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Syllabus Matching Grid

Cambridge O Level Mathematics (Syllabus D) 4024. Syllabus for examination in 2025, 2026 and 2027.

Theme or Topic Subject Content Reference
1.  Number Identify and use: Book 1:
« Natural numbers Chapter 1
« Integers (positive, negative and zero) Chapter 2
o Prime numbers Chapter 4
o Square numbers
o Cube numbers
« Common factors and common multiples
« Rational and irrational numbers (e.g. m, «/E )
o Reciprocals.
2. Sets « Use set language, set notation and Venn diagrams to describe sets and Book 2:
represent relationships between sets Chapter 12
Book 4:
Chapter 1
2. Powers and roots Calculate with the following: Book 1:
 Squares Chapter 1
 Square roots Chapter 2
o Cubes and cube roots of numbers Chapter 3
« Cube roots Chapter 4
« other powers and roots of numbers
4. Fractions, decimals and o Use the language and notation of the following in appropriate contexts: Book 1:
percentages (a) proper fractions Chapter 2
(b) improper fractions Chapter 3
(c) mixed numbers Chapter 8
(d) decimals
(e) percentages.
» Recognise equivalence and convert between these forms.
5. Ordering o Order quantities by magnitude and demonstrate familiarity with the symbols Book 1:
=%, <>, =, =, Chapter 2
Chapter 3
Chapter 4
Book 2:
Chapter 3
6.  The four operations o Use the four operations for calculations with integers, fractions and decimals, Book 1:
including correct ordering of operations and use of brackets. Chapter 2
Chapter 3
Chapter 4
7. Indices I « Understand and use indices (positive, zero, negative and fractional). Book 3:
» Understand and use the rules of indices. Chapter 4
8.  Standard form o Use the standard form A x 10", where 7 is a positive or negative integer, and Book 3:
1< A<10. Chapter 4

Convert numbers into and out of standard form.
Calculate with values in standard form.
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9.  Estimation « Round values to a specified degree of accuracy. Book I:
 Make estimates for calculations involving numbers, quantities and Chapter 5
measurements.
« Round answers to a reasonable degree of accuracy in the context of a given
problem.
10. Limits of accuracy « Give upper and lower bounds for data rounded to a specified accuracy. Book 1:
« Find upper and lower bounds of the results of calculations which have used Chapter 5
data rounded to a specified accuracy.
11. Ratio and proportion Understand and use ratio and proportion to: Book 1:
« give ratios in their simplest form Chapter 9
« divide a quantity in a given ratio
« use proportional reasoning and ratios in context.
12. Rates « Use common measures of rate. Book 1:
o Apply other measures of rate. Chapter 9
« Solve problems involving average speed.
13.  Percentages o Calculate a given percentage of a quantity. Book 1:
« Express one quantity as a percentage of another. Chapter 8
« Calculate percentage increase or decrease.
« Calculate with simple and compound interest.
« Calculate using reverse percentages.
14. Using a calculator o Use a calculator efficiently. Book I:
« Enter values appropriately on a calculator. Chapter 1
o Interpret the calculator display appropriately. Chapter 4
Chapter 12
15. Time « Calculate with time: seconds (s), minutes (min), hours (h), days, weeks, Book 1:
months, years, including the relationship between units. Chapter 9
« Calculate times in terms of the 24-hour and 12-hour clock.
 Read clocks and timetables.
16. Money o Calculate with money. Book 1:
« Convert from one currency to another. Chapter 9
Book 2:
Chapter 6
17. Exponential growth and « Use exponential growth and decay. Book 3:
decay Chapter 4
18. Surds « Understand and use surds, including simplifying expressions. Book 3:
« Rationalise the denominator. Chapter 4
19. Introduction to algebra « Know that letters can be used to represent generalised numbers. Book 1:
o Substitute numbers into expressions and formulas. Chapter 6
20. Algebraic manipulation o Simplify expressions by collecting like terms. Book I:
« Expand products of algebraic expressions. Chapter 6
« Factorise by extracting common factors.
o Factorise expressions of the form: Book 2:
(@) ax + bx + kay + kby Chapter 4
(b) a*x - bzyz
(c) @+ 2ab + b*
(d) ax* +bx + ¢
(e) ax* + bx* + cx
o Complete the square for expressions in the form ax® + bx + c.
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21. Algebraic fractions Manipulate algebraic fractions. Book 1:

Factorise and simplify rational expressions. Chapter 6
Book 3:
Chapter 1

22. IndicesII Understand and use indices (positive, zero, negative and fractional). Book 3:
Understand and use the rules of indices. Chapter 4

23. Equations Construct expressions, equations and formulas. Book 1:
Solve linear equations in one unknown. Chapter 7
Solve fractional equations with numerical and linear algebraic denominators.

Solve simultaneous linear equations in two unknowns. Book 2:

Solve quadratic equations by factorisation, completing the square and by use of | Chapter 2

the quadratic formula.

Change the subject of formulas. Book 3:
Chapter 1
Chapter 2
Chapter 3

24. Inequalities Represent and interpret inequalities, including on a number line. Book 2:
Construct, solve and interpret linear inequalities. Chapter 3
Represent and interpret linear inequalities in two variables graphically.

List inequalities that define a given region.

25.  Sequences Continue a given number sequence or pattern. Book 2:
Recognise patterns in sequences, including the term-to-term rule, and Chapter 5
relationships between different sequences.

Find and use the nth term of sequences.

26. Proportion Express direct and inverse proportion in algebraic terms and use this form of Book 2:
expression to find unknown quantities. Chapter 7

27. Graphs in practical Use and interpret graphs in practical situations including travel graphs and Book 2:

situations conversion graphs. Chapter 1
Draw graphs from given data.
Apply the idea of rate of change to simple kinematics involving distance-time Book 3:
and speed-time graphs, acceleration and deceleration. Chapter 6
Calculate distance travelled as area under a speed-time graph.

28.  Graphs of functions Construct tables of values, and draw, recognise and interpret graphs for Book 3:
functions of the following forms: Chapter 6
(a) ax" (includes sums of no more than three of these)

(b) ab* + c wheren = -2, -1, —% , 0, %, 1, 2, 3; a and ¢ are rational numbers;
and b is a positive integer.

Solve associated equations graphically, including finding and interpreting roots

by graphical methods.

Draw and interpret graphs representing exponential growth and decay

problems.

Estimate gradients of curves by drawing tangents.

29. Sketching curves Recognise, sketch and interpret graphs of the following functions: Book 2:
(a) linear Chapter 1
(b) quadratic
(c) cubic Book 3:
(d) reciprocal Chapter 2
(e) exponential. Chapter 3

Chapter 6
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30. Functions Understand functions, domain and range, and use function notation. Book 4:
Understand and find inverse functions f(x). Chapter 5
Form composite functions as defined by gf(x) = g(f(x)).
31. Coordinates Use and interpret Cartesian coordinates in two dimensions. Book 2:
Chapter 1
32. Drawing linear graphs Draw straight-line graphs for linear equations. Book 2:
Chapter 1
33. Gradient of linear graphs Find the gradient of a straight line. Book 2:
Calculate the gradient of a straight line from the coordinates of two points on Chapter 1
it.
Book 3:
Chapter 5
34. Length and midpoint Calculate the length of a line segment. Book 3:
Find the coordinates of the midpoint of a line segment. Chapter 5
35. Equations of linear graphs Interpret and obtain the equation of a straight-line graph. Book 2:
Chapter 1
Book 3:
Chapter 5
36. Parallel lines Find the gradient and equation of a straight line parallel to a given line. Book 3:
Chapter 5
37. Perpendicular lines Find the gradient and equation of a straight line perpendicular to a given line. Book 3:
Chapter 5
38. Geometrical terms Use and interpret the following geometrical terms: Book 1:
(a) point Chapter 10
(b) vertex Chapter 11
(c) line
(d) plane Book 2:
(e) parallel Chapter 8
(f) perpendicular Chapter 11
(g) perpendicular bisector
(h) bearing
(i) rightangle
(j) acute, obtuse and reflex angles
(k) interior and exterior angles
(1) similar
(m)congruent
(n) scale factor.
Use and interpret the vocabulary of:
(a) triangles
(b) special quadrilaterals
(c) polygons
(d) nets
(e) solids.
Use and interpret the vocabulary of a circle.
39.  Geometrical Measure and draw lines and angles. Book I:
constructions Construct a triangle, given the lengths of all sides, using a ruler and pair of Chapter 11
compasses only.
Draw, use and interpret nets.
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40. Scale drawings Draw and interpret scale drawings. Book 2:

Use and interpret three-figure bearings. Chapter 8
Book 4:
Chapter 7

41. Similarity Calculate lengths of similar shapes. Book 2:
Use the relationships between lengths and areas of similar shapes and lengths, | Chapter 8
surface areas and volumes of similar solids.

Solve problems and give simple explanations involving similarity. Book 4:
Chapter 11

42.  Symmetry Recognise line symmetry and order of rotational symmetry in two dimensions. | Book I:

Recognise symmetry properties of prisms, cylinders, pyramids and cones. Chapter 11
Book 2:
Chapter 11
Book 3:
Chapter 7

43. Angles Calculate unknown angles and give simple explanations using the following Book 1:
geometrical properties: Chapter 10
(a) sum of angles at a point = 360° Chapter 11
(b) sum of angles at a point on a straight line = 180°
(c) vertically opposite angles are equal
(d) angle sum of a triangle = 180° and angle sum of a quadrilateral = 360°.

Calculate unknown angles and give geometric explanations for angles formed
within parallel lines:

(a) corresponding angles are equal

(b) alternate angles are equal

(c) co-interior (supplementary) angles sum to 180°.

Know and use angle properties of regular and irregular polygons.

44. Circle theorems I Calculate unknown angles and give explanations using the following Book 4:
geometrical properties of circles: Chapter 9
angle in a semicircle = 90°
angle between tangent and radius = 90°
angle at the centre is twice the angle at the circumference
angles in the same segment are equal
opposite angles of a cyclic quadrilateral sum to 180° (supplementary)
alternate segment theorem.

45. Circle theorems II Use the following symmetry properties of circles: Book 4:
equal chords are equidistant from the centre Chapter 9
the perpendicular bisector of a chord passes through the centre
tangents from an external point are equal in length.

46. Units of measure Use metric units of mass, length, area, volume and capacity in practical Book 1:
situations and convert quantities into larger or smaller units. Chapter 3

Chapter 12
Book 2:
Chapter 11

47.  Area and perimeter Carry out calculations involving the perimeter and area of a rectangle, triangle, | Book 1:

parallelogram and trapezium. Chapter 12

SO
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48. Circles, arcs and sectors « Carry out calculations involving the circumference and area of a circle. Book 1:
o Carry out calculations involving arc length and sector area as fractions of the Chapter 12
circumference and area of a circle.
Book 4:
Chapter 8
49. Surface area and volume Carry out calculations and solve problems involving the surface area and volume | Book 2:
ofa: Chapter 11
« cuboid
o prism Book 3:
o cylinder Chapter 7
o sphere
« pyramid
« cone.
50. Compound shapes and « Carry out calculations and solve problems involving perimeters and areas of: Book 1:
parts of shapes (a) compound shapes Chapter 12
(b) parts of shapes.
« Carry out calculations and solve problems involving surface areas and Book 3:
volumes of: Chapter 7
(a) compound solids
(b) parts of solids.
51. Pythagoras’ theorem o Know and use Pythagoras’ theorem. Book 2:
Chapter 9
52. Right-angled triangles « Know and use the sine, cosine and tangent ratios for acute angles in Book 2:
calculations involving sides and angles of a right-angled triangle. Chapter 9
« Solve problems in two dimensions using Pythagoras’ theorem and Chapter 10
trigonometry.
» Know that the perpendicular distance from a point to a line is the shortest Book 4:
distance to the line. Chapter 6
« Carry out calculations involving angles of elevation and depression. Chapter 7
53.  Non-right-angled « Use the sine and cosine rules in calculations involving lengths and angles for Book 4:
triangles any triangle. p Chapter 6
« Use the formula area of triangle = 5 ab sin C
54. Pythagoras’ theorem and | ¢ Carry out calculations and solve problems in three dimensions using Book 4:
trigonometry in 3D Pythagoras’ theorem and trigonometry, including calculating the angle Chapter 7
between a line and a plane.
55. Transformations Recognise, describe and draw the following transformations: Book 4:
o Reflection of a shape in a straight line. Chapter 10
« Rotation of a shape about a centre through multiples of 90°.
« Enlargement of a shape from a centre by a scale factor.
o Translation of a shape by a vector (;C) .
56.  Vectors in two dimensions | , Describe a translation using a vector represented by (x) , A_]>B ora Book 4:
« Add and subtract vectors. J Chapter 7
 Multiply a vector by a scalar.
57.  Magnitude of a vector « Calculate the magnitude of a vectorvector (i) as m EEOk 4
apter 4
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58. Vector geometry « Represent vectors by directed line segments. Book 4:
« Use position vectors. Chapter 4
o Use the sum and difference of two or more vectors to express given vectors in
terms of two coplanar vectors.
« Use vectors to reason and to solve geometric problems.
59. Introduction to  Understand and use the probability scale from 0 to 1. Book 2:
probability  Understand and use probability notation. Chapter 12
« Calculate the probability of a single event.
 Understand that the probability of an event not occurring = 1 - the probability
of the event occurring.
60. Relative and expected « Understand relative frequency as an estimate of probability. Book 2:
frequencies o Calculate expected frequencies. Chapter 12
61. Probability of combined Calculate the probability of combined events using, where appropriate: Book 4:
events « sample space diagrams Chapter 2
» Venn diagrams
o tree diagrams.
62. Classifying statistical data | « Classify and tabulate statistical data. Book 1:
Chapter 13
63. Interpreting statistical o Read, interpret and draw inferences from tables and statistical diagrams. Book I:
data « Compare sets of data using tables, graphs and statistical measures. Chapter 13
o Appreciate restrictions on drawing conclusions from given data.
64. Averages and measures of | o Calculate the mean, median, mode and range for individual data and Book 3:
spread distinguish between the purposes for which these are used. Chapter 8
o Calculate an estimate of the mean for grouped discrete or grouped continuous
data.
o Identify the modal class from a grouped frequency distribution.
65. Statistical charts and o Draw and interpret: Book 1:
diagrams (a) bar charts Chapter 13
(b) pie charts
(c) pictograms
(d) simple frequency distributions.
66. Scatter diagrams « Draw and interpret scatter diagrams. Book 4:
« Understand what is meant by positive, negative and zero correlation. Chapter 3
« Draw by eye, interpret and use a straight line of best fit.
67. Cumulative frequency  Draw and interpret cumulative frequency tables and diagrams. Book 4:
diagrams « Estimate and interpret the median, percentiles, quartiles and interquartile Chapter 3
range from cumulative frequency diagrams.
68. Histograms o Draw and interpret histograms. Book 2:
o Calculate with frequency density. Chapter 13
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Chapter 1 Primes, Highest Common Factor and Lowest Common Multiple

TEACHING NOTES

Suggested Approach

Students have learnt only whole numbers in primary school (they will only learn negative numbers and integers in Chapter 4).
They have also learnt how to classify whole numbers into two groups, i.e. odd and even numbers. Teachers can introduce prime
numbers as another way in which whole numbers can be classified (see Section 1.1). Traditionally, prime numbers apply to positive
integers only, but the syllabus specifies whole numbers, which is not an issue since 0 is not a prime number. Teachers can also
arouse students’ interest in this topic by bringing in real-life applications (see chapter opener).

Section 1.1:

Section 1.2:

Section 1.3:

Prime numbers

Teachers can build upon prerequisites, namely, factors, to introduce prime numbers by classifying whole numbers
according to the number of factors they have (see Investigation: Classification of whole numbers). Since the
concept of 0 may not be easily understood, it is dealt with separately in the last question of the investigation.
Regardless of whether 0 is classified in the same group as 1 or in a new fourth group, 0 and 1 are neither prime
nor composite. Teachers are to take note that 1 is not a prime number ‘by choice’, or else the uniqueness of prime
factorisation will fail (see Information on page 6 of the textbook). Also, 0 is not a composite number because it
cannot be expressed as a product of prime factors unlike e.g. 40 = 23 x 5.

To make the chapter more interesting, teachers can tell students about the largest known prime number (there is
no largest prime number since there are infinitely many primes) and an important real-life application of prime
numbers in the encryption of computer data (see chapter opener) in order to arouse their interest in this topic.

Square roots and cube roots

Teachers can build upon what students have learnt about squares, square roots, cubes and cube roots in
primary school. Perfect squares are also called square numbers and perfect cubes are also called cube numbers.
Perfect numbers are not the same as perfect squares or perfect cubes. Perfect numbers are numbers which
are equal to the sum of its proper factors, where proper factors are factors that are less than the number itself,
eg. 6=1+2+3and28=1+2+ 4 + 7 + 14 are the only two perfect numbers less than 100 (perfect numbers
are not in the syllabus). After students have learnt negative numbers in Chapter 4, there is a need to revisit
square roots and cube roots to discuss negative square roots and negative cube roots (see page 88 of the textbook).
Teachers can impress upon students that the square root symbol ,/ refers to the positive square root only.

A common debate among some teachers is whether 0 is a perfect square. There is an argument that 0 is not a perfect
square because 0 can multiply by any number (not necessarily itself) to give 0. However, this is not the definition of
a perfect square. Since 0 is equal to 0 multiplied by itself, then 0 (the first 0, not the second 0, in this sentence) is a
perfect square. Compare this with why 4 is a perfect square (4 is equal to the integer 2 multiplied by itself). Similarly,
0 is a perfect cube.

Highest common factor and lowest common multiple

Teachers can build upon prerequisites, namely, common factors and common multiples, to develop the concepts
of Highest Common Factor (HCF) and Lowest Common Multiple (LCM) respectively (HCF and LCM are no
longer in the primary school syllabus although some primary school teachers teach their students HCF and LCM).
Since the listing method (see pages 14 and 15 of the textbook) is not an efficient method to find the HCF and the
LCM of two or more numbers, there is a need to learn the prime factorisation method and the ladder method
(see Methods 1 and 2 in Worked Example 9 and in Worked Example 10). It is recommended that students familiarise
themselves with both methods.

@ OXFORD
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Worked Solutions

Introductory Problem
The solutions to this problem can be found in Introductory Problem
Revisited (after Practise Now 14).

Prime numbers

Investigation (Classifying whole numbers)

1.

OXFORD

Number Working Factors
1 1 is divisible by 1 only. 1
2 2=1x2 1,2
3 3=1x3 1,3
4 4=1x4=2x2 1,2,4
5 5=1x5 1,5
6 6=1x6=2x3 1,2,3,6
7 7=1x7 1,7
8 8=1x8=2x4 1,2,4,8
9 9=1%x9=3x3 13,9
10 10=1x10=2x5 1,2,5,10
11 11=1x11 1,11
12 12=1x12=2%Xx6=3x4 1,2,3,4,6,12
13 13=1x13 1,13
14 14=1x14=2x7 1,2,7,14
15 15=1x15=3x%5 1,3,5,15

16 16=1x16=2x8=4x4 1,2,4,8,16

17 17=1x17 1,17

18 18=1x18=2x9=3x%x6 1,2,3,6,9,18

19 19=1x19 1,19

20 20=1x20=2x10=4x5 | 1,2,4,5,10,20

Table 1.1
Group A: 1
Group B: 2,3,5,7,11, 13,17, 19
Group C: 4, 6, 8,9, 10, 12, 14, 15, 16, 18, 20
0is divisible by 1, 2, 3, 4, ...
0 has an infinite number of factors.

UNIVERSITY PRESS

1.

Journal Writing (Page 3)

A prime number is a whole number that has exactly 2 different
factors, 1 and itself.

A composite number is a whole number that has more than 2
different factors. A composite number has a finite number of
factors.

Since 0 has an infinite number of factors, it is neither a prime nor
a composite number.

Since 1 has exactly 1 factor, it is also neither a prime nor a
composite number.

No, I do not agree with Yasir. Consider the numbers 0 and 1. They
are neither prime numbers nor composite numbers.

Investigation (Sieve of Erastosthenes)

1.

S|®

RE R R R PR [ R || K

X R RO KRR (R
2| @ x| @B |®

AR AE-AF AR )
S SES A b
® g | X|@E®BX O™
FAE A AR A A
2@ 8|®) % |2 (®E)<
EAF R4 AR 4=

2= I E B®|x G| <

(a) The smallest prime number is 2.

(b) The largest prime number less than or equal to 100 is 97.

(c) There are 25 prime numbers which are less than or equal to
100.

(d) No, notevery odd number is a prime number, e.g. the number
9 is an odd number but it is a composite number.

(e) No, not every even number is a composite number, e.g. the
number 2 is an even number but it is a prime number.

