obtained are both odd)
=0
)
_ 2
"3
P(two numbers obtained are prime)
I
"9
P(sum of the numbers greater than 4)
_ 0
9
_2
3
P(sum of the numbers is even)
_ 9
"9
_ 2
T3
P(product is prime)
_ 4
)
P(product is greater than 20)
_2
"9

(vii) P(product is divisible by 7)

(a)

W= O|w

(i) P(land with the face printed ‘4’ down)
1
T4
(ii) P(land such that the sum of the three upper faces is odd)

= Ao



19.

20.

(b) Roll Toss

H

1 < H: Head
T T: Tail
H

2 <
T
H

3 <
T
H

4 <
T

. . 1
P(first component tested is defective) = 1

Kiran’s Room
1A | 1B | 1C | 2A | 2B | 2C
1A 1 2 3 4 5
g B | 1 34|56
o~
« | 1C | 2 3 5 6 7
s
2120 3 | 4|5 7] 8
2B | 4 5 6 7 9
2C | 5 6 7 8 9
(a) (i) P(stay next to each other)
-8
30
_4
15
(ii) P(stay on different storeys)
18
"~ 30
_3
5
(iii) P(do not stay next to each other)
= 1 — i
15
_n
15
(b) P(Kiran stays on the second floor and next to Nora)
-4
E

21. There are 4 x 4 x 6 = 96 outcomes.

Let the event of the score on the 6-sided die greater than the sum of
the scores of the two tetrahedral dice be A.
20 outcomes for event A:
{611, 612, 613, 614, 621, 622, 623, 631, 632, 641, 511, 512, 513,
521,522,531,411,412,421, 311}
20
9
5
24

- P(A)

Exercise 14B

1.

Let S represent the sample space.
§={11,12,13,14, 15,16, 17, 18, 19, 20, 21}
(i) P(number is even)
_ 3
BT
(ii) P(number is prime)
-4
T
(iii) P(number is either even or prime)
= P(number is even) + P(number is prime)
5 4
EETIET!
9
11
(iv) P(number is divisible by 3)
-
T
(v) P(number is neither even nor prime)

=1 — P(number is either even or prime)
-2
11
=2
T
Let S represent the sample space.
S = {Rb RZ’ R39 R4’ RS? RG’ R7’ Gl’ GZ’ GS’ GA’ GS? Bl’ BZ’ B3}
(i) P(red marble)
-
15
(ii) P(green marble)
5
15
1

3
(iii) P(either red or green marble)

= P(red marble) + P(green marble)
7 5

[— + —

15 15

12

15

4

5
(iv) P(neither red nor green marble)

=1 — P(either red or green marble)
= 1 — i
5

1
5
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3. Let S represent the sample space.
S={A,C,E,E,,LLL,L,, LM, S, T,U,,U,, U;, V, X, Y}

®

(i)

P(letter ‘U”)
_ 3

7
P(letter ‘E’)
2

7

(iii) P(letter ‘U’ or ‘E’)

@iv)

)

(vi)

(i)

5. @@

= P(letter ‘U’) + P(letter ‘E’)
3 2

ERCAMET]

5

17

P(consonant)

_10

17

P(letter ‘U’ or consonant)

= P(letter ‘U’) + P(consonant)

3 10
= — 4+ —
17 17
B
17
P(letter ‘U’ or ‘E’ or ‘L)
= P(letter ‘U’) + P(letter ‘E’) + P(letter ‘L")
13 2 13
== + = + =
17 17 17
-8
17

P(team wins or loses a particular match)
= P(team wins) + P(team loses)

72
=10 *71s
:i

6

P(team neither wins nor loses a particular match)
= P(match ends in a draw)

=1-2
6
1
"6
P(King or Jack)
= P(King) + P(Jack)
4 4
B I)
-8
T 52
_2
E

OXFORD
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(ii) P(Queen or card bearing a prime number)
= P(Queen) + P(card bearing a prime number)
4 16
I
20
52
5
13
(iii) P(card bearing a number that is divisible by 3 or 5)
20
52
5
13
(iv) P(neither King nor Jack )
=1 - P(King or Jack)
2
13
1
T3
(i) P(4 or 5 strokes)
= P(4 strokes) + P(5 strokes)

1 2

= — 4+ —
14 7

_ 5

T 14

(ii) P(4, 5 or 6 strokes)
= P(4 strokes) + P(5 strokes) + P(6 strokes)

1 2 3
=— 4+ =+ =
4 7 7
_n
14
(iii) P(more than 6 strokes)
= 1 — E
14
_3
14

(i) P(Alpha or Gamma wins)
= P(Alpha wins) + P(Gamma wins)

4 1
T15 s
_ T
15

(ii) P(Alpha, Beta or Gamma wins)
= P(Alpha wins) + P(Beta wins) + P(Gamma wins)

4 1 1
=— 4+ — + =

15 10 5
_

30

(iii) P(neither Alpha nor Gamma wins)
=1 - P(Alpha or Gamma wins)
7
15

15



(iv) P(none wins)

=1 - P(Alpha, Beta or Gamma wins)

1
30

_13

30

8. (i) P(one of them wins the award)
= P(Seema wins or Rizwan wins or Amirah wins)

= P(Seema wins) + P(Rizwan wins) + P(Amirah wins)

1 1 1
=—+ -+ —
3 8 20
_ ol
T 120

(ii) P(none of them wins the award)
=1 - P(one of them wins the award)
61
120
59
T 120
(iii) P(Seema and Rizwan will not win the award)

=1 - P(Seema wins) — P(Rizwan wins)

1.1
3 8
1
T 24
9. (a) First Toss Second Toss  Third Toss
H
H < H: Head
T T: Tail
H
H
T <
T
H
H <
T
T
H
T <
T
(b) (i) Mutually exclusive
(ii) Not mutually exclusive
(iii) Not mutually exclusive
(iv) Mutually exclusive
(v) Not mutually exclusive
(vi) Not mutually exclusive
10. (a) FirstKick  Second Kick  Third Kick
H: Hits
M: Misses

4 outcomes

(b) Not mutually exclusive as Event A and B can happen at the

same time.

Exercise 14C

1. (@ First Bag Second Bag

) e
B

(b) (i) P(black marble from the first bag)
5

9
(ii) P(red marble from the second bag, given that a black marble

is drawn from the first bag)

_4
"9
(iii) P(black marble from the first bag, red marble from the
second bag)
5 4
9%
20
T 81

(iv) P(red marble from the second bag)
= P(red, red) + P(black, red)

[3)(5+3)

4

9

2. (@ First Draw Second Draw
%)
10 Red
[i) Red
10 ( ) Yellow

P

=SB

Slo

Sl=

(b) (i) P(two red balls)

6 6

= — X —
10 10

-2

T 25

OXFORD



(ii) P(one ball of each colour) (iii) P(gets PKR 2 or PKR 5)

= P(red, yellow) + P(yellow, red) = P(gets PKR 2) + P(gets PKR 5)
“l10710) "L107 10 8 16

i - =

T 25

(iv) P(gets nothing)

(iii) P(yellow ball on the second draw)
=1 - P(gets PKR 2 or PKR 5)

= P(red, yellow) + P(yellow, yellow)

6 4 4 4 =1- 5
() (o) e
_2 "6
o5 4. Bus A Bus B
(a) First Disc Second Disc Sum

[SSIR )

7
<8
i
1 (3] (40) s P: Punctual
7 4 L: Late
7
5 : —
(20) 3 L <
< 1 L
g 3 '
2 (ZJ (i) P(both buses are punctual)
| 1 _2,7
N 6L i
4 (30) 7
< 12
(60) " . .
( ] (ii) P(Bus A is late, Bus B is punctual)
1.7
(b) (i) P(first number < second number) 378

(3 3=3)(3) 5
—X=|+|=x=|+]|=x= =
474 274 474 24

(iii) P(exactly one bus is late)

23
: TRINE
(ii) P(second number is zero) 3 8 3 8
11 11 11 _3
= —X—|4+|=%x—=|+|=%x— =
474 274 474 8
_1 5. P(boy is left-handed) = —
4

(© (i) P(gets PKR 2) (a) P(second boy is left-handed, given that the first boy is left-
handed)

1 3 1 1 1 1
= =X—|+|=X—=|+]|=%X— 2
(4 4) (2 4) (4 4) =7
7
= 3 (b) First Boy Second Boy