(f) Foranumber greater than 5, if its last digitis 0, 2, 4, 6 or 8, then
the number is a multiple of 2, thus it is a composite number;
if its last digit is 0 or 5, then the number is a multiple of 5,
thus it is a composite number. Hence, for a prime number
greater than 5, its last digit can only be 1, 3, 7 or 9.

Class Discussion (Product of prime numbers)

(a)

(b)

(©)

Yes, the product of two prime numbers can be an odd number, e.g.
the product of the two prime numbers 3 and 5 is the odd number
15.

Yes, the product of two prime numbers can be an even number,
e.g. the product of the two prime numbers 2 and 3 is the even
number 6.

No, the product of two prime numbers P, and P, cannot be a prime
number since P P, has 4 distinct factors, i.e. 1, P, P,and P P,.



Practise Now 1
Since 534 is divisible by 2, then 534 is a composite number.

V1607 =40.1(to 1 d.p.),so thelargest prime number less than or equal to

/1607 is 37.

Since 1607 is not divisible by any of the prime numbers 2, 3, 5, 7, 11,
13,17, 19, 23, 29, 31 and 37, then 1607 is a prime number.

Thinking Time (Page 5)

L Number of dots Number of different ways
@ 4 2
(ii) 8 2
(iii) 12 3
(iv) 5 1
v) 7 1
(vi) 1 1

A faster method would be to find the factors of the numbers.

3. The numbers are prime numbers or 1. Since a prime number has
only two factors (1 and itself), it is only possible to arrange the
dots in exactly 1 way.

4. The numbers are composite numbers. Since a composite number
has more than 2 different factors, there is more than one way to
arrange the dots.

Practise Now 2

1. Since 31 isa prime number, then 1 and 31 are its only two factors.
Sptgq=1+31=32

2. For n x (n + 28) to be a prime number, #n and n + 28 are its only
two factors.
Since 1 has to be one of its two factors, n = 1.
.. the prime number is 1 x (1 + 28) = 29.

Practise Now 3
1. 126=2%x3x3x7

=2%X3*x7
2. 792=2x%x2x2x3x3x11
=23x32x11
3. (i) 2021=43x47
(i) 2021=1 x2021
=43 x 47

Since a < b, .. the possible pairs are (1, 2021) and (43, 47).

Practise Now 4

1. 195=3x5x13
Since each side of the cuboid is longer than 1 cm, the dimensions
of the cuboid are 3 cm by 5 cm by 13 cm.

2. 324=2*x3"
Since each side of the cuboid is longer than 2 cm, the possible
dimensions are as follows:

Side 1 (cm) Side 2 (cm) Side 3 (cm)
3 4 27
3 6 18
3 9 12
4 9 9
6 6 9

When the cuboid has a length and breadth of 6 cm and 3 cm
respectively, the perimeter will be 2(6 + 3) = 18 cm. .. the height
of the cuboid is 18 cm.

Exercise 1A
1. (a) Since 87 is divisible by 3, then 87 is a composite number.

(b) J67 =82 (to1 d.p.), so the largest prime number less than
or equal

to /67 is 7.
Since 67 is not divisible by any of the prime numbers 2, 3, 5
and 7, then 67 is a prime number.

(c) \/% = 8.5 (to 1 d.p.), so the largest prime number less than
or equal

to/73 is7.
Since 73 is not divisible by any of the prime numbers 2, 3, 5
and 7, then 73 is a prime number.
(d) Since 91 is divisible by 7, then 91 is a composite number.
2. Since 37 is a prime number, then 1 and 37 are its only two factors.
Sop+q=1+37=38
3. Fornx (n+42) to be a prime number, n and n + 42 are its only
two factors.
Since 1 has to be one of its two factors, n = 1.
.. the prime number is 1 x (1 + 42) = 43.

4, (a) 72=2x2x2x%x3x3
=23x3?
(b) 756=2x2%x3x3%x3x7
=22x3*x7

(c) 187=11x17
(d) 630=2x3%x3x5x%x7
=2x%x3*x5x%x7
5. (i) 2026=2x1013
(i) 2026=1x 2026
=2x1013
Since a < b, .. the possible pairs are (1, 2026) and (2, 1013).
6. 273=3x7x13

Since each side of the cuboid is longer than 1 cm, the dimensions

of the cuboid are 3 cm by 7 cm by 13 cm.

. (a) All the even numbers (2012, 2014, 2016, 2018 and 2020) are
composite numbers since they are divisible by 2. 2013 and
2019 are divisible by 3. 2015 is divisible by 5.
.. the prime numbers are 2011 and 2017.

(b) All the even numbers (2022, 2024, 2026, 2028 and 2030)
are composite numbers since they are divisible by 2. 2021 is
divisible by 43, 2023 is divisible by 7 and 2025 is divisible by
5.

.. the prime numbers are 2027 and 2029.

N
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8. 2027 is a prime number, i.e. its only two factors are 1 and 2027.
axb=1x2027=2027
soa+b=1+2027=2028

9. (a) 8624 =2x2x2x2x7x7x11

=2'x7*x11
(b) 6804 =2x2%x3%x3%x3%x3%x3x%x7
=22x3°x7
(c) 26163=3x3x3x3x%x17x19
=3"%x17x19
(d) 196000 =2X2Xx2X2X2X5x5x5x7x7
=2°%x5*x7%

10. Prime factorisation of 2022 = 2 x 3 x 337
Since x < y, the possible pairs are (1, 2022), (2,1011), (3, 674) and
(6, 337).

11. 210=2x3x5x7

9/{;Ej .. the possible dimensions are

2 cm by 3 cm by 35 cm, 2 cm by 5 cm by 21 cm,

2 cm by 7 cm by 15 cm, 3 cm by 5 cm by 14 cm,
3 cm by 7 cm by 10 cm and 5 cm by 6 cm by 7 cm.

Square roots and cube roots

Practise Now 5
1. 784 =2X2Xx2X2x7x%x7
=2x2x7)x(2x2x%x7)
=(2x2x7)?
.'.m:2x2x7
=28
Alternatively,
784 =2X2X2X2X7X7
=24x7?
784 =42t x 7
=2*x7
=28
2. [7056 =+2* x3? x 7>
=2*x3x%x7
=84

Practise Now 6
1. 2744 =2%x2x2XxX7X7x%x7
=Q2x7)x(2x7)x(2x7)
=(2x7)?
coX2744 =2 %7
=14
Alternatively,
2744 =2 X2X2X7X7X%X7
=2x7
oo 2744 = 2P x 7!
=2x7
=14
2. o261 =3 x 7
=3x7
=21

OXFORD
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15x135xk=3"x5xk

For 3* x 52 x k to be a perfect cube, the index of each prime
factor must be a multiple of 3.

For k to be the smallest, k = 3% x 5 so that 3* x 52 x k = 3* x
52%x (32 5)

=36 x 5%is a perfect cube.

.. smallest value of k=32 x 5=45

3. ()

(i) 15x135x £ =3ix52x £
q

q
P

For3*x5?x = tobeaperfectcube, theindex ofeach primefactor
q

must be a multiple of 3. So, p and g must contain a factor of
3orb.
Since pand q are prime numbers, one of them must be 3 and the

other 5.

5
.. p=>5and q =3 so that 3* x 5*x p =3*x5%x 3 =33x5’
is a perfect cube. 1

Practise Now 7
(a) V123 =121 =11
) 3123 = 125 =5

Practise Now 8
1. (a) 23 ++/2025 - 7°=231

by 220
5° - 32013

2. Length of one side of poster = /987 cm

=0.3582 (to 4 d.p.)

Perimeter of poster =4 x /987
=125.7 cm (to 1 d.p.)

3. 32020 =126 (to 1d.p.)
Length of largest possible cube = 12 cm
Number of cubes used = 123
=1728
Number of cubes left over = 2020 - 1728
=292

Exercise 1B
1. (a) 1764 =2%x2x3%Xx3x7x7
=2%x3x7)x(2x3x%x7)
=(2x3x7)?
1764 =2x3x7
=42
Alternatively,
1764 =2 x2x3x3x7x%x7
=22x32x7?
- 1764 =422 x 3% x 7
=2x3x7
=42
(b) 576 =2Xx2X2X2X2X2X3x%X3
=2Xx2%x2x3)x(2x2x%x2x3)
=(2x2x2x3)?

SoAl576 =2x2x%x2x%3

=24



(©)

(d)

(a)

(b)

(d

(a)

Alternatively,
576 =2Xx2x2Xx2x2%x2x3x%x3
=20%x3°
=2*x3
=24
2916=2%x2x3%x3x3x3x3x3
=(2%x3%x3x3)x(2x3%x3x3)
=(2x3x3x3)?

542916 =2x3%x3x%x3
=54
Alternatively,
2916 =2x2x3x3x3x3x3x%x3
=22x3°
=2x3
=54
3136 =2 X2X2X2X2X2X7x%x7
=2Xx2x2x7)x(2x2%x2x7)
=2x2x2x7)?

SoAf3136 =2x2%x2x%x7

=56
Alternatively,
3136=2X2X2X2X2X2X7X7
=20x 7%
s Af3136 =42° x 72
=2x7
=56
J9801 =+/3* x11°
=32x11
=99
1/35721 =3 x7°
=3*x7
=189
24336 =+/2* x 32 x 13
=22x3x%x13
=156
518400 =+/2° x 3* x 52
=2*x32x5
=720

3375=3x3x3x5x5x%x5
=(3x5)x(3x5)x(3x%x5)
=(3x5)
W:3x5
=15
Alternatively,
3375=3x3x3x5%x5x%x5
=33x5?
- 33375 = Y3 x5
=3x5
=15

(b)

(©

(d)

(a)

(b)

(©

(d)

(a)

(b)

(©)

(d)

1728 =2 x2Xx2Xx2Xx2%x2%x3%x3x%x3

=(2%x2x3)x(2x2%x3)x(2%x2x3)

=(2x2x3)
- 1728 =2x2x3
=12
Alternatively,
1728 =2 X2 Xx2x2x2x2x3x3x%x3
=20%x33
- 1728 = Y2° x 3
=22x3
=12
5832=2x2x2x3x3x3%x3%x3x%x3

=(2%x3x3)x(2x3%x3)x(2x3x3)

=(2x3x3)
- 3[5832 =2%x3x3
=18
Alternatively,
5832=2%x2x2%x3x3%x3x3%x3x3
=23x%3°
- 35832 = 2 % 3°
=2x3?
=18
8000 =2Xx2Xx2Xx2Xx2%Xx2x5x%x5x%x5

=(2x2x5)x(2x2x%x5)x(2%x2x%x5)

=(2x2x5)
W:Zx 2x5
=20
Alternatively,
8000 =2%x2Xx2%X2X2X2X5%x5x%5
=20x%x5°
- /8000 = /2° x5°
=22x5
=20
=22x7
=28
346656 = 3f2° x 3¢
=22x3?
=36
3287496 = 32* x 3 x11°
=2x3x11
=66
1728000 = 2° x3° x 5°
=2¥x3x%x5
=120

V66 ~ 64
=8

V80 ~ /81
=9

218 = 3216
=6

730 = 729
=9
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10.

11.

12.

13.

14.

OXFORD

(@) 72— /361 +21°=9291

) 555 + 52
2 x 3222
(c) 4> +3/4913 =9
112 =2Xx2Xx2%x2x%x7
=24x7
For 112 x h = 2* x 7 X h to be a square number, the index of

=1.0024 (to 4 d.p.)

each prime factor must be a multiple of 2.
For h to be the smallest, h =7 sothat 2*x 7 x 7 =2*x 7%isa
square number.
.. the smallest whole number which can be multiplied is 7.
162 =2x3%x3x3x%x3
=2Xx34
For 162 x k to be a cube number, the index of each prime factor
must be a multiple of 3.
For k to be the smallest, k = 22 x 3% so that 2 x 3* x (22x 3?)
=23 x 3%is a cube number.

*. the smallest whole number which can be multiplied is
2% x 3% = 36.
Let the pages that the textbook is opened to be n and n + 1.
n(n+1) =420
V420 =400 =20
Ifn=20,n+1=21.
Check: 20 x 21 = 420
... the textbook is opened to pages 20 and 21.

Length of each side of photo frame = /250 cm
Perimeter of photo frame = 4 x /250
=63.2cm (to 1d.p.)

Length of each side of box = /2197
=13cm
Area of one side of box = 132
=169 cm?

V2020 =449 (to 1d.p.)
Length of largest square = 44 cm

Number of tiles used = 44>

=1936
Number of tiles left over = 2020 - 1936
=84
6x54 =(2x3)x(2x3%

=22x 3!

Since the index of each prime factor of 6 x 54 is even, then it is a
perfect square.
(i) 6x54xk=22x3"xk

For 22 x 3* x k to be a perfect cube, the index of each prime

factor must be a multiple of 3.

For k to be the smallest, k =2 x 32so that 22 x 3* x k =

2% x 3% x (2 x 3?) = 2° x 3% is a perfect cube.

.. smallest value of k =2 x 32 =18

P P

q
p

For 22 x 3*x = to be a perfect cube, the index of each

(i) 6x54x =22x3*x

prime factor must be a multiple of 3. So, p and g must
contain a factor of 2 or 3.

UNIVERSITY PRESS

Since p and g are prime numbers, one of them must be 2 and
the other 3.

2
o p=2and q=3sothat 22 x 3'x P pxsix 3
q

=2%x 3%is a perfect cube.

Highest common factor and lowest common
multiple

Practise Now 9

1.

Method 1:

56=23x7

84=22x3x%x7

HCF of 56 and 84 =22 x 7
=28

Method 2:

56, 84

28,42

14, 21

2,3

HCFof56and 84=2x2x7

=28

[

112=2*x7
140 =2 x5x7
HCF of 112 and 140 = 2> x 7
=28
Greatest whole number that will divide both 504 and 588 exactly
= HCF of 504 and 588
=22x3x7
=84

Practise Now 10

1.

Method 1:

24=23x3

90=2x3>%x5

LCM of 24and 90 = 2> x 32 x 5
=360

Method 2:

2 124,90

312,45

4,15

HCFof24and 90=2x3 x4 x 15

=360

Smallest whole number that is divisible by both 120 and 126
=LCM of 120 and 126

=2x3x5x7

=2520



Practise Now 11

1. 27=3°
45=3*x5
LCMof27and 45=3*%x5
=135

135 =1x135

=3x45

=5x%x27

=9x15

.. the number is 135 and its factors are 1, 3, 5,9, 15, 27, 45 and
135.
2. 4=2?
20=2*%x5
LCM of 4 and 20 =22 5
=20

Since 20 only has 6 factors, the number is more than 20.
Try 2 x 20 = 40.
40=1x40

=2x20

=4x10

=5x8
.. the number is 40 and its factors are 1, 2, 4, 5, 8, 10, 20 and 40.

Practise Now 12

n =|3[x 3
15 =3 TxS
A
T 1 T
LCM= 45 = 3 x 3 x 5
son=3x3

=9

Practise Now 13
1. HCF=245=5x7?
LCM =4410=2x3*x5x 72
Let the two numbers be a and b.
a =2 x 5 x 7%

b:T 32 x 5 x 7?
A

HCF = 245 = 5 x 72

LCM = 4410 =

2 x 3% x 5 x 7?

.. the two numbers are 2 x 5 x 72 = 490 and 3% x 5 x 7% = 2205.
2. (i) For240n =252p,

2 x|3|x 5
RANE
252—22><?]-2 lx

X 5
.. smallest non-zero whole number n =3 x 7 =21

240 2*x3x5

240

n

N—p I

(ii) For — = to be a factor of 252 = 2> x 32 x 7,
m
2x3x5 2'*x3x5
m = 22 x 5 so that = 5 =22x3.
m 2° %5

.. smallest non-zero whole number m = 22 x 5 = 20

Practise Now 14
1. 15=3x5
36 =2%x 3?
LCMof15and 36 =22x 32x 5
=180
180 minutes = 3 hours
.. the two bells will next toll together at 5.00 p.m.

140=2*x5x%x7
168=22x3x7
HCF of 140 and 168 =2?x 7
=28

Greatest possible length of each of the smaller pieces of
ropes = 28 cm
(i) Number of smallest pieces of rope she can get altogether
_ 140 168

28 28
=5+6
=11

2. ()

Introductory Problem Revisited

64 =2°
48=2%x3
(i) Length of each square = HCF of 48 and 64
=74
=16cm
(ii) Number of squares Albert can cut = (64 + 16) x (48 + 16)
=4x3
=12
Exercise 1C
1. (a) 12=2*x3
30=2%x3x5
HCFof12and30=2x 3
=6
(b) 13=1x13
91=7x13

HCFof 13and 91 =13
() 126=2x32x7
240=2*%x3x%x5
HCF of 126 and 240 =2 x 3
=6
(d) 180=22x3x5
450 =2 % 3*x 5%
HCF of 180 and 450 =2 x 3*x 5
=90
(e) 11 and 31 are prime numbers.
HCFoflland31=1
) 64=2°
81=73"
HCFof64and 81 =1
2. 156=2*x3x13
168 =23x3x7
HCF of 156 and 168 = 2% x 3
=12
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(a) 45=32x5
60=22%x3x%x5
LCM of 45and 60 =22 x 32x 5
=180
(b) 42=2x%x3x7
462=2x3x7x11
LCMof42and 462 =2x3x 7 x 11

=462
(c) 54=2x3?
240=2*%x3x%x5
LCM of 54 and 240 = 2* x 3 x 5
=2160

(d) 11 and 19 are prime numbers.
LCM 1land 19=11x19

=209
(e) 27=3°
32=2°
LCM 27 and 32 = 3% x 2°
=864
f) 78=2x3x13
352=2°x11
LCM of 78 and 352 =2°x 3 x 11 x 13
=13728
80=2'x5
104=23%x13

Smallest whole number divisible by 80 and 104
=LCM of 80 and 104
=2'x5x%x13
=1040
10=2x5
125=5°
LCM of 10 and 125 =2 x 5°
=250

250 =1x250

=2x125

=5x50

=10x25
.. the number is 250 and its factors are 1, 2, 5, 10, 25, 50, 125 and
250.
40=2°%x5
100 =22 x 52
LCM of 40 and 100 = 23 x 5°

=200

200 =1 x 200

=2x100

=4x50

=5x40

=8x25

=10x20
.. the number is 200 and its factors are 1, 2, 4, 5, 8, 10, 20, 25,
40, 50, 100 and 200.

k :>< 2 X 5
6 =(2 T X 3 T
Y A
T T I
LCM=60 = 2 x 2 x 3 x 5
Lk=2%x2x5
=20

10.

11.

12.

13.

Greatest whole number that will divide 792 and 990 exactly
= HCF of 792 and 990
=2x3*x11
=198
Smallest whole number divisible by 176 and 342
=LCM of 176 and 342
=2'x3*x11x19
=30096
4=22
26=2x13
LCM of 4 and 26 =22 x 13
=52

Since 52 only has 6 factors, the number is more than 52.
Try 2 x 52 = 104.
104 =1 x 104

=2x52

=4x26

=8x13
.. the number is 104 and its factors are 1, 2, 4, 8, 13, 26, 52 and
104.
HCF=175=5"x7
LCM =12 600 =2*x 3> x 5?x 7
Let the two numbers be a and b.

a = 2° x 52 x 7
sz 32 x 52 x 7
A
HCF = 175 = 5 x 7
LCM = 12600 = 2° x 32 x 5% x 7

.. the two numbers are 2° x 52 x 7 = 1400 and 3% x 52 x 7 = 1575.
(i) 1050=2x3x5°x7
(ii) Let the two numbers be a and b.

Since they are both greater than 40, a or b = 21.

a=2x3 X 7
b:T 3><5A2><7
HCF = 21=‘ 3 X 7
LCM= 1050 = 2 x 3 x 52 x 7

.. the two numbers are 2 x 3 x 7 =42 and 3 x 5* x 7 = 525.
(i) 171=32x19

63=32x7

Largest number of gift bags that can be packed

=HCF of 171 and 63

=32

=9
(ii) Number of pens

171

BER

=19

Number of pencils

63

9

=7



15. (i)

16. (i)

120=2*x3 x5
18=2x3?
Least number of sweets bought
=LCM of 120 and 18
=2x3*x5
=360
Least number of packs of sweets bought
360
T 120
=3
60=22x3x5
80=2*x5
LCM of 60 and 80 =2*x 3 x5
=240
", it will take 240 seconds for both cars to be back at the
starting point at the same time.
5x240s=1200s
=20 min

(ii)

.. it will take 20 minutes for the faster car to be 5 laps ahead
of the slower car.

65=5x13

50=2x5%

Length of each square

= HCF of 65 and 50

=5cm

(i) Number of squares he can cut altogether
65 50

5 s

=13x10

=130

17. 8=2°
) 12=27x3

LCMof8and 12 =23x3
=24
Since 24 only has 8 factors, the numbers are more than 24.
We need to multiply 24 by a prime number to get the possible

numbers.
Number Factors Number
of factors
5x24=120(1,2,3,4,5,6, 8,10, 12, 15, 20, 24, 30, 16
40, 60, 120
7%x24=168|1,2,3,4,6,7,8,12, 14, 21, 24, 28, 42, 16
56, 84, 168

.. two possible numbers are 120 and 168.

Note: Numbers equivalent to any prime number > 5 multiplied by
24 will have exactly 16 factors.

18. (i)

(ii)

19. (i)

(ii)

20. (i)

(ii)

For 528h = 540m,

528 = 2% x| 3 x 11
h=| 32|x 5 |

A

T T

540 =|2*|x 3* x 5
m =22 x 11

.. smallest whole number h = 3> x 5
=45

For 228 _ 2 x3x11

ko k

k=2%x 11 so that

to be a factor of 540 = 22 x 3°* x 5,

28 x3x11 2 x3xI11
k o2 x11

.. smallest whole number k =22 x 11 =44

For 630n = 1248p,

630 =] 2[x 3% x X 7
n =24 |

22 x 3.

5
| x 13
A
4
1248 = 2° x| 3 x 13
p= 3[x 5 x 7
.. smallest non-zero whole number n = 24 x 13
s =208
1248 2°%xX3x%x13
For —— = —————— to be a factor of 630
=2x%x32x5x%x7,

2°x3x13 _ 2°X3x13
2*x13

.. smallest non-zero whole number m = 24 x 13 = 208

m = 2*x 13 so that 2 x 3.

Let the number of boys in the class be n.
Then 15 x n =3 x 5 x n must be a multiple of 21 =3 x 7.
Thus the possible values of n are multiples of 7.
Since the number of students in the class is between 30 and 40,
n = 14 such that 14 + 20 = 34.
.. number of students in the class = 34
Number of chocolate bars their form teacher receives
1514

21
=10
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Chapter 2 Fractions

TEACHING NOTES
Suggested Approach

Students have been introduced to the concept of proper fractions and mixed numbers in primary school. They have also learnt to
express a given fraction to an equivalent fraction and to perform simple arithmetic operations involving like fractions. Teachers
can recap the concept of simple fractions using baking as an example (see Introductory Problem on page 24 of the textbook).

Teachers can also get the students to intuit the number of % —cups of white sugar the baker has and ask them to discuss how

this number is obtained using arithmetic operations (i.e. division). Having derived that the baker can make 8 sets of cookies, the
students can then discuss how they can obtain the total amount of other ingredients he needs. Teachers can get the students to
discuss other real-life examples of the use of fractions. Diagrams are used at the beginning of each section to let students visualise
the operations and understand how the results are obtained. However, teachers should guide students towards performing the
operations without visual aids. Fractions and mixed numbers are revisited later in Chapter 4 after students have learnt negative
numbers in Chapter 4 (section 4.4).

Section 2.1: Fractions, improper fractions and mixed numbers

Teachers can highlight that the highest common factor (HCF) of the numerator and denominator is used when
reducing a given fraction to an equivalent fraction. When introducing improper fractions, teachers can build
on students’ knowledge of mixed numbers. Teachers are encouraged to revise the addition of like fractions that
students have learnt in primary school when expressing a mixed number as an improper fraction and vice versa.
When comparing fractions, it is more efficient when each fraction in the group is converted to an equivalent fraction
sharing a common denominator. Teachers can highlight that the common denominator is the lowest common
multiple (LCM) of the denominators of the fractions in the group.

Section 2.2: Adding and subtracting fractions and mixed numbers

Teachers can build on students’ knowledge of addition and subtraction of like fractions - to add or subtract like
fractions, the numerators are added or subtracted. Teachers can ask the students to suggest how they can add or

subtract unlike fractions, starting with fractions with denominators that are multiples of each other (e.g. % and %

on page 29 of the textbook). Two prerequisite concepts are used when adding or subtracting unlike fractions.
1) finding the lowest common multiple (LCM) of the denominators, and 2) expressing a fraction as an equivalent
fraction.

Section 2.3: Multiplying fractions and mixed numbers

Students have learnt how to multiply a proper fraction by a whole number. The concept of fraction of a whole
number and the concept of multiplication as ‘groups of are revisited in Worked Example 8(a) and (b). Teachers
can draw the students’ attention to the use of HCF to simplify the multiplication (see Method 3 of Worked Example
8(a)). Teachers should also impress upon students the commutative property of multiplication. In Worked Example
8(c), teachers can ease students into multiplication involving a mixed number using the concept of ‘groups of (see
Method 1) and show that the same result can be obtained by expressing the mixed number as an improper fraction.
When multiplying two fractions, the numerators and denominators are respectively multiplied (see Investigation:
Multiplying two fractions). Teachers should highlight that a mixed number is converted to an improper fraction
first before multiplying it with another fraction.

Section 2.4: Dividing fractions and mixed numbers

Teachers can begin this section by illustrating that dividing by a whole number is the same as multiplying by its
reciprocal. This is also applied when dividing by fractions and mixed numbers. Here, students should reinforce this
concept by revisiting part (a) of the Introductory Problem.
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Worked Solutions

Introductory Problem

The solutions to this problem can be found in Introductory Problem
Revisited (after Practise Now 12).

Fractions, improper fractions and mixed numbers )

Practise Now 1

Simplestform:l,i,i,E
2 4 7 23
Notsimplestform:i:l,gzl,izi,z_ozi
6 3 9 3 10 5 200 10
Practise Now 2
2 6
a) —=—
(a) 3%
6 7 2 7
—<L <t
9 9 39
3 15
b) —=—
(b) 0
7 14

© =

(d)

Practise Now 3

(a) 22:2+2+£
3 3 3 3
-8
T3
(b) 52:2.{.2.{.21.2 E i
10 10 10 10 10 10 10
_58
T 10
2
"5

Practise Now 4

27 24 3
@ 22,2
4 4 4

—62

30
®) ==

w|>—A

==+
3
_3L
3

Practise Now 5
(a) Since the whole numbers in 2% and 2% are the same, only the

proper fractions are compared.
2 12

5 30

(®) ZLand 2=
155 15

. 37 42 37 42
Since—<—, .. —<—
15 15 15 15

Since the whole numbers in 3% and 3 2 are the same, only the

proper fractions are compared.

5 25 3 21
—=—"—and—=—

7 35 5 35
Since£>£,thusi>z.
35 35 7
L2553
7 5

Adding and subtracting fractions and mixed
numbers

)

Practise Now 6

L@ 2.6 _(@+8)
13 13 13
-8
13
(b) l+i—i+i
39 9 9
_8
9
3 5 9 10
@ 2+2-2. 10
4 6 12 12
1
12
=ll
12
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(d) Z+£=2_1+£
2 6 6 6
_2
6
16
3
_51
3
2 @ L L. U7
15 15 15
4
15
b 23 14 3
4 4 4
1
4
4 1 16 5
(€ —-—=—-—
5 4 20 20
_n
20
15 5 3 5
(d —-—=3--—
4 9 4 9
)
36 36
L7
36

1. (@ 2—+1—=3
() 15

OXFORD
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24
60

(15+10 + 24)

2. (@) 22-21_-6-D
6 6 6
_4
6
-2
3
b 531253 5,5
7 7 7 7
410 5,5
7 7
-2
7
@55 1955 41
9 6 9 6
:52_31
18 18
_, 7
18
() zl_lzzzi_lﬁ
6 5 30 30
IPECURRT
30 30
)
30
. 1 1
3. Total time taken = — + — + 1—
4 6
15 10
=— 4+ —
60 60
=1
60
1%,
60
Exercise 2A
9 1
1. a) —=—
(a) 81 9
10 5
b) — ==
®) 12 6
36 2
) —=—
(©) 90 5
56 2
d 2=
()84 3
2 8
2 a) —=—
(a) 5 20
8 11 2 11
—<— S —
20 20 5 20
3 15
b) —=->
®) 16 80
3_15
16 80
© 2_16,45_15
3 24 8 24
1615 205
2424737 8
@ 22,020
18 36 12 36
26 30 13 10
— < — =< —
36 36 18 12



(a) 123 -3 + 2 (c) Since the whole numbers in 2E and 2i are the same,
3 3 3 54 27
_38 only the proper fractions are compared.
3 12 2 6 2
3 32 3 Ty
b dg=%+% 2 .6
2= =22
_3 54 27
8 .
Alternatively,
(c) 52-52 12 6 12
6 3 a and E = a
b2 12 .6
3 3 25 = E
Lk 0 1768
3 d) — —_=—
7 3 2 3 12
d) 9—=9—
-8, 11 4
o @ Z=17
= 2 19 7
i 2 '
(a) 24,1 4 48 7 49
2 2 2 —=—and — = —
7 84 12 84
= 17l 48 49 4 7 4 7
2 Since— <—,thus—<—and1—<1—.
84 84 7 12 7 12
b 2L-2 1119
14 2 S22
= E + i 11 77 11
2 2 (f) —and—=—
1 9 63 9
=1— 11 77
> )
@ X-2 2 3 1
6 3 ® =373
= % +—= 1 12
303 Lle=s2
2 8
= Sl 105 98 7
3 VR VY
@ 2-2 7
18 3 = 7§
3 2
=+ = 1
3 3 =7=
2
=1— . .4 1
3 Since the whole numbers in 7— and 7— are the same, only
(a) Since the whole numbers in 1% and 1% are the same, only the proper fractions are compared.
the proper fractions are compared. 4_8 and 1_7
7 14 2 14
2 laal 8 7 4 1 4 1
12 3 3 Since — > —,thus — > —and 7— > 7—
4 1 1 14
1—=1—
12 74510
7 14

(b) Since the whole numbers in 1% and 1% are the same, only

the proper fractions are compared.

2 8 9
—=—and —
3 12 12
Sincei < i,thusg < i
2 12 3 12
1212
3 12
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6.

(@)

13
b) —
(b) —o+

@ %+—

8,5 _8+9

17 17 17
13
17

11 _(13+11)

20 20
24
20

4 12 8
= — 4+ —
9 18 18
_(12+38)
18
_20
18

I
-
|

Alternatively,
4 4 2 4
—_t —= = 4+ —
6 9 3 9
6 4
= — 4+ —
9 9

5 9 10
+_

@ S+2-=

6 12 12
(9 + 10)
12
12 7
ITRRT)
7
12
5 2 (-2
13 13 13
3

13
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® 235720

_9

20
2 3 2
h) 3-2 =2>_%
(h) 373
:2(;2)

3

_,1

3
L1 2 5 4
(i) —-=="7-—
2 5 10 10
_(5-4)

10

_1

10
L2 1 14 3
G 3 7 21 21
_(14-3)

21

_ 1

21

(@ 1=—+2==3

7 8 =(17—8)

b 122,28
9 9 9
10
9
-1
9
© 22 452 7,847
15 15 15
-7
15
=8
(d) 5£+21:5i+ 3
5 10 10 10
—7L
10
(e) 1i+3£=1i+3i
15 5 15 15
-420
15
—42
3
(f) 1i+2:11+£
10 6 30 30
.
30
P
30
P
15



(h) 32 +==3

(a) IOE— 3—

(b) 2;—7 =1—-—

-1=>

3 7 _,1 7

© & 1872 '
7
18 18

12

T

_2

)

@ 2822 16,9
11 22 22 22

-7
22

3 13 9 13

(e) 10=-6=—=10—-6

8 24 24 24

f =-2= 3=-2—

(8 3=--12=3_2-1=

L3 20
24 24
10
24
W 35-7 23542
7 5 7 5
335 M
35 35
L1t
35

9. 'The lowest common multiple of the denominators is 36.

1 6
6 36
1_16
9 36
2 24
3 36
1
18
5

1 2
36
15

12 36

In ascending order,

6 12°9°18° 3

0.0 3=-12,2
5 5 5
1
5
29,2
37373
u
3
5,3
25 5
15 3
= — 4+ —
5 5
1
5

(ii) The lowest common multiple of the denominators is 30.

4 19 114
5 5 30
47 94

15 30

32 _9%

10 30

32 _11_110
373 30
15 18 108
25 5 30

In ascending order,
47 32 15 2 4

eu R } _’3_;3_
15 10 25 3 5
11. (a) 2+i+i
4 8 16
12 6 5
=—+—+—
16 16 16
_(12+6+5)
16
B
16
-1
16
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(©)

(d)

(e)

()
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12.

13.

35

:4—+2+

(g)

6 9 3
45,2 56
18 28 18
_7
18
w35 3,5
21 4 7
320660
84 84 84
18 6 6
84 84 84
&
84
G 324212
4 8 16
312 6 5
16 16 16
_,13
16
5 5 1
j) 10—-3—+1—
G) g =3ty
:IOE—3Q+1i
24 24 24
g3
24
gL
8
Mass of sugar used to bake muffins
L3
4 5
2200 5 12
20 20 20
-l
20
Volume of water Nadia drank
7 1
=+ =
10 4
N
20 20
19,
20
Total volume of water
7 19
= 4+ =
10 20
14 19
=— 4+ =
20 20
3
20
113,
20



14. Distance between library and Raju’s house
= 1E + 2l
5 2

Total distance cycled

= 32 + 13
10 5
= 32 + 1i
10 10
=42
10
= 5i km
10
15. Volume of orange juice in each large bottle

:1l+li
4 8
:1£+12
8 8

=2=1
8
Total volume of drinks
:1l+1l+1l+22+22
4 4 4 8 8
:1£+1£+1£+2£+2i
8 8 8 8 8

=72
8

=91

(An alternative method is presented below. Teachers may revisit

this question after Section 2.3)

Total volume of drinks

:3><ll+2><22
4 8

=3i+42
4 4
=78
4
=91

16. Number of cakes in one box

Total number of cakes

=2l+2i+2i+2l+2i+2i
3 3 3 3 3 3

128
3

=14

) Multiplying fractions and mixed numbers )

Practise Now 8

1
1. (b)§
Lyl 1,1
(c) EOf__2X4
-1
"8
1
T(2x4)
1
2 (a)?
1
@)E
Lyl 1,1
(c) ZOf__4X2
-1
"8
_ 1
T (4x2)
3
3. (a);

(b) Multiply the numerators of the fractions to obtain the
numerator of the product, i.e. 3 x 1 =3.

Multiply the denominators of the fractions to obtain the
denominator of the product, i.e. 4 x 2 = 8.
3 1 (3x1) 3

472 (4x2) 8

Practise Now 9

(a) lxlz(lxz)
5 3 (5x3)
_2
T15
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b) Lx2 -1, L
3131713
-1
13
& 35 1.7

(c) =xZ===—x—
FREREAERE
_7
)
@ 1Dx22 =252
15" 21
_(22x52)
T (15%21)
1144
"~ 315
199
T 7315

Practise Now 10

(i) Fraction of muffins which are vanilla

-1-2

(ii) % of the muffins = 138

.. total number of muffins
=138 x5
=690

3
© L2.g-42, 1
7 7 /82/
301
= x—
7 2
_3
14
11 1
d 2——9_— S
(d) 5
o
36

Practise Now 12

1.

Dividing fractions and mixed numbers

)

Practise Now 11

1 1 1
@ L3 =y"3
L
12
w1
(b) —-11—E =
1
"1

OXFORD
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1
a) 9+—=9x6
() .
=54
7 21 /7/
b) £+ =%
32 ,8/
v~
1
4
3

127 12 3
(c) —+—=—x—
5 3 7

5
3
3
L
4

@ —+3 =

3
3
9 15 9
4 16 4«

16
X_
A5
5
3 4
== x—
5

1
12
5

=2

SRS

© 21282
10 25 10

‘”'""W&I‘xs»



2. (i) Distance ran by Li Ting’s brother
= 12 + 22
5 20
2,0
20 20
L]
20
= 4i km
20
e s 3 2
Number of laps ran by Li Ting’s brother = 45 + <
83 5
=— X —
20 2
81
4 2
8
8
= 10i
8
Total distance ran by Li Ting and her brother = 423—0 + 1%
= 4i + 12
20 20
L
20
= 5i km
4
Number of laps ran altogether
_53.2
4 5
B.s
4 2
_us
8
= 142
8

Introductory Problem Revisited
(a) Number of portions of white sugar =2 + %

=2x4
=8
Number of cookies = 8 x 12 = 96

(b) 2 cups of butter, 2 cups of brown sugar, 4 eggs, 4 teaspoons
of vanilla extract, 2 teaspoon of baking soda, 6 cups of flour,

440 g of chocolate chips
Exercise 2B
1
1. (a) —x96
(a) —
= 1 x 16
1
=16

2

() 2 x63 =12 %63
3 3

1x6=63
z><63 =£><21
3 1

=42

.'.§><63:63+42

=105
Alternatively,
i><63=2><21
3 1
=105
(c) 2><42:2l><42
4 4
2x42 =84
l><42:l><21
4 2
2
2
zlol
2
2 —sav 10t
4 2
oul
2
Alternatively,
2><42:2><21
4 2
189
2
=94—
@ 21x2%
3
21 x2 =42
21><l:7><i
3 1
=7
1
.‘.21X2?:42+7
=49
© 1.1 _(x1
2 5 (2x5)
_1
10
3 11 1 11
X — = x—
® 10 12 10 4
_n
40
5 15 5 5
_ X — = N
® 576 =3 %6
5
48
(h)Exi:i 2
22 9 11 3
_1o
33
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. 2 15 13 15 39 3 10
(i) 2=x—==—"x— (g —+—="x—
3 26 5 26 4 10 4 9
1 3 1 5
=— X — = — X —
1 2 2 3
11 _3
6
. 5 4 5 1 8 32 8 25
) 12 x5 =2x— ) 2202
8 3 2 1 15 25 15 32
:zl =lx2
2 3 4
(k) lxli:lxﬂ :i
11 7 11 7 12
=1 o 15 5 15 2
1 .5 10 21 W =35
I 1=x2=—=— x—
9" "8 9 8 _3
5 7 2
3% 1
=1—
3% 2
12 N .7 4 16 _3
G) 1=+==—x—
1 973 9 4
12 _4
2. (a)l+3=l><l 3
2 273 11
1 3
16 f6 1 ® 9%+9=%X%
(b) —+8=—x—
21 21 8 _83
_2 81
2 12
24 24 1 81
() —+2="—x=
5 5 2 2 23 32 48
nH 2=—+1==Z+—
_E 15 25 15 25
5 3225
RGP
=22
5 2 5
25 25 1 373
d 522 :10=5"2 x—
26 2610 _10
155 1 9
=" x—
26 10 _ 1
BEN 9
26 2 3. Amount of time spent visiting care home
31 4
vy =—x38
52 7
(e) 6—2 :6)(2 =2
5 3 7
=2x5
4
_ =4—h
=10 7
(f) 45+E :45><£ 4. Fraction of audience who are children
11 118 _1_2
_SXT 4
55 _i
"7 !
1 (i) Fraction of audience who are girls
=27 2 1
2 =— X —
5 4
-2z
10
1
10
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(ii) L of audience = 90
10

.~. total number of people in audience
=90 x 10
=900
Fraction of audience who are boys
3,1
5 4
3
20
Number of boys in the audience
= 3 x 900
20
=3x45
=135
Mass of each slice of butter

Total mass of butter used for cupcakes
= i X Zl
40 4
3
=—x
40
27

_ Yy
160 8

Fraction of total cost Yasir and Nadia paid

| o

Yasir paid% of the remaining cost of gift, thus fraction of

remaining cost of Nadia paid
—1-2
7

4

7

... fraction of total cost Nadia paid
4 7

=— X —
7 12

1
3
1

3 of total cost = $16

.. total cost
=$16x3
=$48

Fraction of spectators who are boys

1 3
=—x=

Fraction of spectators who are girls

1 1
=— X —
6 4

- L
24
... the difference between the number of boys and girls is i of

the spectators.

1 of the spectators = 56
24

Number of spectators
=56 x 24
=1344

Area of overlapping region

- % of the area of PQRS

:i><13cm2
5

:Ecm2

% of the area of ABCD = % cm?

.. area of ABCD

=£><8

104
5
= 20i cm?
5
Total area of the figure

=area of ABCD + area of PQRS - overlapping area

—20d 3 1
5 5

—20d 113222
5 5

= 31l cm?
5

Fraction of salary saved and donated

4 5
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Fraction of salary donated to 4 charities Total pocket money
= Zxos ~ PKR240 + =

7 20 7
L = PKR 240 x

10 4

Fraction of salary donated to each charity
1,
10
1 1
=— X —
10 4
1

T 40

=PKR 60 x 7
= PKR 420

L of salary = PKR 1400
40

.. Albert’s salary
= PKR 1400 x 40
=PKR 56 000

10. Fraction of lemonade poured into glasses
-1-2
5
3

5

Volume of lemonade poured into glasses
_3 x 10
5

=61

Total number of glasses needed
3

T 10

10

3

=2x10

=20

=6X

.. she needs 20 - 12 = 8 more glasses.