8
(ii) P(gets PKR 5) [ ]

(i3] 3 ﬁ
) .
-

5 (
) (

1l
/N
DN | =

L: Left-handed
R: Right-handed

\1|w

4
7
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(c) (i) P(first boy is right-handed, second boy is left-handed)

=P(R,L)
5 3
87
_1s
56
(i) P(both boys are left-handed)
=P(L, L)
3.2
87
3
T 28

(iii) P(second boy chosen is left-handed)
=P(R, L)+ P(L, L)

15 3
= — 4+ —
56 28
_3
8
First Second
Representative ~ Representative
14
44 B G: Girl
15 B < B: Boy
3 30 G
44
15
30 44 B
r G<
29 G
44
(i) P(first representative is a girl)
_ 30
45
_ 2
3

(ii) P(second representative is a girl, given that the first
representative is a boy)

30

44

15

22

(iii) P(first representative is a boy and second representative is a
girl)

15 30

5

S

22

(iv) P(one boy and one girl)

15 30 30 15
= =x—=|+|—=x—
(45 44) (45 44)

S
0

7.

(a) P(green card)

-
10
_3
5
(b) First Card Second Card
5
9 __G
6 G<
10 4 B
? G: Green
B: Blue
6
4 9 —G
10 B <
3 B
9
(i) P(two green cards)
=P(G, G)
6 5
-2 2
100 9
=1
3
(ii) P(one card of each colour)
=P(G, B) + P(B, G)
6 4 ( 4 6
= —=X—=|4+| —X%X—
10 9 10 9
=8
15
(iii) P(at least one blue card)
=1 - P(two green cards)
=1-1
3
22
3
(a) Bag A Bag B
3
12 R
4 R <
12 R: Rotten
G: Good

(=)

(b) Yes. Since the selections of the rotten potatoes from the two
bags are independent events, hence the Multiplication Law of
Probability applies.
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(a) First Second
Red Die Green Die Green Die

/N
N W\
—
W
— TN
— N
N—
[ W

~—

/N
o\ —
N—
o
/N
Al o
N—
N W

/TN
~—

TN R TN R

N\ — N | — | w»n

— ~— N ~

o)) W [e)} W
/ - N T -~ ~ / TN /N /N
AN — (o R - Y . AN | — AN | — AN | —
~— S ~— ~— ~—

[*)} W (o)} W )} W )} W

(b) @) P2,5,6)

(ii) P(3,6,6)

)
(iii) P(exactly two sixes)
=P(1,6,6) +P(2,6,6)+P(3,6,6)

=1><l><l
6 6

=L

36

(iv) P(a sum of 12)
=P(,5,6)+P(1,6,5)+P(2,5,5)

1.5 1 1 1.5 2 .55
=|=XEX—|+|=X=XZ|+|Ex=x=
(6 6 6) (6 6 6) (6 6 6)

18
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(v) P(a sum which is divisible by 3)
=P(a sum of 12 or a sum of 15)
=P(a sum of 12) + P(3, 6, 6)

5 3. .11
== +|=Xx=%X=
18 (6 6 6)

A
24

10. (i) P(will not buy a sack of rice in a particular month)

:1—i
9

5

9
(ii) P(will not buy a sack of rice in two consecutive months)
5 5
= — X —
9 9
25
81
(iii) P(buys a sack of rice in one of two particular months)

96

_ 40
T 81
11. (i) P(three representatives are females)
=P(F,F,F)
36,5 %
76 90 90
_ 9
855

(ii) P(representative from the front office is male while the other
two representatives are females)

=P(M,F,F)
40 35 52
=— X — X —
76 © 90 ~ 90
182
T 1539

(iii) P(exactly one representative is male)
=P(M,F,F)+P(F,M,F)+P(F, F, M)

(40 35 52) (36 55 52] (36 35 38)

=|—x X — X X — X X
76 90 90 76 90 90 76 90 90
_ 5591
15 390
12. (a) (i) P(two black shirts)
8 7
= — X —
16 15
=7
30

(ii) P(one shirt is black and one shirt is white)

8 6 6 8
=l =x—=|4+|=x—
()i 55)

W N



(iii) P(two shirts are of the same colour) (iii) P(number on each ball is not a prime number)

8 7 6 5 2 1 =P(1,8)+P(8,1)+P(1,9)+ PO, 1)+ P(8,9) + P9, 8)
=| —X—|[+| =X—|+| =%x—
(16 15) (16 15) (16 15) (1 1)
=6 —-x—
11 5 4
30 3
(b) P(all three shirts are black) T 10
_ 8 N A « 6 (iv) P(only one ball is odd number)
16 15 14 =P(1,2)+P2,1)+P(,8)+P(8, 1) + P2, 5)
_ 1 +P(5,2)+P(2,9) + P(9,2) + P(5, 8) + P(8, 5)
10 +P(8,9) + P(9, 8)
(¢) No, since selections of the three black shirts are dependent 11
events. = 12(§ X Z)
. (i) P(first card bears the letter ‘O’) 3
= P(O) >
3
= E 15. (a) Box A Box B
(ii) P(two cards bear the letter ‘P’ and ‘O’ in that order) 4
=P(P, O) 11 _B  B:Blue
) 3 7 B < Y: Yellow
== x = 2 Y
109 > Z
1
-1
R 3
(iii) P(two cards bear the letter ‘P’ and ‘O’ in any order) 5 iEl B
= P(P, 0) + P(O, P) B y <
( 2 3) ( 3 2) 87
= —X=|+]| —X— 11
10 9 100 9
2 (b) (i) P(Box A has more yellow balls than blue balls)
=15 -0
(iv) P(two cards bear the same letter) (i) P(Box A has exactly 7 blue and 5 yellow balls)
=P(R,R) + P(O, O) + P(P, P) =P(B,B)+P(Y, V)
7 4 5 8
(2 1) (3 2) (21 =(_x_)+(_x_j
109 109 109 1211 1211
1 _
) "33
. (a) P(ball numbered ‘8’) (iii) P(Box A has twice as many blue balls as yellow balls)
1 =P(Y, B)
3 5 3
= — X —
(b) (i) P(number on each ball is even) 12 11
=P(2, 8) + P(8,2) _3
44
(1.1 1 1
3 % 4 * 5 x 4 16. Class A Class B
1 15
- 37 B B: Boy
10 8 B < G: Girl
(ii) P(sum of the numbers on the balls is more than 10) 35 22 G
=P(2,9) +P(9,2) + P(5, 8) + P(8,5) + P(5,9) + P(9, 5) 37
+P(8,9) + P(9, 8)
14
=8 (l X l) 7 37_B
574 3 G <
_2 56
=3 3

OXFORD



17.

18.

(i) P(student was initially from Class A)
1
T 37

(ii) P(student is a boy)
=P(B, B) + P(G, B)

18 15 17 14
—X—= |+ —=%x—
(35 37) (35 37)

_ 508
T 1295

(i) P(volcanic eruptions in one of the three countries)

=0.03x0.12x0.3
=0.001 08

(i) P(no volcanic eruptions)
=(1-0.03)x (1-0.12) x (1-0.3)
=0.598 (to 3 s.f.)

(iii) P(at least one volcanic eruptions)
=1 - P(no volcanic eruptions)
=1-0.598
=0.402 (to 3 s.f.)

(iv) P(exactly two volcanic eruptions)

=(0.97x0.12 x 0.3) +(0.03 x 0.88 x 0.3) + (0.03 x 0.12 x 0.7)

=0.0454 (to 3 s.f.)
(i) P(ared and two blue balls in that order)

10 8 3
=— X — X —
26 24 65
_3
T 65
(ii) P(ared, a yellow and a blue ball in that order)
10 7 9
=— X — X —
26 25 24
2
© 520

(iii) P(three balls of different colours)
= P(red, yellow, blue) + P(red, blue, yellow)
+ P(yellow, red, blue) + P(yellow, blue, red)
+ P(blue, yellow, red) + P(blue, red, yellow)

10 7 9
6x | —X—X—
26 25 24

_ &
"~ 260
19. (a) (i) P(game ends on the third roll)
5 5 1
==X =X —
6 6 6
2
T 216
(i) P(game ends on the fourth roll)
5 5 5 1
== X=X =X —
6 6 6 6
_ 125
T 1296
OXFORD
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(iii) P(game ends by the fourth roll)