11. Fraction of pocket money left after spending on food

1oL

pen

... fraction of pocket money Imran has left

6 2
=— X =
3

% of total pocket money = PKR 240

% x total pocket money = PKR 240
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Chapter 3 Decimals

TEACHING NOTES
Suggested Approach

Students have learnt decimals up to three decimal places and the four arithmetic operations involving decimals in primary school.
This chapter opens with an introduction to terminating and recurring decimals, and the equivalence between fractions and decimals
(see Introductory Problem on page 48 of the textbook). Teachers can ask for the students’ observations about the decimals obtained
in Question 1 (see Introductory Problem Revisited on page 50 of the textbook). Teachers can further pique students’ curiosity by
asking them how they could deduce if a decimal converted from a fraction is terminating or recurring by studying the fraction
(this will be discussed further in the Class Discussion: Identifying fractions with equivalent terminating decimals on page 54).
With reference to Question 2 of the Introductory Problem, teachers may also give a recurring decimal and ask the students if
they are able to convert the recurring decimal to fraction by using the same method as Question 2 in the Introductory Problem.

Teachers should not use the term ‘non-terminating decimals’ when describing recurring decimals in this chapter. This is because
non-terminating decimals also include irrational numbers. Terminating, recurring and non-recurring decimals will be further
investigated in Chapter 4 when the students learn about rational and irrational numbers.

Section 3.1: Decimals and fractions

The terms terminating and recurring decimals are introduced in this section. In the first part of this section (Fractions
and terminating decimals on page 48), teachers can build upon students’ knowledge of decimals to show how a
terminating decimal can be converted to a fraction. To convert a fraction into a terminating decimal, teachers can
show how the fraction is first expressed as an equivalent fraction with a denominator of 10, 100, 1000, .... This will
ease the students into identifying fractions with terminating decimals in the Class Discussion on page 54.

When converting a fraction to a recurring decimal, teachers can get the students to discuss why it is not possible to
first convert the fraction to an equivalent fraction with a denominator of 10, 100, 1000, .... The technique to convert
arecurring decimal to a fraction involves algebra. Since students may not have been introduced to algebra, teachers
must explain the meaning of 10x and 10x - x used in the Investigation: Converting recurring decimal to fraction
(page 51). Teachers can consolidate the students’ findings from the Investigation by stressing the need to eliminate
the recurring digits after the decimal point.

Section 3.2: Operations involving decimals

Now that the students have learnt how to convert decimals to fractions, teachers may use fractions when revisiting

the arithmetic operations involving decimals in this section. This is to allow students to understand the steps they

have learnt in primary school when performing arithmetic operations or provide an alternative method to perform

the arithmetic operations. For instance, when adding or subtracting decimals with differing number of decimal

places, teachers may use equivalent fractions to explain why the insertion of zero(s) after the last digit does not
70 7

change the value of a decimal. For example, 0.70 = 10010 = 0.7.
Section 3.3: Conversion of units of measurement for length, mass and volume

Teachers may generalise the examples in Class Discussion: Multiplying the dividing decimals by 10, 100 and 1000
to any powers of ten. Teachers can pique students’ interest by highlighting that the units of measurement in this
section belong to the metric system, and to discuss other units of measurement within this system.
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Worked Solutions

Introductory Problem (@ 3
The solutions to this problem can be found in Introductory Problem 4
Revisited (after Practise Now 1). _ 75
100
=0.75
2% =2.75
Decimals and fractions ) 3. (a) 0.076 =0.0760
.. 0.0760 > 0.0706
(b) 4.05 = 4.050
Practise Now 1 7 4.050=4.05
1. (a) 0.05 © 20033
5 1000
- 100 222 ~2033
1 1000
~20 2.033<2.330
(b) 0.13 f 23 22330
_ 13 1000
100 @ 2 _g03
(c) 0.04 8 8
4 =
100 8
1 375
=55 1000
1 =0.375
S204=2—
25 sl
(d) 0354 8
3
354 =902
11(;(;0 = 90.375
= 500 90.37 < 90.375
723
- 7354=7377 9037 <=
500
2 . .
2. (a) < Introductory Problem Revisited
-4 1. (a) %
10 5
=04 = 1—0
9
b = =0.5
(b) 2 .
A5 b) <
100 375
=0.45 = 1000
© = =0.375
250 1
_ 312 (C) ?
1000
~ 0312 =0.333333333333 ...
1 =0.3333
d) —
@ 2% @ -
5 6
= 100 i :)).16666666 666 666 ...
=005 =0.1667
1i =1.05
20
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1
o L
(e) 7
=0.142 857 142 857 ...
=0.142 857 1429
@ 03=-

“10
(b) 04

(c) o.

(d) 0.167=——
(e) 0.625

Method 1 in Worked Example 1(b) cannot be used to express
the fractions in Question 1(c) to (e). This is because the
denominator of each of these fractions cannot be converted to
10, 100, 1000, ... .

The digits in the decimals in Question 1(c) to (e) repeat

indefinitely, whereas those in Question 1(a) and (b) terminate.

Practise Now 2A

1.

(a) 4.4444 ... =44

(b) 15.310310310 ... = 15.310
(€) 20.164 646 4... = 20.164
(a) 0.47 =0.474747

(b) 0.023 = 0.023 232

(c) 0.203 =1.203 203

Practise Now 2B

-0222222 ...
=0.2
5
b i
(b) .
=0.833333 ...
=0.83
1
11
=0.090 909 ...
=0.09
3
d -
(d) =
=0.428 571 428 571 ...
=0.428 571

(©

Investigation: Converting recurring decimal to fraction
1. (b) 10x-x=4.4-04

(c) 9x=14
4
x:_
9
2.
(@) 08 |88 | 88-08=8 |10x-x=8
9x =8
8
x=—
9
(b)| 1.5 [15.5| 15.8-1.5=11 | 10x-x=11
9x=11
11
x:_
9

3. (i) To create another recurring decimal that has the same
recurring digits after the decimal point.

(ii) To eliminate the recurring digits after the decimal point.

4. (i) When0.27is multiplied by 10, the product is 2.72.The
recurring decimal 10x has a different sequence of recurring
digits as x. Thus, these digits cannot be eliminated when
0.27is subtracted from 272, ie.
10x - x =2.72 - 0.27

9x=2.45
(ii) Let xbe 0.27
Multiply x by 100.
Subtract x from 100x to eliminate the recurring digits.
The left-hand side of the equation is now 99x, which is equal
to a value of 27. Divide both sides of the equation by 99.
(i)  100x=27.27
100x - x = 27.27- 027
99x =27
27
X=—
99

Practise Now 3
(a) Letx= 0.7
10x-x =7.7-0.7
Ix=7
x [—pp—
9
(b) Letx=0.36
100x - x = 36.36 - 0.36
99x = 36
36
xX=—
99
-4
11
(c) Letx= 0.05
100x - x = 5.05 — 0.05
99x =5

OXFORD

UNIVERSITY PRESS



(d) Letx=0.167
1000x — x = 167.167 - 0.167
999x = 167
167
_x = —
999

Practise Now 4
(a) Letx= 0.83
10x = 8.3
100x = 83.3
100x - 10x = 83.3 - 8.3
90x = 75
x=2
90

(b) Letx= 0.136
10x = 1.36
1000x = 136.36
1000x - 10x = 136.36 - 1.36
990x = 135
135
X =—
990
_3
22
(c) Letx=0.416
100x = 41.6
1000x = 416.6

1000x — 100x = 416.6 — 41.6
900x = 375
375
x = —_—
900
_3
12
(d) Letx=0.630
1000x = 630.630
1000x — x = 630.630 — 0.630
999x = 630
630
x = —
999
_70
111

Practise Now 5
(a) Letx= 1.53
100x = 153.53
100x - x = 153.53 — 1.53
99x = 152
152
x = —
99
62

1=
99
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(b) Letx=2.67

10x = 26.7
100x =267.7

100x — 10x = 267.7 - 26.7
90x = 241
241
x [ f—
90
61

=2
90

(c) Letx= 2.432

10x = 24.32
1000x = 2432.32

1000x — 10x = 2432.32 — 24.32
990x = 2408
2408
990
_, 428
990
_,214

Y

(d) Letx=3.2484

Class Discussion: Identifying fractions with equivalent

10x = 32.484
10000x = 32484.484

10000x — 10x = 32484.484 — 32.484
9990x = 32452
32452
9990
_ ;2482

9990
_3 1241
4995

terminating decimals

3

1 :120.2
10

-2 0.5

5
1 —
210
2
3

0.6 66

) 2.000
-0

20

-1 8

20
- 18
20
-18
2




625

2.8 465
8 1000
2
7
0.285714
7) 2.000000
-0
2 0
-1 4
60
- 56
40
~35
50
49
10
-7
30
28
2
2 0385714
7
7
12
0.583
12) 7000
-0
70
- 60
100
- 96
40
-36
4
7 _ 0583
12
11
15
0.7 3
15 11.00
-0
100
-1 05
50
- 45
5
U073
15

1326 _

= =0.26
50 100

1 1 1
—, = 3 and 13 have equivalent terminating decimals.
5 2 8 50

2.
Fraction | Prime factorisation of denominator
1
5 5
1
5 2
2
3 3
B ”
8
2
- 7
& 22x3
12
11
15 3x5
13 o
50 x5

3. Prime factorisation of the denominators of fractions with
equivalent terminating decimals consists only of prime factors 2
or 5. If the prime factorisation of the denominator also includes
other prime factors (with or without 2 or 5), the decimal equivalent
of the fraction will be recurring.

4. Express the denominator of the fraction as a product of its prime

factors. If the list of prime factors only contains prime numbers
2 or 5, the fraction has an equivalent terminating decimal.
Otherwise, it is recurring.
(Note: Prime factorisation of any power of ten consists only of
prime factors 2 and 5. Thus, a fraction with a denominator whose
prime factorisation consists only of prime factors 2 or 5 can be
converted to an equivalent fraction with a denominator that is a
power of ten, which has a terminating decimal equivalent.)

Exercise 3A

1. (@ 05

5
" 10
1
)
(b) 047
47
" 100
(c) 0.36
_36
100
9
" 25
(d) 0.05
5
100
1
" 20
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(e) 0.04 25
o 6—
. ® =90,
~ 100 1
_ 1 4
2 _25
1 100
204=2— o
(f) 0.785 25 6l 625
785 4
1000 h 2
_157 8
- 200 625
(g) 0.355 1000
355 =0.625
1000 52 = 5.625
_71 8
200 3. (a) 1.15>1.14
7355771 (b) 115<1.2
200 (c) 2.050 = 2.05
(h) 0.040 . 2.05 = 2.050
__40 (d) 0.21<0.31
1000 (&) 3.1>3.099
5 6-—=6.3
25 ) m
1.040 = 1— - 63=6
; 10
3 11
2 @ 5 (g) ?
_6 1
- 1
10 5
=0.6 a2
(b) 3 10
20 =22
15
-1 11
100 5 <25
=0.15
6 0 2
(o — 8
20 ;
_30 =1
100 s
=03 1000
(d) 2 =11.875
25 o5
91 “ 118705 <=2
~ 100 .
—0.92 4. (a) 02222..=02 N
] (b) 0.123123 123 ... =0.123
€ — .
© 3 (€) 0.1777...=0.17
-2 (d) 0234242424 ...=0.2342
10 .
— 05 5. (a) 0.12=0.121212
(b) 0.71=0.711 111
3—=35 ..
2 (c) 0.353=0.353353
0 > (d) 0.33224 =0.332 242
4
_75
100
=075
53 2575
4
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(@)

(b)

(©

(d

0.7
9) 7.0
-0

7 0
-6 3

7
7
9
=0.7
1
18

0.055
18) 1.000
-0

100
- 90

100

- 90

10
L 003
18
11
15

0.7 3
15 11.00
-0

110
~10 5

50
N 073
5
12

0.416
12) 5.000
-0
50
48

20
- 12

80

72

8
> -0.416
12

(a)

(b)

(©

(d)

(e)

()

(g

x:O.é
10x=5.5
10x-x=55-0.5
9x=5
x=2
9
x:O.é
10x=6.6
10x - x = 6.6- 0.6
Ix=6
£=2
9
-2
"3
x:O.éi
100x = 87.87
100x — x = 87.87- 0.87
99x =87
=37
99
29
"33
x:O.iZi

1000x=121.121
1000x — x = 121.121 - 0.121
999x =121
121
x = —
999
x=0.12
10x=12
100x=12.2
100x - 10x=12.2 - 1.2
90x = 11
11
x = —_—
90
x=0.07
10x=0.7
100x=7.7
100x - 10x = 7.7 - 0.7
90x =7

x=—
90

x=0.774
10x = 7.74
1000x = 774.74
1000x - 10x = 774.74 - 7.74

990x = 767
767
X = —
990
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(h)

(b)

(©

(d)

(b)
(c)
(d)
10. (a)
(b)
(o)
(d)

x=0.774
100x = 77.4
1000x = 774.4

1000x — 100x = 774.4 — 77.4

900x = 697
697
x = —_—
900
X = l.é
10x = 16.6
10x-x =16.6 - 1.6
9x =15
15
x=—
9

1

l
w[N oo

X= 207
100x = 207.07
100x - x = 207.07 - 2.07
99x = 205
205
X =—
99
7

=2
99

x=3.415
1000x = 3415.415

1000x — x = 3415.415 — 3.415

999x = 3412
3412
999
_ 5415
999
x=1.57
10x = 15.7
100x = 157.7
100x - 10x = 157.7 - 15.7
90x = 142
142
X =—
90
122
90
126
45
1.017 317 3173... = 1.0173
44444 ... = 4.4

20.022 32323 ... = 20.0223
7.147 57575 ... = 7.1475
0.0102 = 0.010 210 2102
12.1112 = 12.111 211 2112
10.003 = 10.003 333 3333
3.0332 = 3.033 203 3203
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11. (a)

()

0.181

11) 2.000

-0

-1 1
90

20
-11

2 _0.i8

0.136

22) 3.000

-0

-2 2
80

140
- 132

3 _0.i36
2

0.571428
22) 3.000000
-0
4 0
-3 5
50
- 49
10

30

20

-14
60
-56

% =0.571428



1
@

0.076923
13; 1.000000
-0
1 00
- 91
90
-78
120
-117
30
-26
40
-39

L 0.076923
13

12. (a) x=0.12
100x = 12.12
100x - x = 12.12 - 0.12
99x =12
12
X =—
99
_4
33
(b) x=0.72
100x = 72.7
100x - x = 72.72 - 0.72
99x =72
72
X =—
99
_8
11
() x=0.162
1000x = 162.162
1000x — x = 162.162 — 0.162
999x = 162
162
x=—
999
_6
37
(d) x=0.0792
10000x= 792.0792

10000x - x = 792.0792 - 0.0792
9999x =792
792
x = —_—
9999
_8
101

(&) x= 0.15
10x = 1.5
100x = 15.5

100x - 10x = 15.5 - 1.5
90x = 14
14
x e —
90
e
45
H x=0.002
100x = 0.2

1000x = 2.2
1000x - 100x =2.2 - 0.2
900x = 2

2
X =—

900
1,
450

(g) x= 0.002
10x = 0.02
1000x = 202 N
1000x - 10x = 2.02 - 0.02
990x = 2

(h) x=0.163
100x = 16.3
1000x = 163.3

1000x - 100x = 163.3 - 16.3

900x = 147

L =147

900

_9

" 300

13. (a) x=1.07

10x=10.7

100x = 107.7

100x - 10x = 107.7 - 10.7
90x =97
97
xX=—
90
7

-1-
920
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(b) x=2.115
100x = 211.5
1000x = 2115.5

1000x - 100x = 2115.5 - 211.5
900x = 1904
1904
X =———
900
_,104
900
_26
y 225
(c) x=2.507
10x = 25.07
1000x = 2507.07
1000x - 10x = 2507.07 - 25.07
990x = 2482
2482
X =—
990
=202
990
_251
495
14. Students should do long divisions that are similar to questions 6
and 11 until the digits repeat.
1
a) L
@ 3
=0.058 823 529 411 7647...
= 0.058 823 529 411 76477
1
19
=0.052 631 578 947 368...
=0.052 631 578 947 368
x=0.384615
1000 000x = 384 615.384 615

1000 000x — x = 384 615.384 615 - 0.384 615

999 999x = 384 615
384615
"~ 999 999
N
13

(b) x=0.428571
1000 000x = 428 571.428 571

1000 000x — x = 428 571.428 571 - 0.428 571
999 999x = 428 571
L 428571
999 999

(b)

15. (a)

(€) x=0.1897
100x = 18.97
10 000x = 1897.97
10 000x - 100x = 1897.97 - 18.97

9900x = 1879
1879

X =
9900
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(d) x=0.1897
10x = 1.897
10 000x = 1897.897
10 000x — 10x = 1897.897 — 1.897

9990x = 1896
1896
X=—
9900
316
1665
16. (a) x=1.1087
100x = 110.87
10 000x = 11 087.87
10 000x - 100x = 11 087.87 - 110.87
9900x = 10 977
X = 10—977
9900
_ 1077
9900
_ 1359
3300
(b) x=22446
10x = 22.446

10 000x = 22 446.446
10 000x — 10x = 22 446.446 — 22.446
9990x = 22 424

17. x=0.9=0.999..
Then 10x = 9.999..
10x-x=9

9% =9
x =1
3-29 =3-(2+09)
=3-(2+1)
=3-3
=0

) Operations involving decimals

Practise Now 6A

1. (a) .
2.63

+ 8.50
11.13

s 2.63+85=11.13



(b)
5.7

+ 6.24
11.94

5 57+624=11.94

() L

28.09

+ 3.654
31.744

. 28.09 + 3.654 = 31.744

(d) -

14.15

+21.96

36.11

oo 1415 + 21.96 = 36.11
51
8.63
-6.59
2.04

. 8.63 - 6.59 =2.04
(b)

1

6
7.

5.4
1.6

S 7-54=1.6

(©) 8 1
38.9

- 3.65
35.25

- 389 -3.65=13525
(d) 9
L
- 5.84
2416

.. 30-5.84=24.16

Practise Now 6B

(a) s
1.5
X 7
10.5

s 1.5x7=10.5

5 35x0.17 =5.44
(©

21 3
15.48
x 40
619.20

o 15.48 x 40 = 619.20

Practise Now 7

@ 13 .56
X 2.4

5 424

+27 12
_32.544

< 13.56 x 2.4 = 32,544
(b) 137.8
x 0.351
1378

+ 6
+41
48.

890
34
3678

- 137.8 x 0.351 = 48.3678

Practise Now 8

(@) 0.05

3) 015

-0

-0
15
-15
0

= 0.15+3=0.05

(b) 0.675
4]2700
-0
27
-24
30
-238
20
-20
0
5 27+4=0675

50312 +12=0.26
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(@) 0.92+04

1
(b) 1.845+0.15=

Practise Now 9

5.092+04=23
Alternatively,
0.92 +0.4
92 4
T100 10
2 10
100 4
23
T 10
=23

12.3
15) 184.5
-15
34
-30
45
—45
0

-0 1.845+0.15=12.3

Alternatively,

1.845 + 0.15

1845 15

~ 1000~ 100

1845100
1000 15

123

T 10

=123
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Class Discussion (Importance of place value)

In the division “proof”, the number the “1” in the quotient is taken to
be in the tens place. However, it has a value of 1.

In the multiplication “proof”, the “1” in 14 is taken to have a value of
1 when it actually has a value of 10.

In the addition “proof”, the “1”s in the five 14s are each taken to have
a value of 1 when they actually have a value of 10.



Conversion of units of measurement for length,
mass and volume

Class Discussion: Multiplying and dividing decimals by 10,

100 and 1000

10 100 1000
Multiplication 1 1 1
0.1x10 =—x10 0.1 x 100 =— x 100 0.1 x 1000 = — x 1000
by 10 10 10
=1 =10 =100
1 1 1
0.01 x10 =——=x10 0.01 x 100 = — x 100 0.01 x 1000 = —— x 1000
100 100 100
=0.1 =0.01 =10
0.001 x 10 = ! x 10 0.001 x 100 = ! x 100 0.001 x 1000 = ! x 1000
1000 1000 1000
=0.01 =0.01 =1
o When a decimal is multiplied by 10, | « When a decimal is multiplied by o When a decimal is multiplied by
the decimal point shifts 1 place to 100, the decimal point shifts 2 1000, the decimal point shifts 3
the right. places to the right. places to the right.
Division b
Y 0.1+10=L><L 0.1+100=L><L 0.1+1000=L><L
10 10 10 100 10 1000
=0.01 =0.001 =0.0001
0.01+10= — x — 001 +100 = —— x —— 0.01 + 1000 = —— x ——
100 10 100 100 100 1000
=0.001 =0.0001 =0.00001
0001+ 10= —— x — 0.001+100 = —— x -~ 0.001 + 1000 = —— x ——
1000 10 1000 100 1000 1000
=0.0001 =0.00001 =0.000001
o When a decimal is divided by 10, o When a decimal is divided by 100, |« When a decimal is divided by 1000,
the decimal point shifts 1 place to the decimal point shifts 2 places to the decimal point shifts 2 places to
the left. the left. the left.
Practise Now 10A
L @ 07x10=7

(b) 0.063 x 100 =6.3
(V)

(c) 3.61 x 1000 = 3610
AL

(d) 32.9 x 1000 = 32 900
UAAAS

0.9 +10=0.09
U

(b) 137 +100=1.37
VY,

(c) 143.1 +1000 = 0.1431
AN

(d) 2.7+ 1000 = 0.0027
KN
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Practise Now 10B

(a) 1km=1000m
3.608 km
=3.608 x 1000
=3608 m

(b) 1km =1000m
7.055 km
=7.055 x 1000
=7055m
1m=100cm
7055 m
=7055 x 100
=705 500 cm

(c) 1000 m=1km
1385 m
= 1385 + 1000
=1.385 km

(d) 10mm=1cm
485 mm
=485+10
=48.5cm
100cm=1m
48.5 cm
=48.5+ 100
=0.485 m

Practise Now 11

(a) 1 tonne = 1000 kg
0.0575 tonnes
=0.0575 x 1000
=57.5kg

(b) 1 tonne =1000 kg
3.04 tonnes
=3.04 x 1000
=3040 kg
1kg=1000g
3040 kg
= 3040 x 1000
=3040000¢g

(c) 1000 kg =1 tonne
6975 kg
= 6975 + 1000
=6.975 kg

(d) 1000g=1kg
77542 g
=77 542 + 1000
=77.542 kg
1000 kg = 1 tonne
77.542 kg
=77.542 + 1000
=0.077 542 tonnes
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Practise Now 12

(a) 11=1000ml
0951

=0.95 x 1000
=950 ml

(b) 11=1000ml
5423.051
=5423.05 x 1000
=5423 050 ml

(c) 1000ml=11
2765 ml

= 2765 + 1000
=2.7651

(d) 1000 ml=11
89.02 ml
=89.02 + 1000
=0.089 02 ]

Exercise 3B

1.

(a)

(b)

(©)

(e)

(a)

2.5

+ 0.2

2.7

S25+02=27

1
0.72

+ 1.3

2.02

5072+ 1.3=2.02

0.064

+ 1.53

1.594

. 0.064 +1.53=1.594

1

2.12

+ 0.97

3.09

o212+ 0.97=3.09

1
8.28

+ 3.9

12.18

o828 +3.9=12.18

0.064

+ 1.54

1.604

. 0.064 + 1.54 = 1.604

9.5

- 8.2

1.3

5. 95-82=13



(b) - b)) 130.4
7.80 x 0 .15
=0.42 6520
_7.38 +1304
5 7.8-042=7.38 19.560

() 9 813 - 130.4 x 0.15 = 19.56
—1:6()0 © 0.27
8.213 x 0.08
e 0.0216

. 9.813-1.6=8.213

. 0.27 x 0.08 = 0.0216
(d

8 1
9.4 (d) 0.25
~8.2 x 1.963
0.8 475
.9.0-82=0.8 150
225
(e) 7 1
§.03 25
—4.90 0.49075
_3.13 - 0.25 x 1.963 = 0.490 75
- 8.03-49=3.13 5. (a) 27
(f) 6 71
7.80 37081
6.88 8
: ~6
- 7.8-092=6.88 21
(a) 35 1 A
14.72 0
x 8 - 0.81+3=0.27
117.76
2 (b) 08565
.. 1472 x8=117.76 3)34260
(b) 48 _—0
0.049 34
X 9 -32
0.441 22
_ B 20
- 0.049 x 9 = 0.441 e
(©) -24
1 1
3.652 ;8
X 21 —0
3 652 —_—
© 73 040 - 3.426 + 4 = 0.8565
76.692 () 003325
. 3.6520 x 21 = 76.692 3026600
-0
(d) 12
0.045 ;2
0.180 o4
- 0.045 x 4 =0.18 20
@@ 14 .72 16
x 1.2 40
- = _40
2944 0
+14 72 —
L=l . 0.266 = 8 = 0.033 25
17.664

s 1472 x 1.2 = 17.664
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(d) 021825

32) 698400
-64
58
-32
264
-256
80
-64
160
-160
0

s 6.984 +32=0.218 25

081
8. (a) 081+03= 2

w|f _O‘
[«

2.7

3] 8.1
-6

21
-21

0

5. 081+03=27
Y
1.32
0.12
AL
132
12
=11
3226
(c) 3.426+0.06 = ——
0.06
A
342.6

6

(b) 1.32+0.12=

57.1
6) 3426
-30
42
—42
6
__ -6
0
. 3.436 + 0.06 = 57.1
135
g
435

15

(d) 435+1.5=

2.9

15) 43.5

-30
135
-135
0

5. 435+15=29
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(a)

(b)

()

(d)

(e)

(a)

(b)

(©

(d)

(e)

()

(a)

(b)

(©

(d)

()

)

083 x10=6.3
40.125 x 100 = 4012.5
y)

0.0251 x 1000 = 25.1
A

13.6 = 10 = 1.36
N

530.5 + 100 = 5.305
A

() 26.68 + 1000 = 0.026 68
NN

1 km = 1000 m
0.123 km
=0.123 x 1000
=123 m

1 m=100cm
83 m

=83 x 100
=8300 cm

1 cm =10 mm
0.1556 cm
=0.1556 x 10
=1.556 mm

100cm =1 m
1037 cm

=1037 + 100
=10.37 m

1000 m = 1 km
503 m

=503 + 1000
=0.503 km
10mm=1cm
2.5 mm
=25+10
=0.25cm

1 tonne = 1000 kg
6.23 tonnes
=6.23 x 1000
=6230kg

1 kg=1000g
0.066 kg

=0.066 x 1000
=66g

1 tonne = 1000 kg
0.0256 tonnes
=0.0256 x 1000
=25.6kg

1000 g =1kg
365¢g

=365+ 1000
=0.365 kg

1000 kg = 1 tonne
89234 kg

=89 234 + 1000
= 89.234 tonnes

1000 kg = 1 tonne
2.056 kg

=2.056 + 1000
=0.002 056 tonnes



10. (a) 17=1000 ml
2.546 1
=2.546 x 1000
=2546 ml

(b) 11=1000ml
451
=45 x 1000
=45 000 ml

(c) 1000ml=11
8926 ml
= 8926 + 1000
=8.9261

(d) 1000ml=11
3.02 ml
=3.02 + 1000
=0.003 021

11. Amount of money
=300 x $0.05 + 80 x $0.10 + 60 x $0.20 + 100 x $0.50
=315+ $8 + $12 + $50
=$85

12. (a) 1m=100cm

0.15m
=0.15x 100
=15cm
6.15m
=6m+0.15m
=6m15cm
(b) 1000 m =1km
55m
=55+1000
=0.055 km
6 km 55 m
=6 km + 0.055 km
=6.055 km
(c) 1m=100cm
5444 m
=54.44 x 100
=5444 cm
lcm =10 mm
5444 cm
=5444 x 10
=54 440 mm

(d 100cm=1m
462.23 cm
=462.23 + 100
=4.6223 m
1000 m = 1 km
4.6223 m
=4.6223 + 1000
=0.004 6223 km

() 100cm=1m
89 cm
=89 + 100
=0.89 m
10 mm=1cm

13.

6 mm
=6+10
=0.6cm
100cm =1m
0.6 cm
=0.6 =100
=0.006 m
89 cm 6 mm
=0.89m + 0.006 m
=0.896 m

(f) 1kg=1000g
0.123 kg
=0.123 x 1000
=123g
9.123 kg
=9kg+0.123 kg
=9kg123g

(g) 1000g=1kg
365 g
=365 + 1000
= 0.365 kg
10kg365¢g
=10 kg + 0.365 kg
=10.365 kg

(h) 1kg=1000g
42 kg
=42 x 1000
=42000g
42kg3g
=42000g+3g
42003 g

100cm=1m

513.1cm

=513.1+100

=5131m

Length of ribbon A =5.131 m
Length of ribbon B
=5.131-3.24

=1.891m

1
4 0

1
B.X31

-3.24
1.891

Total length of ribbons
=5.131+1.891
=7.022m

1 1

5.131
+1.891

7.022
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14. 1.1kg
=1.1x 1000
=1100¢g
100 g of broccoli costs PKR 42.
Cost of 1100 g of broccoli
=1100 + 100 x 42
=11 x42
= PKR 462
100 g of carrots cost PKR 20.
Cost of 870 g of carrots
=870 + 100 x 20
=8.7x20
=PKR 174
Total cost of 1.1 kg of broccoli and 870 g of carrots
= PKR 462 + PKR 174
=PKR 636

15. Volume of water in a glass
= volume of water in a cup + 0.15/

16.

Volume of water in a glass + volume of water in a cup = 0.842 [

(volume of water in a cup + 0.15 [) + volume of water in a cup =

0.8421

2 x volume of water in a cup
=0.842-0.15

=0.6921

71
0.842
-0.150
0.692

.. Volume of water in a cup
=0.692 +2

=0.3461

=0.346 x 1000

=346 ml

0.346
2)0.692
-0
6
-6
9
-8
12
-12
0
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17.

98 pens = (90 + 8) pens
Cost of 8 pens and 8 pencils
=8x5.75
= $46

Cost of 98 pens and 8 pencils = $156.70
Cost of 90 pens + cost of 8 pens and 8 pencils = $156.70

Cost of 90 pens + $46 = $156.70

Cost of 90 pens = $156.70 — $46

=$110.70
Cost of each pen
=$110.70 + 90
=$11.07 + 9
=$1.23
Cost of each pencil
=$5.75 - $1.23
= $4.52
.. cost of 20 pens and 40 pencils
=20 x $1.23 + 40 x $4.52
= $24.60 + $180.80
= $205.40

Amount of money from 80 $0.20 and 40 $0.50 coins
=80 x $0.20 + 40 x $0.50

=$16 + $20

=$36

Amount of money from $0.10 coins

=$143.80 x $36

=$107.80

.. number of $0.10 coins

=107.80 + 0.10

=1078



Chapter 4 Integers, Rational Numbers and Real Numbers

TEACHING NOTES

Suggested Approach

Although the concept of negative numbers is new to most students as they have not learnt this in primary school, they do encounter
negative numbers in their daily lives, e.g. in weather forecasts. Therefore, teachers can get students to discuss examples of the use of
negative numbers in the real world to bring across the idea of negative numbers (see Class Discussion: Uses of negative numbers
in real-world contexts). In this chapter, only number discs (or counters) showing the numbers 1 and -1 are needed. Since many
Secondary 1 students are still in the concrete operational stage (according to Piaget), the use of number discs can help them to
learn the concepts more easily. However, there is still a need to guide students to move from the ‘concrete’ to the ‘abstract’, partly
because they cannot use number discs in examinations, and partly because they cannot use number discs to add or subtract large
negative integers, fractions, and decimals (see Section 4.2).

Section 4.1:

Section 4.2:

Section 4.3:

Negative numbers

Teachers should teach students to read the negative number -2 as negative 2, not minus 2 (‘negative’ is a state while
‘minus’ is an operation). For example, if you have $5 and you owe your friend $2, how much do you have left? Since
nothing is mentioned about you returning money to your friend, you have $5 left. Thus $2 is a state of owing money.
However, if you return $2 to your friend, you have $5 + (-$2) = $5 - $2 = $3 left, i.e. 5 minus 2 is an operation of
returning money.

Students should also learn about the absolute value of a negative number (see page 71 of the textbook) because they
will need it in Section 4.2.

In primary school, students have only learnt the terms ‘less than’ and ‘more than’, so there is a need to teach them
how to use the symbols ‘<’ and >’ when comparing numbers (see Investigation: Ordering of numbers). It is not
necessary to teach them about ‘less than or equal to’ and ‘more than or equal to’ now.

Addition and subtraction involving negative integers

Number discs cannot be used to add or subtract large negative integers, fractions and decimals, so there is a need to
help students consolidate what they have learnt in the investigations on pages 75, 76, 78, 79 and 80 of the textbook
by moving away from the ‘concrete’ to the following key ‘abstract’ concepts:

Key Concept 1. Adding two negative integers gives the same result as the negative of the sum of their absolute
values. E.g. (-2) + (-3) =-(2+ 3) = -5.

Key Concept 2. Adding a negative integer gives the same result as subtracting the absolute value of the negative
integer. E.g. 5+ (-2)=5-2=3and-2+5=5-2=3.

Key Concept 3. Subtracting a greater positive integer from a smaller positive integer gives the same result as the
negative of the difference of the two integers. E.g. 2 - 5=-(5-2) = -3.

Key Concept 4. Subtracting a positive integer from a negative integer gives the same result as the negative of the
sum of the absolute values of the two integers. E.g. -5 -2 = —(5 +2) = -7.

Key Concept 5. Subtracting a negative integer gives the same result as adding the absolute value of the negative
integer. E.g.5-(-2)=5+2=7.

To make the key concepts less abstract, numerical examples are used. Do not use algebra now because students are
still unfamiliar with algebra even though they have learnt some basic algebra in primary school. Avoid teaching
students ‘- x — = +’ now because the idea behind 5 — (-2) is subtraction, not multiplication. To make practice more
interesting, a puzzle is designed on page 82 of the textbook.

Multiplication and division involving negative integers

The idea of flipping over a disc to obtain the negative of a number, e.g. -(—3) = 3, is important in teaching multiplication
involving negative numbers. Since number discs cannot be used to teach division involving negative numbers,
another method is adopted (see page 87 of the textbook).

There is a need to revisit square roots and cube roots in this section to discuss negative square roots and negative
cube roots (see page 88 of the textbook). Teachers can impress upon students that the square root symbol ./
refers to the positive square root only.
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Section 4.4 Negative fractions and mixed numbers

Students will apply the arithmetic operations involving negative integers in the previous sections to fractions. Since
number discs cannot be used to add or subtract fractions, the abstract concepts in Sections 4.2 and 4.3 should be
reiterated here. Other techniques when performing operations on fractions also apply here, namely, converting
unlike fractions to like fractions, and mixed numbers to improper fractions.

Teachers are encouraged to introduce the use of calculators to perform calculations involving mixed numbers here.

Section 4.5 Negative decimals

Students will apply the arithmetic operations involving negative integers in the previous sections to decimals.
Since number discs cannot be used to add or subtract decimals, the abstract concepts in Sections 4.2 and 4.3 are
also applicable here.

Section 4.6: Rational, irrational and real numbers

Traditionally, real numbers are classified as either rational or irrational numbers. Another way to classify real
numbers is according to whether their decimal forms are terminating, recurring, or non-recurring (see Investigation:
Terminating, recurring and non-recurring decimals). If teachers show students the first million digits of &, many
students may be surprised that & has so many digits! This suggests that students do not know that it has an infinite
number of decimal places. Teachers may wish to celebrate Pi Day with students on March 14 by talking about p or
singing the Pi song.
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Worked Solutions

Introductory Problem
The solutions to this problem can be found in Introductory Problem 1.
Revisited (after Practise Now 6).

) Negative numbers ) 3

Class Discussion (Uses of negative numbers in real-world
contexts)

(a)
(b)
(©
(b)
(0
(d)
()

(b)

Point C shows the lowest temperature.

negative

more; greater
less; smaller

Investigation (Ordering of numbers)
Point A: 25 °C, Point B: 0 °C, Point C: -10 °C
Point A shows the highest temperature.

Since -3 is on the left of 2, we say ‘-3 is less than 2”. We write:

-3<2.

Since -3 is on the right of -5, we say ‘-3 is more than -5’. We

write: -3 > -5.

o Negative numbers are also used to tell time zones, which arebased ~ Practise Now 1B

on Greenwich Mean Time (GMT). A country whichisin thetime 1.
zone of GMT -2 means that the time in that country is 2 hours 2.
behind the GMT. For example, Honolulu, Hawaii is in the time
zone of GMT -10, while Liverpool, United Kingdom is in the time
zone of GMT 0, therefore when it is 10 a.m. in Liverpool, it is 12
midnight in Honolulu.

o Latitude and longitude are a set of coordinates that allow for the
specification of a geographical location on the Earth’s surface
and can be represented by positive and/or negative numbers. The
latitude of a point is determined with reference to the equatorial

plane; the North Pole has a latitude of +90°, which means thatitis ~ Exercise 4A

90° north of the equator while the South Pole has a latitude of -90°, 1.

which means that it is 90° south of the equator. The longitude of

a point gives its east-west position relative to the Prime Meridian

(longitude 0°); a location with a longitude of +50° means that it is

50° east of the Prime Meridian while a location with a longitude of

-50° means that it is 50° west of the Prime Meridian. The latitude

and longitude of Rio Grande, Mexico are approximately -32° and 2

-52° respectively, which means that it is 32° south of the equator

and 52° west of the Prime Meridian. 3.
o The use of negative numbers can also be seen in scoring systems,

such as in golf. Each hole has a par score, which indicates the

number of strokes required and a golfer’s score for that hole is 4

calculated based on the number of strokes played. A score of +3 on

a score of -3 on a hole shows that the golfer played three strokes

a hole shows that the golfer played three strokes above par, while _f
"
*

under par.
Teachers may wish to note that the list is not exhaustive.
Practise Now 1A

1. (i) 2020,6
(i) -5,-17

(iii) 2020, 1.666, % »6

(b) < (c) > @ >
3
i5 —1.8 i i 1.666 i
5 4 -3 2 0 1 2 3 4
.5 38 _11 o0 3
r-5,-38,-13,0, 3, 1.666,4
() 10001,4
(i) -12,-2026
(iii) é,4.33, 10 001, 4
, 9
(iv) 0.3, -2, -12, -1 =, -2026
7 2
@) -273.15°C (b) -86m
(c) -$85000 (d) -0.15kg
(a) < (b) <
(c) < d) >
(e) < " >
(a)
2
2238 0 25 6
|{ l l { l { l l l { »
1 1 1 T 1 1 1 1 T 7
4 3 2 10 2 3 4 5 6
(b)
} |
A+
2 -1T 0 3 4
~0.55
(c) -3 -2

1
(iv) -5,-1,-3.8,-17,->
2 3

2. (a) -43.6°C

(b) -10994m
(c) -$10000
(d) -81°
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(d)

-13 23 230

. !

-20 To 20T4o 60 80
-3 30
- =13, -3, 23, 30, 230

(b) 3
20

100 120 140 160 180 200 220 240

-10 15 150

oy '
-20 TO 20 40 60 80 100 120 140 160

-0.5
- =10, -0.5, -~ 15, 150
b bl 20’ b
6. (a) 10 m below sea level
(b) A withdrawal of $25
(c) An anticlockwise rotation of 30°
(d) A deduction of 4 marks
7. (a) > b) > (c) < @ >
8. (a) 1 13
3 011 1 '8 2.5
—foete—t— >
05 To 05 1 15 2 25
-0.2
(b)

0123456 7 8 91011121314 1516 17 1819 20
(©

N -1

W --¢—Ww

U1 --g—U1

N -
y

N

(d)

-
<« 7

i
0 1 2 3 4 5
9. (a) -101,-102
&3 (b) 0,1,2

(o) -7,6,-1,0

(d) -4.9,-4.5
10. _7 -4

4—1 (- | | |
T 1 LI I I I

I Y N N T T B
T T T 1
-7-6-5-4-3-2-101 2 3 45 6 7

»
|

From the number line, -7 is on the left of —4.
.. =7 is smaller than -4 and Bernard’s statement is false.
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11. The boiling points of liquid xenon and liquid oxygen are higher
than -185 °C, while the boiling point of liquid nitrogen is less
than -185 °C. Hence, only liquid nitrogen will evaporate.

Addition and subtraction involving negative
integers

Investigation (Addition of two negative integers)

(@) (@) Add 3 more
(-1) discs
-1 -1 -1
-1 -1 -1
—
-1 1 -1
-1 -1
-4 (=4) + (=3)=-7
So(-4) + (3)=-7
(i) 4+3=7
(b) Add 1 more
(-1) discs
-1 -1 -1 -1 -1
-1 -1 —» -1 -1
-1 -1
-5 (=5) + (-1) = -6
S (=5)+(-1)=-6
(i) 5+1=6

The absolute values of the results are the same.
The sign of the result in (i) is different from that in (ii).