1 5. 1 5.5 1
| =x= |+ =x=x= |+
6 (6 6) (6 6 6] (

_ 671

1296
(b) (i) P(game ends on the third roll)

5 1 1 1 5 1
SX=X—|+|=x=x—
(6 6 6] (6 6 6)

S
108

(ii) P(game ends on the third roll and the sum of the scores is

odd)

1 1 1 1 1 1
=|=X=X—|+|=Xx=x—
(2 6 6) (6 2 6)

1

36
Review Exercise 14

1. (i) P(number ‘3’ followed by a head)

1 1

6 2

1

12

(ii) P(even number followed by a tail)
1

X —

2

P(same number)
1

=1x —

6
1

6
(ii) P(two even numbers)
3
« =
6

(iii) P(two odd numbers)
3

X —

6

(iv) P(one odd and one even number)

() (e3)

1

2
P(number is greater than 28)
22
50
11
25

5

X
6

5

6

5
=X
6

1

6

)



(ii) P(number includes the digit ‘3”)
14
50
7
25
(iii) P(number is prime)
15
50
3
10
(iv) P(number is divisible by 4)
12
50
6
25
(i) P(two people born in the same month)
=1x i
12
1
12
(ii) P(three people born in the same month)

P(three people not born in the same month)

= 1 — P(three people born in the same month)

(iii) P(four people born in the same month)
1 1 1
X — X — X —
12 12 12
1
1728
(i) P(Anosha will catch her bus on a particular day)
= 1 — l
7
6
7
(ii) P(Anosha will miss her bus on two particular consecutive days)
1 1
= — X —
7 7
1
49
(iii) P(Anosha will miss her bus on one of two particular consecutive

days)

1]
I/
-
X
IR
—
+
I/
<2 o
X
2=
~

(iv) P(Anosha will catch her bus on three particular consecutive

days)

6 6 6
=—x =X =

77 1
_ 216

343

(i) P(one of them wins the gold medal)
= P(Rizwan wins) + P(Maaz wins) + P(Hussain wins)
1 1 1

2 6 8
)
24
(ii) P(none of them wins the gold medal)
-1- 9
Y
-3
24
(iii) P(Rizwan fails to win the gold medal)
-1
2
_1
2
6 16 | 26 | 36 | 46 | 56
5 15 | 25 | 35 | 45 65
2| 4 | 14| 24| 34 54 | 64
&)
g 3 13 | 23 43 | 53 | 63
Q
Al 2 |12 32 | 42|52 62
1 21 | 31 | 41 | 51 | 61
1 2 3 4 5 6

First Disc

(i) P(number formed is divisible by 2)
15
30
1
2
(i) P(number formed is divisible by 5)
=3
"~ 30
1
6
(iii) P(number formed is a prime number)
-
© 30
(iv) P(number formed is a perfect square)
4
30
2
15
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10.

11.

(i) P(first two cards are letter ‘O’)

1 1 1 1
—X=|+|=%x=
(3] (%)
1

15

(ii) P(second card is letter ‘F’)

1
5

X

5
6
1

6
(iii) P(word ‘FOLLOW?’ is obtained, in that order)
1 2 2 1 1
=— X=X — X — X — X
6 5 4 3 2
1
180
(i) P(Hussain selects a dark chocolate)
Yy
x+y
(ii) P(Hussain selects a white chocolate, Seema selects a dark

1

chocolate)
¥ Y
x+y x+y-1
.
x+y)(x+y-1
(iii) P(chocolate selected by them are of different types)

X y y X
= + + X
x+y x+y-1 x+y x+y-1

2xy

T+t y-1)
P(traffic jam)

()

1
4
(a) (i) P(one girl, one boy)

10 20 20 10
— X — |+| =—=x%x—
(30 29) (30 29]
40
87
(ii) P(no girls)
20 19
= — X —
30 29
38
87
(b) (i) P(both travel to school by bus)
6 5
2 o2
10 9
1

3

(ii) P(both travel to school by different means of transportation)

(6 4) (4 6]
— X = |+|—=X=
1079 109

8

15
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12.

13.

14.