Practise Now 1C
(@ (-49)+(-5)=-9
(c) (=21) +(-73) =-94

(b) -9+ (-7)=-16
(d) (=67) + (-48) = -115

Investigation (Addition of a positive and a negative integer)

(@) @

Remove 2 zero pairs

1 1 1
1 1 1
D
1 1 1
— >
1 1 1
D -1
D -1
6+ (=2) 4
L 6+(=2)=6-2
=4
() 6-2=4



(b) @)
-3+4
S.o-3+4=4-3
=1
(i) 4-3=1

The results are the same for (i) and (ii) in each part (a) and part (b).

Practise Now 2
(a) 8+(-3)=5
(c) -2+6=4

Investigation (Subtraction between two positive integers)

(@ (1) 4-3=1
(ii) Add 1 zero pair

3 3+0=3
S3-4=-1
(b) (i) 6-1=5
(ii)
Add 5 zero pairs

1-6=-5

Remove 3 zero pairs

(b) 45+ (-17) =28
(d) -12+35=23

Take away 4 (1) discs

Take away 6 (1) discs

The absolute values of the results are the same.

The sign of the result in (i) is different from that in (ii).

Practise Now 3

(@ 5-9=-4

() 8+(-11) =8-11
=-3

(b) 38-59=-21

(d) (-92)+47=47-92

=-45

Investigation (Subtraction of a positive integer from a
negative integer)

(a) Add 1 more (-1) disc
-1 -1 -1
-1 -1
—
-1 -1
-1 -1
-4 -4-1=-5
s —4-1=-5
(b) Add 6 more (-1) discs
-1 -1 -1
-1 -1 -1
-1 — > -1 -1
-1
-1
-1
-3 3-6=-9
SL-3-6=-9

The result in each part has the same absolute value as the sum of the
absolute values of the integers.

Practise Now 4
(a) -9-11=-20
(c) -146-218 =-364

(b) -39-12=-51

Investigation (Subtraction of a negative integer)

@ Take away 2

(-1) discs

________

Add 2 zero pairs

________

________________

6+0=6 6-(-2) 6+2=8
L 6-(-2)=6+2
=8
(i) 6+2=8
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Take away 3
(-1) discs

________________

4+0=6
S A-(-3)=4+3
=7
(i) 4+3=7
The results are the same.

Practise Now 5
(@) 4-(-6)=4+6
=10
(b) 30-(-16) =30+ 16
=46
(c) -8-(-3)=-8+3
=-5
(d) -17-(-35)=-17+35
=18

Practise Now 6
1. Point A shows -5 °C.

Point B shows 23 °C.

Difference in temperature = 23 °C - (-5 °C)
=23°C+5°C
=28°C

2. Altitude at D = -165 m
Difference in altitude = 314 m - (-165 m)
=314m+ 165m
=479 m

Introductory Problem Revisited

(i) Minimum height of Mauna Kea = 5793 m + 4207 m
=10000 m

(ii) Mauna Kea

Puzzle for consolidation
HE SPRAYS WATER ON YOUR HEAD

Exercise 4B

1. (a) (-8)+(-3)=-11
(b) -1+(-6)=-7
() (-4)+(-7)=-11
d -5+ (-2)=-7

2. (@) 9+(-4)=5
(b) 10+(-3)=7
() -17+29=12
(d) -20+20=0
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10.

11.

3-8=-5

0-11=-11

7-14=-7

5+ (-8)=-3

0+ (~19)=-19

-12+7=-5

-2-7=-9

-8-5=-13

-4-9=-13

-6-3=-9

3.(-9)=3+9

=12
6-(-5)=6+5
=11
8-(-2)=-8+2
=-6

4 (7)) =-4+7

=3

Point A shows -7 °C.

Point B shows 16 °C.

Difference in temperature = 16 °C - (-7 °C)
=16°C+7°C
=23°C

Temperature in the morning = -5°C + 3 °C

=-2°C

(a)
(b)
(©)
(d)
(e)
)
(a)
(b)
(©
(d)
(a)

(b)

(©)

(d)

7+(=3)=4
19-(-1)=20
-5-(-5)=0
8-(-8)=16
-14+6=-8
-2-(-9)=7
-1+ (-6)=-7
3+(-12)=-9
8-(-2)=10
-4+6=2
-10-(-5)=-5
-3-3=-6
2 7 4

H| O L I D A Y

“HOZZEmoIEHO®»

-8

(a)
(b)
(©)
(@)
(a)
(b)
(©
(d)
(a)
(b)
(©

-7 0 -6

(-14) + (-16) = -30

-52+ (=27) = -79

(-39) + (~65) = -104

~138 + (=22) = -160

47 +(-13) =34

137 + (-24) = 113

-95+113=18

—78 + 139 = 61

16 - 69 =-53

14 - 76 = -62

88 + (-123) = 88 — 123
=-35

76 + (~183) = 76 — 183
=-107

~73 426 = -47

~111+12=-99

(d)

(e)
()



12.

13.

14.

15.

16.

(a)
(b)
(c)
(d)
(a)

(b)
(©

(d)

-84 -23=-107
-69 - 76 = -145
~714 - 716 = -1430
~767 - 697 = -1464
24— (-11) =24+ 11

=35
38 - (=57) =38 + 57
=95
-69 - (-28) = -69 + 28
=-41
~34 - (=91) = -34 + 91
=57

Altitude of town = -51 m
Difference in altitude = 138 m - (=51 m)

(@)
(b)

(©

(d)

@

(ii)

=138m+5lm
=189 m
Adding two negative integers will result in a negative value.
Subtracting a greater positive integer from a smaller one will
result in a negative value.
Adding a negative integer to a positive integer is the same as
subtracting the absolute value of the second integer from the
first one. Then, subtracting a greater positive integer from a
smaller one will result in a negative value.
Subtracting a negative integer is the same as adding the
absolute value of the integer. Then, the sum of two positive
integers will result in a positive value.
Difference between -2 and 3=3 - (-2)
=3+2
=5
The timeline for BC and AD does not have a zero while the
number line has a zero.

(iii) There are 4 years between 2 BC and 3 AD.

Note: As there is no zero on the timeline, we cannot use 3 -
(=2) to find the difference between 2 BC and 3 AD. In fact,
the calculation should be 3 - (-2) - 1, provided one year is
in BC and the other year is in AD. If both are in BC, or both
are in AD, the calculation is the same as that in (i).

(iv) Areal-lifeexampleisthefloorsinabuilding,i.e. we can consider

B1 (Basement 1) as -1 but there is no floor with the number
0

17. (a) Examples: -3 + (-7) =-10 (x = -3, y =-7);

(S

(b)

2+ (-12) =-10(x=2,y=-12)
Examples: -3 -7 =-10 (x=-3,y=7);
2-12=-10 (x=2,y=12)

Multiplication, division and combined operations
involving negative integers

Investigation (Negative of an integer)

(a)

(b)

flip
@ = =
Negative of 3 -3)=-3
flip
)
Negative of -3 -(-3)=3

Investigation (Multiplication involving negative integers)

(a)

(b)

L X X X B X X X J
0000 (1 X X J
3x4 3x4=12
S e WA B O & &
5 &SSO GO — (6D & 6O 6
5 6 & 06 & @
3 x (-4) 3% (-4) =-12
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(©

XXX
0000
...‘ "X X X

(-4)x3=-(4x%x3)

(d)

flip

a@r X X X

(=4) x (-3) = -[4 x (-3)]

Practise Now 7A

(@) 2x(-9)=-18

(b) (-8)x4=-32

() (-6)(-7)=42

(d) -(-10)=10

(e) 11x(-3)=-33

() -19x10=-190

(8 -12x(-3)=36

(h) -4(-7) =28

(i) 2020 x (-1) = -2020

Practise Now 7B
(a) (-8)+2=-4

(b) 15+ (-3)=-5
() -21+(-7)=3

-16

(d) -
20

(e) r =-4
-24

® Y =8

Practise Now 7C
1. (@) 8=1x8
=2x4
.. positive and negative factors of 8 are +1, +2, +4 and +8.
(b) -9 =1x(-9)
=-1x9
=-3x3
.". positive and negative factors of 9 are +1, +3 and +9.
(c) 7=1x7
.". positive and negative factors of 7 are +1 and +7.
(d -1=-1x1
.". positive and negative factors of -1 are 1 and -1
respectively.
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(-4) x 3=-12

(-4)x(-3)=12

2. (a) Anexample of a positive multiple of 2is 2 x 2 = 4.
é“ﬁf ) An example of a negative multiple of 2 is -2 x 2 = -4.
(b) An example of a positive multiple of -6 is -2 x (-6) = 12.
An example of a negative multiple of -6 is 2 x (-6) = -12.
(c) An example of a positive multiple of 1 is 5 x 1 = 5.
An example of a negative multiple of 1is -5 x 1 = -5.
(d) An example of a positive multiple of -3 is -2 x (-3) = 6.
An example of a negative multiple of -3 is 2 x (-3) = -6.

Practise Now 8A
(a) Square roots of 64 = i\/a
=18
(b) Negative square root of 9 = -9
=-3
(© 36 =6

Thinking Time (Page 88)

It is not possible to obtain the square roots of a negative number, e.g.
+4/-16 , because the square of any number is more than or equal to 0.
Teachers may wish to take this opportunity to highlight to higher-

ability students that even though ++/-16 is not defined in the set of
real numbers, it is defined in the set of complex numbers.

Practise Now 8B
(a) (-3)*=-27
(b) 364 =4

© Y-8 =-2

@ -3-27 =-(-3)

=3

Practise Now 9A

@ -2x(15-49+2°)
=-2x(15-7+38)
=-2x16
=-32

(b) 4 - {7><[16—(364—5)}}
—64-{7x[16-(4-5)]}
=64-{7x[16-(-1)]}
= 64— (7x17)
=64-119
=55



Exercise 2C

1.

PN

(a)
(b)
(©
(d)
(e)
®
(g)
(h)
(a)
(b)
(c)

(d)
(e)

®
(a)

(b)

(d)

(a)

(b)

(©)

(d)

(b)

(©
(d)

5x(-7)=-35
-8x3=-24
(-9)(-4) =36
-(-716) =716
~1x (~697) = 697
-11(-8) =88
-6x0=0
42(-2) = -84
-12+4=-3
16+ (-2) = -8
(-18) + (<9) = 2
14
— =
45
= -
=
-3

12=1x12

=2x6

=3x4
.. positive and negative factors of 12 are +1, 2, +3, +4, +6
and £12.
223 =1x(-23)

=-1x23

.. positive and negative factors of -23 are 1 and +23.
16=1x16

=2x8

=4x4
.. positive and negative factors of 16 are +1, +2, +4, +8 and
+16.
1=1x1
.. positive and negative factors of 1 are 1+.

-2

-9

An example of a positive multiple of 5 is 2 x 5 = 10.

An example of a negative multiple of 5is -2 x 5 = -10.
An example of a positive multiple of -8 is -3 x (-8) = 24.
An example of a negative multiple of -8 is 3 x (-8) = -24.
An example of a positive multiple of 17 is 2 x 17 = 34.

An example of a negative multiple of 17 is -2 x 17 = -34.
The product of any number and 0 is 0.

... it is not possible to get a positive or a negative multiple
of 0.

Square roots of 81 = ++/81
+9

16
4

25

5

Square roots of 100 = ++/100
=*10

Square roots of 16

+

Square roots of 25

+ +

81 =9
Ja =2
-J9 =-3
It is not possible to obtain a square root of a negative number
since the square of any number is positive.

o

10.

11.

12.

13.

14.

(a) (-4)=-64
(b) -4°=-64
(© ~(-4) =-(-64)
=64
@ 8 =2
(e) -3/125 =-5
® 216 =-6
(® --64 =—(-4)
=4
(h) /-1000 =-10
(a) -55+(-10)-12=-77

(b) -12-[(-8) - (-2)] +3 =-12-(-6) + 3
=-6+3
=-3

(c) -100 + (-45) + (=5) + 20 = —150 + 20

=-130

(d) -2+3x15=-2+45

=43

(e) (-5-2)(-3)=(-7)(-3)

=21

(f) =25 (-4) + (12 + 32) = 100 + 20
=5

(g) 3x(-3)-(7-2)=3x9-5

=27-25
=2

(h) 5[3 x (=2) - 10] = 5[(-6) - 10]

= 5(~16)
=-80

() -12+[22-(=2)] =-12+ (4 +2)

=-12+6
=-2

G) N10-3x(-2) =4/10-(-6)

=16
=4

The value is negative. First, multiplying two negative numbers,
i.e. -987 x (-654), will result in a positive number. Dividing this
positive number by a negative number, i.e. (-321), will result in
a negative number.

% A positive factor of 0 is 1. A negative factor of 0 is —1.

No. \/n_2 refers to the positive square root of n*>. However, n can
be negative.

For example, /(-2)" =4 =2=-2.

198 =2x32x 11

Possible values of n* are 1 and 9.

.. the possible values of #n are +1 and 3.

(@) 24x(-2) x5+ (-6) =-48 x 5+ (-6)

=240 + (-6)
=40
(b) 4x 10— 13 x (=5) = 40 - (~65)
=105
(€) 160+ Y-8 - 20+ (=5) =160 = (=2) - (-4)
=-80+4
=-76
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(d) V52 -3* —(57-77)+2=425-9 - (-20)+2
=416 - (-10)
=4+10
=14
(€) [(12-18)+3 - (-1)] x (-4)* = [(-6) + 3 + 1] x (-64)
=(=2+1) x (-64)
=-1x (-64)
=64
) G-2Px2+[-4+(-7)]+(2+42=3x2+(-11) +2?

27 x2 4
=27x2+| -7

_54-22
4

1
=51—
4

(g) {-10-[12+(-3)*] + 3’} + (-3) ={-10-[12+9] +27} + (-3)
= (<10 =21 +27) + (=3)
=-4+(-3)

1

=1—
3

2% (-37) - [-2(-3) + 8 x (-2) - 8 x 2] + 5
= 3f74-[6+(-16)-16]+ 25
= 74— (226)+ 25
= /100 + 25
= 125
=5
15. 17 questions answered correctly = 17 x 3

(h)

=51 marks

5 questions answered wrongly = 5 x (-1)

= -5 marks
Total scored =51 - 5

=46 marks
17. Prime numbers that are odd: 3 and 5

Prime number that is even: 2
Total points awarded = (7 + 1) x 5-4x 9

=40-36
=4
18. (i) Guess and Check:
Number | Amount | Number | Amount Total
of correct | of marks | of wrong | of marks | amount of
answers | awarded | answers | deducted marks
12 24 2 2 24-2=22
10 20 4 4 20-4=16
8 16 6 6 16 -6=10

.. she answered 8 questions correctly.

(ii) Ifheanswered 3 questions correctly, he would be awarded 6
marks.
éﬂﬁy Number of marks for wrong answers = -8 - 6

=-14
Number of wrong answers = -14 + (-1)
=14

.. he might have obtained 3 correct answers and 14 wrong

answers.
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19. A value of h represents the avatar moving h units forward.

A value of k represents the avatar moving -k units backward.

.. total distance moved = (h - k) units
20. For (n-7) x (n + 3) to be a prime number,
n-7=1 or n+3=-1
n=28 n=-4
.. the possible values of n are 8 and -4.

) Negative fractions and mixed numbers

)

Practise Now 10

1 3) 1 3

a) 7— + |3 |=7=-32

@ 73 ( 5)773 735
k2

_ -33-10+32
- 12

11
12

BRI
9 6

0 39 2
18 18 18
10-39+24

18

4
(d) t3

Practise Now 11

()
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5
Practise Now 12A
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— = ——X(—
11| 55
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) Negative decimals )

Practise Now 13

@ g4
+ 7.236
101.036
.. -93.8 -7.236 =-101.036
® g2
- 5.4
9.6
. 54-15=-9.6
(¢) 124.8 + (-7.24) - (-22.44) = 124.8 - 7.24 + 22.44
124.80 117.56
- 7.24 + 22.44
117.56 140.00

- 124.8 + (=7.24) - (-22.44) = 140

Practise Now 14
(a) 0.19 x (-4.5)

19 (45
=—X|-—
100 ( 10)

855

1000
=-0.855
Alternatively,

0.19
X 4.5
95
+ 76
0.8 55

~.0.19 x (-4.5) = -0.855
(b) -5.64 x (-0.678)

__o04 [_678
100 { 100

382392

100 000

=3.82392
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Alternatively,

5.6 4

+ 0.6 78

4512
3948
+3384

3082392

<. =5.64 x (~0.678) = 3.823 92
() 42+(-16)
42,
-Lg)
420
(-16)
_105
4

26.25

4)10500
- 8
25
-24

10

- 8

20

- 20

0

o 42+ (-1.6) = -26.25
(d) -120.254 +2.5
120.254
_120.2>4
25
A
120254
25

48.1016

25)1202.5400
-100
202
-200
25
-25
4
-0
40
-25
150
-150
0

o0 -120.254 + 2.5 = -48.1016

Practise Now 15

@ %12 (—0.23) 12 (—0.2 )

A 02 *os )71 *Tos
-0.2

(2]

=-0.115

w

[SN]

X
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(b) -7.2x[-1.3+(-3.5)]
=-72x(-4.8)
=34.56

7 .2
x 4.8
576
+28 8
34.56

() -0.32x4.5+(-2.7) - 0.65

=-0.09 x 45 ) 0.65
2.7

—ox |2 ) o6
2270

1.5

= -0.65

1030
=0.15-0.65
=-0.5

(d) 3.2°x (-0.625)* + (~-6.4)

1 1.6

(327 (321(3.2)(-0.625)"
64,

~1.6 x 3.2 x 0.390 625

-5.12 x 0.390 625
=-2

) Rational, irrational and real numbers )

Class Discussion (Rational and irrational numbers)

2
1. Yes. They canbe expressed as the ratio of two integers, e.g. 2 = 1 and

3=-=,
1
2. No.Somesquare rootsand cube roots can be expressed as the ratio of

two integers, e \/I—landi/z—l
W gers, e.g. 9 =3 8§ =73

3. (a) 3.142857143
(b) 3.141592 654

22
Their values are different as - is just an estimate of 7.

Investigation (Terminating, recurring and non-recurring

decimals)
Group 1 Group 2 Group 3
7 1
7 =175 3 =0:3333333333 V2 =1.414213 562

1
35 =-3.125 —% - 1242 424242 |- 5 =-1.709 975 947

2 =0.984 375 2—72 =3.142 857 143 7 = 3.141 592 654

Table 4.1



@)

(ii)
@)

(ii)
@)

(ii)

@)

(ii)

The numbers in Group 1 are rational numbers as they can
all be expressed as the ratio of two integers.

Yes, the digits after the decimal point terminate.

The numbers in Group 2 are rational numbers as they can
all be expressed as the ratio of two integers.

Some digits after the decimal point recur.

The numbers in Group 3 are irrational numbers as they
cannot be expressed as the ratio of two integers.

The digits after the decimal point do not repeat but they
continue indefinitely.

In the decimal representation of rational numbers, the digits
after the decimal point either terminate or recur. In the
decimal representation of irrational numbers, the digits after
the decimal point do not repeat and continue indefinitely.
The decimals representations of real numbers terminate,
recur, or continue indefinitely without repetition.

We can express them in decimal form to compare their values.

7
Since 1 =1.75 and\/E =1.41 (to2d.p.), 2 is larger.

1 123 1 63 7 22

i -3-,-35,-—, =, —, > =T —

@ 8 J_ 99 3 64 2 4 7
W 51 6
8 =35 64

Practise Now 16

x0.7%
% = 0.583 (to 3 d.p.)
a4+1=>
10
Exercise 4D
1 3) 1 3
1. @ -=+|-—~|=-=-2
@ -3 ( 1)777 71
__2_3
T4 4
_2-3
T4
_
T4
=-1—
1 1 16 11
(b) 3= -5—-=— - —
5 "2 5 2
_2 5
T 1010
_ 23
T 10
_ 3
10

(c)

(d)

(a)

(b)

(©)

(d)

(e)

®)

(a)
(b)

()

(d)

(e)

()

1 11
3=+ | -7 |=3>-=
(4) 8 4
_,12
8 8
8 1
=|2+- |+ - -
8 8
_27
8
il (a2) el it
6 3 6 6
-2
6
o (B8
458 5
-3
5

2
Y]
—6—xi:—7}k9/>< 3
14 8 A,
21
T
-2
16
11
LUV S
25 20 B
=-11
qLr.3_.2.3
4 8 4 8
NI
=7 %3
10
)
_ 31

T 15
-46+(-32)=-7.8
2.5-6.8 = (6.8 - 2.5)

=-43
6.9+ (-4.7) = 6.9 - 4.7
=22
12.6 + (=35.7) = ~(35.7 - 12.6)
=-23.1
-293+11.2 =-(29.3 - 11.2)
=-18.1
-15.3-27.9 = —(15.3 + 27.9)
=-43.2
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() 11.8-(-23)=11.8+23
=14.1
(h) -0.7-(-1.5)=-0.7+ 1.5
=0.8
5. (a) 1472x 13
1472 13
“ 100 “10
1913
1000
=19.136
Alternatively,

14.72
X 1.3
4416
+1472
191.36

- 1472 x 1.3=19.136
(b) (-4.6) x (-0.1833)
10 {10000
84318
" 100 000

=0.84318
Alternatively,

0.1833
X 4.6
10998
+7332
0.84318

. (~4.6) x (-0.1833) = 0.843 18
(c) 2.35x(-0.52)
235 52
=" x|-—
100 100
12220
10 000
=-1.2220

=-1.222
Alternatively,

2.35
x0.5 2
470
+1175
1.2220

- 2.35 x (=0.52)= -1.222
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6.

(d) 3.426 + (-0.06)
3.426
Pt 'l

. 3.426 + (=0.06) = -57.1
(e) -1.32+0.12
(-1.32)
= —AF
0.12
At
_ 13
12
=-11
() -0.16+0.125
_(-0,16)
©0.125
AN/

160

125
32
T 25
=-1.28

1.2 8
25) 3200
-25
70
-50
200
-200

0

o -0.16 + 0.125 = -1.28

() 43-61-( 8]

7 3721
30 19 8
= — - = 4+ —
7 3 21
9 133 8
== _ == 4+ =
21 21 21
90-133+8
- 21
_ 3
21
__3
3



1 3 1
o 2-(3)+ ()

4
L3,
5 4 10
113 71
T 5 410
88 30 %4
40 40 40
 88+30-284
B 40
_-166
T 40
83
20
— 42
20
(c) —9+(—21)+(—£j:—9—£—é
8 3 8 3
IS
24 24
P
24
_ o5l
24
P
24
(d)_l+2+(_2):_i+§_ﬁ
5 4 2 20 20 20
_ —4+95-70
- 20
21
T 20
L
20
© ___1_(_21):_§_1+£
3 6 8 3 6 8
64 4 51
T4 24 24
_ —64-4+51
- 24
17
T 24
® 53_2§+(_2)_(_41):53_25_2 7
4 "6 15 10 4 "6 15 10
23 17 23 47
4 6 15 10
345 170 92 282
T60 60 60 60
_345-170-92+282
- 60
365
T 60
73
12
—eL
12

28 2
=
15 "3

NIRRT RN RS
X X

e N
| |

— el L e Y]

Gl U‘||oo U‘||oo
+

w |

Ne—

X
VY
|

11 1
=|-——+= |+ -
(5#3)(573)
3 4 3
= ——4+— | = | — -
(12 12) 12

R S
12 012
1
= — x(-12
B (-12)
=-1
(o) IO—EX i+4l +
8 22
C0 15 (3.9 (L
8 22
1 1
15 3 7
=10- — x| —7 X—
8 (1 9,
5 1 1
=10- /lé/x—+(——)
8 1 4
:10—E+ 1
8 4
—10-2-1
8 4
—10-2-2
8 8
(o,8)_5_2
8 8 8
_ol
8

OXFORD

UNIVERSITY PRESS



3 2 [a]
1 3 3 3 27 270
9. | -|22] +|->]=-8= d) (-02)x == +0.105 = (-0.2)° x == +0.105
(a)(z) (4) (4) 16 @ )Xl.g+ (0.2 & +
2 135
7 4 1 4 0.001 %ﬁ
(b) —+—><(——) =2 = 0008 x +0.105
39 2 9 36,
11 3 =-0.135 + 0.105
© -3 {25 =11 =-0.03
-2 -2
11 (5 5_19 (K6 (K6)
@ [J=+|2-2x=| =1 (€) —2.4-(-1.6)+(-08)0=-—24- —— "=~
12 \2 6710 (-6:8) (087 (-0.8)
10. (a) -88.8-16.24 = —(88.8 + 16.24) i
= -105.04 =-24- =
(b) 4.73-14 = (14 - 4.73) 40"
=-9.27 =-24+ =
(c) 7.513 +(-18.9) = —(18.9 - 7.513) =-24+5
=-11.387 =26
(d) -23.6+18.251 =—(23.6 - 18.251) (f) [-7.54+ (-5.79)] x [7 + (-4)]
= -5.349 =-13.33 x (-1.75)
(e) 123.4-(-5.67)=123.4+5.67 =23.3275
=129.07 1Y
(f) -53.9-(-32.17) = -53.9 + 32.17 )
TSI T AT =T : 13. (a =16.934 (to 3 d.p.
=-21.73 @ {1 ( P
73.8 - (-5.79) + (~16.732) = 73.8 + 5.79 - 16.732 242
&) (=579)+( ) ®) -= V2 _ 2,085 (to 3 d.p.)
=79.59 - 16.732 7 _a
= 62.858
3 2 2
(h) -18.913 - (-2.78) - 7.8 = ~18.913 + 2.78 — 7.8 © V4T 5845 (t03dp.)
=_16.133-7.8 <A
=-23.933 :
7 0.16) 15 0.16 4'62+8'32_(6%)
015 _ ( -0. : -0. B
11. (a) @ X (TJ—? X (T) (d) X 4683 =7.288 (to3d.p.)
_ 0% x [ 016 14. Two other examples are a decimal with digits after the decimal point
12 ¢} madeupofconsecutive positiveodd integers, i.e.0.135791113...,and
0.16 adecimal with digitsafter the decimal point made up of multiples of 3,
=17 x [7] i.e. 0.369 121 518...
4
=-0.04
0027 14 2.7 1.4
o 5 (35)- % (45)
0.03 -0.18 3 -0.18
(W)
[}
14
=09 x| ——
-0.18
AL
14
) lg \ [ ]
_/]gz
=-7
13
(c) -0.42x(~1.3)+0.8-0.62 = -0.42x (W) -0.62
V]
= -0.4* (_—13j -0.62
0.02
= -046 x(_—w) -0.62
8
=0.26 - 0.62
=-0.36
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Chapter 5 Approximation and Estimation

TEACHING NOTES

Suggested Approach

Teachers can give students a real-life example when an approximated or estimated value is used before getting them to discuss
occasions when they use approximation and estimation in their daily lives. In this chapter, they will first learn the five rules to
identify the digits which are significant in a number before learning how to round off numbers to a specified number of significant
figures. Students will also learn how to carry out estimation through worked examples that involve situations in real-world contexts.
To make learning of mathematics relevant, students should know some reasons why they need to use approximations in their
daily lives (Introductory Problem).

Section 5.1:

Section 5.2:

Section 5.3:

Section 5.4:

Rounding and significant figures

After the recap on decimal places and rounding, teachers can build on students” knowledge of decimal places to study
the accuracy of measurements (see Class Discussion: Which answer is more accurate?). From this class discussion,
teachers should highlight that the accuracy of measurements does not depend on the number of digits nor the number
of decimal places. Instead, accuracy is reflected in the number of significant figures of a measurement. Through the
example on measuring cylinders on page 110 of the textbook, students will learn that a number is more accurate
when it is given to a greater number of significant figures.

Limits of Accuracy

After learning how to round off a given value, this section opens with a class discussion requiring students to deduce
the smallest and largest possible actual values given a rounded number (see Class Discussion: Upper and lower
bounds of a rounded number). Teachers should stress that the range of possible values of a rounded number does
not included the upper bound.

Approximation and approximation errors in real-world contexts

Teachers should tell students that the general instructions for O-level Mathematics examinations state, ‘If the
degree of accuracy is not specified in the question, and if the answer is not exact, give the answer to three significant
figures. Give answers in degrees to one decimal place.” The investigation on page 118 of the textbook highlights
the importance of giving intermediate values correct to four significant figures if we want the final answer to be
accurate to three significant figures. Otherwise, a rounding error may occur. Students should also learn that there
is a difference between ‘approximately 500 000’ and ‘equal to 500 000 (to 1 s.f.)’ (see the thinking time on page 120
of the textbook).

Teachers should highlight that in mathematics, the degree of accuracy is specified (e.g. = 11.4 cm (to 3 s.f.)) instead
of using the symbol = . The symbol is used when estimating an quantity to which we are unable to specify the degree
of accuracy.

Estimation and estimation errors in real-world contexts

Teachers can impress upon students that there are differences between approximation and estimation. Since students
need to be aware when an answer is obviously wrong, estimation allows them to check the reasonableness of an
answer obtained from a calculator (see Worked Example 6).

Students will also learn an important estimation strategy: use a smaller quantity to estimate a larger quantity (see
Investigation: Using smaller quantity to estimate larger quantity).
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Worked Solutions

Introductory Problem

1.

The actual values that appear in the article are 7 267 582’ and ‘five’.
7 million’ and ‘12 million’ are approximate values while ‘over 25’
is an estimated value.

‘Approximation’ rounds off a number to an approximate value

while ‘estimation’ is a guess of an unknown quantity.

(a) It is not necessary to specify the actual number of airlines,
as an approximation is sufficient to show that Jinnah
International Airport serves several airlines.

(b) A headline serves as a brief summary of the article to draw
the attention of readers. Thus, it is more appropriate to use
an approximate value instead of the actual value.

Rounding and significant figures )

Practise Now 1

1.

(a) 3409 725 =3 409 730 (to the nearest 10)

(b) 3409 725 =3 409 700 (to the nearest 100)

(c) 3409725 = 3410000 (to the nearest 1000)

(d) 3409725 =3 410 000 (to the nearest 10 000)

Largest possible number of overseas visitors = 19 149 999
Smallest possible number of overseas visitors = 19 050 000

Practise Now 2A

1.

(a) 78.4695=78.5 (to 1d.p.)

(b) 78.4695 = 78 (to the nearest whole number)

(c) 78.4695 = 78.47 (to the nearest hundredth)

(d) 78.4695 = 78.470 (to the nearest 0.001)

No, I do not agree with Waseem. 8.4 is rounded off to 1 decimal
place while 8.40 is rounded oft to 2 decimal places.

Class Discussion (Which answer is more accurate?)

1.

OXFORD

(a) Joyce should give the answer as 714.6 cm.

(b) 714.6 cm is more accurate because an answer of 7.1 m can
mean a length that ranges from 7.05 m to 7.15 m.

(c) No, accuracy does not depend on the number of decimal
places a number has. If accuracy depends on the number of
decimal places, 714.6 cm and 7.1 m would be of the same
accuracy since they both have one decimal place each.

(a) 7267582 is moreaccurate. This value gives the exact number
of people, whereas the approximated value of 7 000 000 only
implies that the number of passengers is between 6 500 000
to 7 500 000.

(b) No, accuracy does not depend on the number of digits a
number has. If accuracy depends on the number of digits,
both 7 267 582 and 7 000 000 would be of the same accuracy
since they both have 8 digits each.

UNIVERSITY PRESS

Practise Now 2B

(a)
(b)
(©)
(d)

The number 192 has 3 significant figures.
The number 83.761 has 5 significant figures.
The number 3 has 1 significant figure.

The number 4.5 has 2 significant figures.

Practise Now 2C

(a)
(b)
(©
(d)

The number 5062 has 4 significant figures.
The number 1.09 has 3 significant figures.
The number 3.0024 has 5 significant figures.
The number 70.8001 has 6 significant figures.

Practise Now 2D

(a)
(b)
(©
(d)

The number 0.021 has 2 significant figures.
The number 0.603 has 3 significant figures.
The number 0.001 74 has 3 significant figures.
The number 0.109 08 has 5 significant figures.

Practise Now 2E

1.

(a) The number 0.10 has 2 significant figures.

(b) The number 0.0500 has 3 significant figures.

(c) The number 41.0320 has 6 significant figures.

(d) The number 6.090 has 4 significant figures.

4.10 cm is more accurate because 4.10 cm is measured to 3
significant figures, while 4.1 cm is measured to 2 significant figures.

Practise Now 2F

(a)

(b)

(©

3800 m, which is corrected to the nearest 10 m, has 3 significant
figures.

25 000 km, which is corrected to the nearest km, has 5 significant
figures.

100 000 g, which is corrected to the nearest 10 000 g, has 2
significant figures.

Practise Now 3
1.

(a) 3748 =3750 (to 3 s.f.)
(b) 0.004 709 89 = 0.004 710 (to 4 5.f.)
(c) 4971 =5000 (to 2 s.f.)
(d) 0.09999 =0.10 (to 2 s.f)
0.099 99 = 0.100 (to 3 s.f.)
Largest possible number of people at the concert = 21 249
Smallest possible number of people at the concert = 21 150

) Limits of accuracy )

Practise Now 4A

(a)
(b)
(©)

1.55 < a < 1.65
0.55 < b < 0.65
1.295 < ¢ < 1.305



Class Discussion: Determining the upper and lower bounds of
calculated value

1.

coin 105 | tops [ rb | e
p+q  (125+035=128) 125+ 045=12.9 13.5+0.35=13.85[13.5 + 0.45 = 13.95
pxq (125x035=438) 12.5x0.45=5.63 | 135x0.35=4.73 [ 13.5x 0.45 = 6.08
p-q | 125-035=1215(12.5 - 0.45 = 12.05[ 13.5 - 0.35 = 13.15| 13.5 - 0.45 = 13.05
p+q  125+035=3571(12.5 < 045 = 27.78)13.5 + 0.35 = 38.57] 135+ 0.45 = 30

The smallest values are shown using ellipses. The largest values are

shown using rectangles.

Smallest value Largest value
Addition
p+q plh+qlb puh+quh
Multiplication
pxq Plhqub Puhxqub
Subtraction
pP—-q Py =4 Pu = D
Division
p+q Plb+qub pub+q1h
Practise Now 4B 4. (a) 7.697 146 = 8 (to the nearest whole number)
1. 0.565h < time taken < 0.575 h (b) 7.697146=7.70 (to 2 d.p.)
23.35 km/h < average speed < 23.45 km/h (c) 7.697 146 =7.7 (to the nearest tenth)
Distance between Towns A and B (d) 7.697 146 = 7.697 15 (to the nearest 0.000 01)
= average speed x time taken 5. (a) The number 39 018 has 5 significant figures.
Lower bound of distance (b) The number 0.028 030 has 5 significant figures.
—23.35 % 0.565 (c) The number 700.406 00 has 8 significant figures.
—132 km (d) 2900, which is corrected to the nearest 10, has 3 significant
Upper bound of distance figures.
—23.45 x 0.575 (e) 2900, which is corrected to the nearest 100, has 2 significant
=13.5km figures.
- 13.2 km < distance between A and B < 13.5 km (f) 2900, which is corrected to the nearest whole number, has 4
ignifi fi .
2. 49.5m < length of ribbon < 50.5 m 6 @ ;lzg;“_ ;‘;I:)t (tg‘;resf)
21.5 cm < length of cut ribbon < 22.5 cm - N 028tk
. . (b) 503.98 =504.0 (to 4 s.f.)
Smallest possible number of ribbons
—495m < 22.5 cm (c) 0.003 0195 =0.003 020 (to 4 s.f.)
i 49'50 N 2'2 5'cm (d) 6396 = 6400 (to 2 5.f.)
220 T 6396 = 6400 (to 3 s.f.)
(e) 9.9999 =10.0 (to 3 s.f.)
Exercise 5A (f) 8.004 =8.00 (to 3 s.f.)
. 45.5 < g < 46.
1. (a) 698352 =698 350 (to the nearest 10) 7. (a) 45.5<a <465
(b) 12.55<b< 12.65
(b) 698 352 = 698 400 (to the nearest 100) (©) 0.395 < c < 0.405
(c) 698 352 =698 000 (to the nearest 1000) (3) rous <\dc< 255
(d) 698 352 =700 000 (to the nearest 10 000) (©) 295 <\ - 305
2. (a) 44974.8 = 44970 (to the nearest 10) (B 4495\<e 405
(b) 44 974.8 = 45 000 (to the nearest 100) <f
8. 125=a<1.35
(c) 44974.8 = 45 000 (to the nearest 1000)
15<b<25
(d) 44 974.8 =40 000 (to the nearest 10 000) 0.675 < ¢ < 0.685
3. (a) 45.7395=45.7 (to1d.p.) O =c=T

(b) 45.7395 = 46 (to the nearest whole number)
(c) 45.7395 = 45.74 (to the nearest 0.01)
(d) 45.7395 = 45.740 (to the nearest thousandth)

(a)

Upper bound of a + b
=135+25

=26.35

=26.4 (to 3 s.f.)
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10.

11.
Q/PENJ
)

12.
13.

14.
Geed
~Z

15.

16.

OXFORD

Lower bound of a + b

=125+15

=16.25

=16.3 (to 3 s.f.)
(b) Upper bound of b - a

=25-1.25

=23.75

=23.8 (to 3 s.f.)

Lower bound of b - a

=15-1.35

=13.65

=13.7 (to 3 s.f.)
(c) Upperboundofa + ¢

=1.35+0.675

=2

Lower bound of a + ¢

=1.25+0.685

=1.82 (to 3 s.f.)
(d) Upper bound of ¢ x b

=0.685 x 25

=17.125

=17.1 (to 3 s.f.)

Lower bound of ¢ x b

=0.675x 15

=10.125

=10.1 (to 3 s.f.)
Largest possible value of Pakistan’s population = 235 824 999
Smallest possible value of Pakistan’s population = 235 815 000
(a) 4.918 m = 4.9 m (to the nearest 0.1 m)
(b) 9.71 cm =10 cm (to the nearest cm)
(c) $10.982 = $11.00 (to the nearest ten cents)

(d) 6.489 kg =6.49 kg (to the nearest % kg)

The actual timing, recorded to 0.01 s, must be between 50.35 s
and 50.44 s,

inclusive.

.. three possible values are 50.44 s, 50.40 s and 50.38 s.

Possible values of x=3,4,50r 6

Largest possible integer value of the area of Dolmen City = 320 400
Smallest possible integer value of the area of Dolmen City = 319 500
The actual diameter of the wire must be less than 0.1205 m and
more than

or equal to 0.1195 m.

.. three possible values are 0.1195, 0.1201 and 0.120 08.

Since 21 X09 =22 000 (to 2 s.f.), then the possible values of X are
5,6,7,80r9.

If 21 X09 is a perfect square, then by trial and error, X = 6.

155 mm < [ < 165 mm

15.5cm <[ <16.5cm

Lower bound of volume of cube

= (15.5)°

=3723.875 cm?®

Upper bound of volume of cube

= (16.5)

=4492.125 cm?
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17.

18.

19.

20.

21.

1895m < /<19.05m
= 1895 cm < [ < 1905 cm
1.75m < b <1.85m
=175cm < b < 185cm
(i) Lower bound of area of vanguard sheet
=1895mx 1.75m
=33.1625 m*
Upper bound of area of vanguard sheet
=19.05m x 1.85m
=35.2425 m*
(i) 9.95 cm < length of side of square < 10.05 cm
Upper bound of the number of squares that can be cut
from [
=1905cm + 9.95 cm
=191.5 (1 decimal place)
=191
Upper bound of the number of squares that can be cut
from b
=185cm +9.95cm
= 18.6 (1 decimal place)
=18
.. Largest possible number of squares that can be cut from
vanguard sheet
=191 x 18
= 3438
No, I do not agree with Cheryl. She needs to put a ‘0’ in the
ones place as a place holder after dropping the digit 2,
i.e. 5192.3 = 5190 (to the nearest 10).
No, I do not agree with Yasir. 27.0 is rounded off to 1 decimal
place which is more accurate than 27 which is rounded off to the
nearest whole number.
David thinks that 0.02 has 3 significant figures because he counted
all the digits to be significant. He is wrong, because a measurement
of 0.02 m is of the same accuracy as a measurement of 2 cm,
i.e. there is only 1 significant figure.
Only the digit 2’ is significant in 0.02. Two zeros need to be
included after the digit 2’ to indicate the 2™ and 3 s.f.
.. the correct answer is 0.019 95 = 0.0200 (to 3 s.f.).
14.545 < a < 14.555
9.55 < b <9.65
205<c<215
¢ (180 x b)
(axb-c)
_ (upper bound of 180 x b)
" (lower bound of a x b - ¢)
Upper bound of 180 x b
=180 x 9.65
=1737
Lower bound of a x b - ¢

Upper bound o

= lower bound of a x b - upper bound of ¢
=14.545x%x9.55-21.5

=117.404 75 b
.. upper bound of (180 xb)
(axb-c)
1737
(117.404 75)
=14.8 (to 3 s.f.)