(iii) P(at least one travels to school by bus)

6 4 4 6 6 5
(EX5J+(BX5)+(EX§)
13
15
(i) P(next two days also wet)
=0.6 x0.6
=0.36

(ii) P(Tuesday is wet, Wednesday is fine)
=0.6x04
=0.24

(iii) P(one day fine, one day wet)
=(0.6x0.4)+ (0.4 x0.2)
=0.32

(iv) P(two of the three days are wet)
=(0.6x0.6x0.4)+ (0.6 x0.4x0.2)+ (0.4 x0.2 x 0.6)
=0.24

(i) P(first two sweets are different)

2 3 3.2 25 5 2
S|l =X |+ | =X= |+ =xZ|+]|=x=|+
10 9 10 9 10 9 10 9
3.5 5 3
=X |+ |=x=
10 9 10 9

_ 3k

T 45
(ii) P(three sweets are the same)

3 2 1 5 4 3
X=X = |+ | =x=%x=
(10 9 8) (IO 9 8)

1
120
(iii) P(first two sweets are the same, third sweet is a toffee)

(215) (325] (343)
—X=X=|+|=X=X=|+|—=X=—X—=
10 9 8 10 9 8 10 9 8
3
36
(i) P(all three airplanes land at Terminal 2)
1 1 1

=— X = X —
4 3 6
L
72
(ii) P(exactly two airplanes land at Terminal 1)

3.2 1 3.1_5 1_2_5
= | SXEX—|+|=X=xXZ |+ | —xZx=
(436) (436) (436)
31

72
(iii) P(exactly one airplane lands at Terminal 1)

3.1 1 1 _1_5 1 2 1
SX=X—|4+|=X=XZ|+|=XZx—
(3r3xg) + (35<2) + (3233)

5

36



15. First Disc Second Disc
d
12 R: Red
I Y: Yellow
R Y W: White
5 1
I8 12 w
5 R
7 12 4
13 y 12 v
1
12 w
! 5
13 R R
12
w
Z
12 Y
(i) P(two red discs)
5 4
= — X —
13 12
-3
39
(ii) P(ared and a yellow disc in that order)
5 7
= — X —
13 12
_ 3
136
(iii) P(two white discs)
=0

(iv) P(two discs of different colours)
=1 — P(two discs of the same colour)

(30 ) e (20 8)]

-4
78
16. (a) (i) P(all three men hit the target)
2 3 4
37577
-8
35
(ii) P(all three men miss the target)
1 2 3
ERE
_ 2
" 35
(iii) P(exactly two of them hit the target)
2 3 3 2 2 4
= (§x§x7j + (§X§x7) + (
_ 46
T 105

1

3

3

5

4

7

)

(iv) P(at least one of them hits the target)
=1 - P(none of them hits the target)

1. 2.3
=l-|=X=X=
(3 5 7]

3
35
(b) (i) P(game ends after two shots)
1 3
= — X —
3 5
1
5
(i) P(game ends after three shots)
1 2 4
=— X = x =
3 5 7
-8
105

(iii) P(game ends by the third shot)
= P(game ends after the first shot)
+ P(game ends after the second shot)
+ P(game ends after the third shot)

-2 NAL
3 5 105
_ 34
35
Challenge Yourself
1.
6 1,6 | 2,6 |3,6|4,6|56/|6,6
5 ,5]25|35|45]|55]|6,5
é’ 4 1,4 12,4 (3,4]|44]54]6,4
g 3 1,3 12,3 3,3|43]|5,3]|6,3
f%% 2 1,2 12,2 |3,2|42]|52]|6,2
1 1,1 12,1 (3,1]|41]51]6,1
1 2 3 4 5 6
First Die
There are at least 11 outcomes with at least a ‘3’ and the probability
that both of the scores are ‘3’s is ﬁ .
2. Contestants who switch doors have a % chance of winning the car,

. . . . 1
while contestants who stick to their choice have only a 3 chance.

By definition, the conditional probability of winning by switching,
given the contestant initially picks door 1 and the host opens door
3, is the probability for the event “car is behind door 2 and host
opens door 3” divided by the probability for “host opens door 3.
These probabilities can be determined by referring to the probability
tree as shown. The conditional probability of winning by switching
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The tree diagram showing the probability of every possible outcome

if the player initially picks Door 1 is shown below.

W] =

W] =

3. (a 1
(b) 1-
Yes

() 1-

Car Host Total Stay
location opens  probability
1 1
5 Door 2 5 Car
Door 1
1 1
5 Door 3 3 Car
1 1
Door 2 Door 3 3 Goat
1 1
Door 3 Door 2 3 Goat
ﬁxﬁx@ X ..x3—26=0.8912
365 365 365 365
364 363 362 324 —x+1 1
— X — X — X..X ————— > —
365 365 365 365 2
364 363 362 364 —x+1 1
— X — X — X..X ———— < —
365 365 365 365 2

Least number of students is 22.
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Chapter 15 Sets
TEACHING NOTES
Suggested Approach
Students have learnt, in their previous class, how to write sets in three different notations. They have also learnt about the
different types of sets, and how to use union and interaction.

In this chapter, students will learn how to use different laws on sets.

Section 15.1: Sets
The section is a recap of all that the students have studied in previous grades. The teacher should use Worked
Examples 1, 2, and 3 to recap their prior knowledge.

Section 15.2: Commutative, Associative, and Distributive Laws
Students shall use Venn Diagram to represent and verify the commutative, associative, and distributive laws.
Practice Now 4, 5, and 6 can be carried out in class with the students to help them grasp the concept.

Section 15.3: De Morgan’s Laws
The teacher may should define De Morgan’s Laws using Worked Example 7 and illustrate it using Venn Diagram.

OXFORD



Exercise 15A

L@ {{,{a)}
G {0 x5 ) oyds

@) {{}, {1}, {2}, {3}, {1,2}, {2,3}, {1.3}, {1,2,3}

(i) {{}}

) {{}.{a}, {b}, {c}, {d}, {a,b}, {a,c}, {ad},

{b.cl, {b.d}, {c.d}, {ab,c}, {ab,d},
{{b.c.d}, {a,c,d},{ab,cdl}

i) {{}, {0}}

2. () AUC=1{024,68 U {1238}

=10,1,2,4,5,6,,8)}

(i) AUD={024,6.8} U {4,567}
={0,2,4,5,6,7.8}

(iii) CUD= {1,238} U {4,5,6,7}
={1,2,3,4,5,6,7.8}

(iv) CUU={1,2,3,8} U {0,1,2,.....9}
=10,1,2,.....9}

v) AUD={02468 U0
= {0,2,4,6,8}

(vi) =ANB={024,6,8} N {1,3,5,7.9}
={}

(i) =B N C={1,3,579} N {1,2,3,8}
= {13}

(vii)=C N D = {1,2,3,8} N {4,5,6,7}
={}

(ix) =BNO={13579N0=0

x) =BNU={135,7,9} N {0,1,2,3....9}
={1,3,5,7.9}

3. G A=U-A

={12,3,4,5,6,7} — {1257}
= (34,6}
(i) BP=U-B
={1,2,3,4,5,6,7,} — {1,3,6,7}
= {245}
(i) (A N BY
ANB={1,7}
(AN B) = {2,3,4,5,6,}
(iv) (A UBY
AUB= {123,567}
(A UB)= {4}
(v) A'UB'={34,6} U {2,4,5}
={2,3,4,5,6}
(vi) A'NB'={34,6} U {245}
= {4}

4. (@ () AUBUCQ)
BUC={2,4,5}
AUBUCQC)={1,234,5)

(i) AUB)NC
AUB= {1234}
(AUB)N C={1,234,} N {5}
={}

(i) ANB)UC

vavavavavavava

5.

ANB=1{}
(ANB)UC={}U {5}
{5}

(ivVANBNC
ANB={}
ANB)NC={}N{}
={}

™) AUBNC)
BNC={}
AUBUC)={13}U{}
={L3}

i) AN (BUC)
BUC={2,4,5}
AN BUC)={1,3} N {2,4,5}
=1{}

(¢) (i) A'UB'=(ANBY
L.H.S
A'UB'= {245 U {135}
={1,2,3,4,5}

RH.S
(ANBY=U—{}
= {12345}
LHS=RHS

(i) A’ N B'=(AUB)
L.H.S
A'NB'= {245, N {135}
= {5}

R.H.S
(AUBY=TU- {1234}
= {5}
L.H.S=RH.S

() B =[(AUB)-A]U(AN B)
=[{2,4,5,6,7,8} — {2,4,6,8}] U {6,8}
= {57} U {6.8}
= {5,6,7,8}

(i) B =[(AUB)-AJU(ANB
—[{1,234) - (3.4}]U {3}
={1,2} - {3}
= (12,3}

(i) AUB=BUA

(i) AUG=A

(iii) OUA=0

(iv) AUA=A

(v) A=B



7. Associative Property Of Union state that: (il) Commutative law of intersection states that AN B=B N A

AUBUC)=(AUB)UC L.H.S

Lets take left hand side ANB={4,8,12,16,20} N {1,2,3,4,6,9, 12, 18}
L.H.S = (4,12}

AU BUC)={23,4} U {3,5,6,7,9} RS

={2,3:4,5,6,7.9} BNA={1,2,3,4,6,9, 12,18} N {4,8, 12, 16, 20}
R.H.S = (4,12}

(AUB)UC= {23456 U {579} Since L.H.S = R.H.S

={2,3,4,5,6,7.9}

Hence, commutative law of union is proved.
Since L.H.S = R.H.S
Hence, the associative property of union proved . 2. () Associative law of union states that:

- . . AUBUC)=(AUB)UC
8. Associative property of intersection states that:

L.H.S
ANBNC)=(ANB)NC
AUBUC)={-6,-5,-4,...,56}U({l,..,7}
L.H.S
ANBNC) - A ={-6,-5,...,7}
{} )= {m,n,0} N {p.q} fus
AUB)UC={-6,-5,...,6,7} U {4,5,6
RULS (AUB)UC={ bU {4,5,6)
={-6,-5,...,7}
(ANB)NC={} N {no,p.q} . - o
Since L.H.S = R.H.S, Hence, The associative law of union is
U proved.
Since L.H.S= R.H.S (i) Associative law of intersection states that,
Hence, the associative property of intersection is proved. ANBNC)=(ANB)NC
9. De Morgan’s first law states that L.H.S
(AUB) =A"NB’ ANBNCO)={-6,-5,..,56} N {4,5,6}
L.H.S ={4,5,6}
(ANB)y =U-(AUB) R.H.S
={1,2,34,5,6,} — {1,2,3,4,5,6} (ANB)NC={1,2,..,7} N {4,5,6}
={} ={4,5,6}
R.H.S Since L.H.S = R.H.S
A NB ={56,) N {12} Hence, The associative law of intersection of proved.
={} 3. (i) De Morgan’s first law
Since L.H.S = R.H.S (AUB)=A"NB
Hence , De Morgan’s first law is proved L.H.S
10. (a) Swimming = {B,E,F,H} (AUBY={-7,-6,...6,7} —{—-6,-5, ..., 7}
Coding = {A,C,F,G} ={-7
Painting {B,C,D,F} R.H.S
(b) B and F are taking swimming and painting classes both. A'NB'={-7,7N{-7,-6,..,0;
(¢) F is taking all the classes. ={-7
Since L.H.S = R.H.S
Review Exercise 15 Hence, De Morgan’s first law is proved.

(ii) De Morgan’s second law states
(ANB)Y=A"UB’
L.H.S
(ANB)Y={-7,-6,...6,7} — {1,2,...,6 }
={-7,-6,-5,-4,-3,-2,-1,0,7}
R.H.S
AUB'={-7,73U{-7,-6,-5,—-4,-3,-2,—1,0}
={-7,-6,-5,-4,-3,-2,-1,0,7}
Since L.H.S = R.H.S

Hence, De Morgan’s second law is proved.

1. (i) Commutative law of union states that AUB=B U A
L.H.S
AUB={4,8,12,16,20} U {1,2,3,4,6,9, 12, 18}
={1,2,3,4,6,8,9, 12, 16, 18, 20}
R.H.S
BUA={1,2,3,4,6,9,12, 18} U {4, 8, 12, 16, 20}
={1,2,3,4,6,8,9, 12, 16,18, 20}
Since L.H.S = R.H.S

Hence, commutative law of union is proved.
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4. ) U

19

(i) ANB'={5,10,1520} N {2,3,5,7,11,13,17,19}
= {5}
5. S ={sit}

(i) Subset; { }, {s}, {i},{t}, {s,i}, {s,t}, {L,t}, {s,i,t}
(i) Proper subset; { }, {s}, {i},{t}, {s,i}, {s,t}, {it}

vavavavavavava
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