Lower bound of (180 x b) 2.
(axb-c)
_ (lower bound of 180 x b)
(upper bound of a x b - ¢)

Lower bound of 180 x b

Maximum load of lift = 897 kg

=900 kg (to the nearest 100 kg)
If the maximum load of the lift is given as 900 kg, it means that
the lift is able to carry aload of < 900 kg. However, the maximum
load allowed is only 897 kg.

=180 x 9.55 .. the maximum load of the lift should be given as 800 kg.
=1719
Upper bound of a x b - ¢ Investigation (The missing 0.1% votes)
= upper bound of a x b - lower bound of ¢ 1. Thepercentage of votes for each candidate is correct to 3 significant
=14.555 % 9.65 - 20.5 figures. Due to rounding errors in the intermediate steps, there is
=119.95575 a follow-through error, resulting in the missing 0.1% of the votes.
1 (180 x b) If the final answer is correct to 2 significant figures, we will obtain
.. lower bound of ———
(axb-c¢) 100%. Hence, the final answer can only be accurate to 2 significant
_ 1719 figures.
(119.955 75) 188

=14.3 (to 3 s.f)

22. Perimeter of rectangle = 2 x length + 2 x width
72.5 cm < perimeter of rectangle < 74.7 cm
11.5 cm < length < 12.5 cm
Lower bound of perimeter
=2 x lower bound of length + 2 x lower bound of width
72.5cm =2 x 11.5 + 2 x lower bound of width
2 x lower bound of width = 72.5 -2 x 11.5
=49.5cm
.. lower bound of width =49.5 + 2
=24.75cm
Upper bound of perimeter
=2 x upper bound of length + 2 x upper bound of width
74.7 cm =2 x 12.5 + 2 x upper bound of width
2 x upper bound of width = 74.7 - 2 x 12.5
=49.7 cm
.. upper bound of width =49.7 + 2

Percentage of votes for Albert = 301" 100%
=62.5% (to 3 s.f.)

Percentage of votes for Nadia = % x 100%
=17.3% (to 3 s.f.)

Percentage of votes for Shaha = % x 100%

=20.3% (to 3 s.f.)
Total percentage of votes = 62.5% + 17.3% + 20.3%
=100.1%

The percentage of votes for each candidate is correct to 3 significant
figures. Due to rounding errors in the intermediate steps, which
results in a follow-through error, the total percentage of votes is
100.1%. If the final answer is correct to 2 significant figures, we
will obtain 100%. Hence, the final answer can only be accurate to
2 significant figures.

Practise Now 5

=24.85cm :
24.75 cm < width < 24.85 cm @
Width of rectangle to nearest 0.1 cm
=24.8cm

- \
Approximation and approximation errors in
real-world contexts

Investigation (Rounding in real life) (i)

1. Total number of passengers =215 + 5
=220

Number of buses required = 220 + 30

1 1.
=7—
3
1.
The nearest whole number to 7§ is 7. However, 7 buses are not
enough to carry 220 passengers, thus we round up to find the 2.

number of buses required to carry all the passengers.

.. the number of buses required is 8.

Length of square :\/E
=10.2 cm (to 3 s.f.)

Note: Explain to studentsthat they should not write/ 105 cm=10.247
cm=10.2cm (to3s.f). Firstly, itisconfusingtowrite 10.247=10.2 (to3s.f.).
Secondly,\/ 105 #10.247,but\/105 =10.247 (to 5s.f.). Thirdly, if we
write \/ 105 ¢m = 10.247 cm (to 5s.f.) = 10.2 cm (to 3 s.f), it will
defeat the purpose of leaving non-exact answers to 3 s.f. to prevent
the working from being messy.

Perimeter of square = /105 x 4

=41.0 cm (to 3 s.f.)

Thinking Time (Page 120)

(i) When the population of City A is approximately 500 000,
it is possible for the exact population size to be 450 000.

(i) When the population of City A is approximately 500 000,
it is possible for the exact population size to be 449 999.

(i) When the population of City B is equal to 500 000 (to 1 s.f.),
it is possible for the exact population size to be 450 000 since
450 000 is equal to 500 000 when rounded off to 1 significant
figure.

(i) When the population of City B is equal to 500 000 (to 1 s.f.),
it is not possible for the exact population size to be 449 999
since 449 999 is equal to 400 000 when rounded off to
1 significant figure.
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Estimation and estimation errors in real-world
contexts

Practise Now 6
1. 798 x 195 = 800 x 200
=160 000
. Ali’s answer, 15 561, is not reasonable.
Using a calculator, the actual answer is 155 610.
Hence, the estimated value, 160 000, is close to the actual value,
155 610.
2. (a) 5712 +297 = 5700 + 300
=19
Using a calculator, the actual answer is 19.2 (to 3 s.f.).
Hence, the estimated value, 19, is close to the actual value,

19.2.

(b) /63 x /129 ~J64 x 3125
=8x5
=40

Using a calculator, the actual answer is 40.1 (to 3 s.f.).
Hence, the estimated value, 40, is close to the actual value,

40.1.

3. Time taken to drive from Islamabad to Kohat = 250

= 240 hours
80

Practise Now 7

IDR 10 000 = PKR 190

IDR 20 000 = PKR 380

IDR 5000 = PKR 95

IDR 25 000 = IDR 20 000 + IDR 5000
=~ PKR 380 + PKR 95
= PKR 475

.. price of earrings =~ PKR 475

Practise Now 8

Option A:

300 ml costs $8.80 =~ $9.

100 ml costs about $3.

50 ml costs about $1.50.

300 ml + 50 ml costs about $8.80 + $1.50 = $10.30.

Option B:

300 ml + 50 ml costs $10.40.

.. Option A gives the better value for money since $10.30 < $10.40.

Investigation (Using smaller quantity to estimate larger quantity)
For this investigation, the smaller box used is of length 9.2 cm, width
5.6 cm and height 2.7 cm.

Three trials are carried out to find the average number of PKR 1 coins
that can fill the box. The result of each trial is shown in the table.

Trial Number of PKR 1 coins
1 294
2 280
3 284
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Average number of PKR 1 coins that can fill the smaller box
294 + 280 + 284

- 3

858

3

=286

Volume of smaller box =9.2 x 5.6 x 2.7
=139.104 cm?

Volume of tank = 50 x 23 x 13
=14 950 cm?

Number of PKR 1 coins that can fill the tank

= 286 x 14 950
139.104

= 30 737 (to the nearest whole number)
.. Amount of money in the tank = 30 737 x PKR 1
=PKR 30 737

Practise Now 9

Percentage of shaded region = % x 100%

= 66i %
3
Exercise 5B
L

=6.67 (t0 3 s.f.
0 (to3s.f)

Greatest number of sweets that can be bought = 6

2. The maximum height should be stated as 2 m.
Although 2.51 m = 3 m (to the nearest metre), this value will allow
vehicles of a height more than 2.51 m to enter. Stating 2 m as the
maximum height ensures that vehicles entering the car park will
definitely not exceed the height restriction.

3. (i) $17.69 when rounded down to the nearest 5 cents will be

$17.65.

$17.69 when rounded to the nearest 5 cents will be $17.70.

(ii) Since 5 cents is the smallest denomination of currency
in Singapore, a customer is unable to pay $17.69 in cash.
Rounding the amount to the nearest 5 cents will require the
customer to pay an additional $0.01. Thus, the amount is
rounded down to $17.65.

Length of square = m
=16.2 cm (to 3 s.f.)
(ii) Perimeter of square = \/ﬁ x 4
=65.0 cm (to 3 s.f.)
Breadth of rectangle
_256
12
=2.13m (to 3s.f)
(ii) Perimeter of rectangle
=2x%x12+2x2.1333
=28.3m (to 3s.f)
6. 218+31 =210+30
=7
.. Shaha’s answer, 70.3, is not reasonable.
Using a calculator, the actual answer is 7.03 (to 3 s.f.).
Hence, the estimated value, 7, is close to the actual value, 7.03.



10.

11.

12.

13.

14.

15.

16.

(a) 2013 x 39 =2000 x 40
=80 000

Using a calculator, the actual answer is 78 507.

Yes, the estimated value, 80 000 is close to the actual value,
78 507.
(b) 145.6 + 654 ~[144 = 64

=12+4
=3

Using a calculator, the actual answer is 2.99 (to 3 s.f.).

Yes, the estimated value, 3, is close to the actual value, 2.99.
(i) 3.612=3.6(to2sf)

29.87 = 30 (to 2 s.£f.)
(i) 3.612+29.87 ~ 3.6 + 30

=0.12
(iii) Using a calculator, 3.612 + 29.87 = 0.121 (to 3 s.f.)
(iv) Yes, the estimated value, 0.12, is close to the actual value
0.121.
Ratio of area of shaded region to that of unshaded region =1: 2
(i) Areaoffield =27.04 x 20.21
=546.4784 m?
(ii) Cost of spraying insecticide = $0.70 x 546.4784
= $383 (to the nearest dollar)

Amount of petrol used = 29%

_m0,
9

Total amount the shopkeeper has to pay
=32x$19+ 18 x $9 +49 x $22 + 61 x $18 + 52 x $11
~30 x $20 + 20 x $10 + 50 x $20 + 60 x $20 + 50 x $10
=$600 + $200 + $1000 + $1200 + $500
= $3500
RM10 = PKR 640
RM20 = PKR 1280

RMS5 = PKR 320
RM25 = RM20 + RM5

~ PKR 1280 + PKR 320

= PKR 1600
.". price of bag = PKR 1600
Option A:

300 g costs $5.80 = $6.

100 g costs about $2.

500 g costs about $5.80 + $2 + $2 = $9.80.

Option B:

500 g costs $9.90.

.. Option A gives the better value for money since $9.80 < $9.90.
This question tests students’ sense of mass. The mass of an ordinary
car is likely to be 1500 kg.

Note: Teachers may wish to get students to give examples of objects
with masses of 20 kg, 200 kg and 20 000 kg, e.g. 2 10-kg bags of rice
have a total mass of 20 kg, 4 Secondary 1 students have a total mass
of about 200 kg and a rocket has a mass of about 20 000 kg.
Measurement of height of man = 0.8 cm

Measurement of height of block of flats = 6.4 cm

.. estimated height of block of flats = % x1.7m

=14 m (to the nearest metre)

17.

18.

PKR 100 = KRW 4500
.. price of handbag
= KRW 26 700
= KRW 27 000
27,000
4500
= PKR 6000

= PKR

Price of shoes in Shop A after a 20% discount = % x $80.50

- 80 x $80
100

= $64
Price of shoes in Shop B after a 10% discount = % x $69.50

-0 x $70
100
=$63
.. the shoes are cheaper in Shop B and should be bought from

there.
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Chapter 6 Basic Algebra and Algebraic Manipulation

TEACHING NOTES
Suggested Approach

Some students are still unfamiliar with algebra even though they have learnt some basic algebra in primary school. Thus for the
lower ability students, teachers should teach this chapter as though they do not know algebra at all. In addition to the number
discs showing the numbers 1 and -1 which students have encountered in Chapter 4, algebra discs showing x, —x, y and -y are
needed. Since many Secondary 1 students are still in the concrete operational stage (according to Piaget), the use of algebra discs
can help them to learn the concepts more easily. However, there is still a need to guide students to move from the ‘concrete’ to
the ‘abstract’, partly because they cannot use algebra discs in examinations, and partly because they cannot use algebra discs to
manipulate algebraic expressions which consist of algebraic terms that have large or fractional coefficients.

Section 6.1: Basic algebraic concepts and notations

Teachers should teach students how to use letters to represent numbers and interpret basic algebraic notations
such as ab = a x b (see Class Discussion: Letters as generalised numbers). Teachers should illustrate the definitions
of mathematical terms such as ‘algebraic term’, ‘coefficient’, ‘algebraic expression’ and ‘linear expression’ using
appropriate examples.

To make learning more interactive, students are given the opportunity to use a spreadsheet to explore the concept
of variables (see Investigation: Comparing algebraic notations). Through this investigation, students should be able
to observe that evaluating an algebraic expression means finding the value of the expression when the variables take
on certain values. This investigation also provides students with an intuitive sense of the difference between pairs of
expressions such as 2n and 2 + », n* and 2n, and 2n* and (2n)%. In the class discussion on page 136 of the textbook,
students are required to use algebraic expressions to express mathematical relationships. Students are expected to
give a more rigorous mathematical explanation for the difference between such a pair of expressions in the journal
writing on page 137 of the textbook.

It is recommended that students be taught distinguish between linear and non-linear algebraic expressions (see
Class Discussion: Linear expressions) in the last part of this section.

Section 6.2: Addition and subtraction of linear terms

Algebra discs cannot be used to add or subtract algebraic terms with large coefficients, so there is a need to help
students consolidate what they have learnt in the investigation on page 140 by drawing parallels parallels between
the addition and subtraction of like terms and the addition and subtraction of real numbers that they have learnt
in Chapter 4.

Section 6.3: Expansion and factorisation of linear expressions

The idea of flipping over a disc to obtain the negative of a number or variable, e.g. —(—x) = x, is needed to teach
students how to obtain the negative of a linear expression. Algebra discs cannot be used to manipulate algebraic
expressions which consist of algebraic terms that have large coeflicients, so there is a need to help students consolidate
what they have learnt in the investigation on page 145 of the textbook by moving away from the ‘concrete’ to the
following ‘abstract’ concept:

Distributive Law: a(b + ¢) = ab + ac

Students should learn how to appreciate the factorisation process, i.e. it is the reverse of expansion. Teachers should
tell students the difference between ‘complete’ and ‘incomplete’ factorisation. In Secondary 1, students only need
to know how to factorise algebraic expressions by extracting the common factors. Teachers should make use of the
opportunity when going through the introductory problem (see Introductory Problem Revisited) to highlight some
common errors made by students when writing algebraic expressions.

Section 6.4: Linear expressions with fractional coefficients
Here, students can use the same spreadsheet in Section 6.1 to compare and conclude that the following pairs of

d(n+1)
3

expressions with fractional coefficients are equivalent: % and% n,an and% (n + 1). Teachers may remind

the students that these are also linear terms, albeit with fractional coefficients. For review pusposes, teachers are
encouraged to use the Thinking Time activity on page 155 to emphasise common errors made by students when
manipulating algebraic expressions.

OXFORD

UNIVERSITY PRESS



Worked Solutions

Introductory Problem
The solutions to this problem can be found in Introductory Problem
Revisited (after Practise Now 7).

Basic algebraic concepts and notations )

Class Discussion (Letters as generalised numbers)
1. (i) 2x3=6 3x2=6
6=6, .. 2x3=3x2,i.e. the order of the two numbers does
not matter.
(ii) ab=ba
2. (i) 5-2=3 2-5=-3
3#-3,..5-2%#2-5,ie. the order of the two numbers
matters.
(ii) a-b#b-a

2 1
3. Forexample:10+2=5 2+10= — = =
10 5

1
5% 3 . 10+2 #2 + 10, i.e. the order of the two numbers matters.

na+b#b+a

Thinking Time (Page 132)

(a) Area of a square = length x length
SLA=Ix]

(b) Area of a rectangle = length x breadth
SLA=Ixb

(c) Perimeter of a rectangle = 2 x (length + breadth)
S P=2x(I+b)

Class Discussion (Interpreting meanings of algebraic notations)

Notation Meaning
(a) 2n 2xn
(b) ab axb
(c) % a+borax %
(d) n? nxn
(e) 4x° 4XXXXXX
® X’y XXXXY

Investigation (Comparing algebraic notations)

2. The numbers were obtained by substituting n = 2 into the

expressions in the cells C1 to F1.

3.
A B C D E F G H
2+ n+ nx
1 n 2n n?
n n n
2 1 2 3 2 1 1
3 2 4 4 4 4 4
4 3 6 5 6 9 9
5 4 8 6 8 16 16
6 5 10 7 10 25 25
Table 6.5
4. (i) No. The values in Columns B and C are different.
(ii) No. The values in Columns C and D are different.
(iii) Yes. The values in Columns B and D are the same.
(iv) No. The values in Columns B and E are different.
(v) Yes. The values in Columns E and F are the same.
(vi) No. The values in Columns B and F are different.
5. A B C D E F G H
1 n 2n |2+n|\n+n|nxn| n? 2n? | (2n)?
2 1 2 3 2 1 1 2 4
3 2 4 4 4 4 4 8 16
4 3 6 5 6 9 9 18 36
5 4 8 6 8 16 16 32 64
6 5 10 7 10 25 25 50 100

6. (i) No. The values in Columns G and H are different.
(ii) (2n)> means (2 x n) x (2 x n) = 4n%
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Class Discussion (Expressing mathematical operations and
simple real-world situations using algebraic expressions)

1.
In words Algebraic expression
(a)| Sum of 2x and 3z 2x + 3z
(b)| Product of x and 7y 7xy
3ab
()| Divide 3ab by 2¢ 22
2¢
(d)| Subtract 6g from 10z 10z - 69
(e) | Subtract the productof | (p +q) - xy
x and y from the sum of
pandgq
® Divide the sum of 3 and 3+y
yby5 5
(g) | Subtract the product of \/Z e
2 and ¢ from the positive
square root of b
(h)| There are three times as It is given that x represents the
many girls as boys in a number of boys.
school. Find an expression, | .. 3x represents the number of girls.
in terms of x, for the total | Total number of students = x + 3x
number of students in the =4x
school, where x represents
the number of boys in the
school.
(i) | The age of Nadia’s father | It is given that y represents Nadia’s
is thrice hers. The age of | age.
Nadia’s brother is 5 years | .. Nadia’s father is 3y years old.
more than hers. Findan | Nadia’s brother is (y + 5) years old.
expression, in terms of y, | Sum of their ages =y + 3y + y+ 5
for the sum of their ages, = (5y + 5) years
where y represents Nadia’s
age.
(j) | The length is three times | It is given that b represents the
as long as the breadth breadth of the rectangle in m.
of the rectangle. Find an | 3b represents the length of the
expression, in terms of rectangle in m.
b, for the perimeter and Perimeter of rectangle = 2(3b + b)
the area of the rectangle, =2(4b)
where b represents the =8bm
breadth of the rectangle. | Area of rectangle =3b x b
=30 m?

Table 6.6
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Practise Now 1

1.

(a) 5y-4x=5(4)-4(-2)
=20+38
=28
1 1
(b) ; —y+3— _—2 -4+3

1
=-—-4+3
2

:—4l +3

Journal Writing (Page 137)

1
By observation, the expressions 5+ n and 5n are equal only whenn=1 1

1 1
Whenn<IZ,5n<5+n.Whenn>lZ,5n>5+n.

Class Discussion (Linear expressions)

(a)

(b)
(©
(d)

(e)
®
(g)

(h)

| . . .
x- 2 isa linear expression with one term in x and one

constant term.

-3y is a linear expression with one term in y.

10 is a non-linear expression since it is a constant.

5y-y+9,i.e. 4y +9,isalinear expression with one term in y and
one constant term.

4y + y* is a non-linear expression because it contains a term in 2
-2y + 3x + 7 is a linear expression in two variables x and y.

6x — 2y + 3z + 7 is a linear expression in three variables x, y and
z.

x — 4y + 8xy is a non-linear expression because it contains a term
in xy.

Addition and subtraction of linear terms

Class Discussion (Like and unlike terms)

(a)

(b)
(©

(d)
(e)

®)

4y and -y are like terms because they contain the same variable y
of the same power.

-3 and 8 are like terms because they do not contain any variable.
5xy and 5x are unlike terms because they contain different
variables.

7xy and -2yx are like terms because xy = yx.

3y and j* are unlike terms because the variables y and y* are of
different powers.

-6x” and 4x° are unlike terms because the variables x* and x° are
of different powers.



Investigation (Addition and subtraction of like terms)

Add 2 (-x) discs Remove 2 zero pairs

00000 -
l
@

5x 5x + (-2x)
The coeflicient of the answer is the same as 5 + (-2) = 3.

2. Take away
Add 3 zero pairs five x discs

—_
® 5 — @5 -
Lo - - = - -
1 1 1 1
® L ——
1 1 ! 1
| ! | ey !
1 —_x ! 1 —_x ' _x
1 1 1 1

2x 2x+0=2x 2x - 5x -3x

The coefficient of the answer is the same as 2 - 5 = -3.

3. Add 2 zero pairs Take away 2 x discs
-x -x -x -x
—-x —x X -x
—x — -x -Xx -Xx
-x -x — -x —»  —x
—-x —x -x -x
@ = -0 = x ~x
[ =l - =l
05 e &
-5x -5x+0=-5x -5x - 2x -7x
The coefficient of the answer is the same as -5 - 2 = -7.
4. Take away
Add 2 zero pairs 2 (-x) discs

________________

________________

00000
l
®
l
®
l
ORRORCORLY

w

X 2x+0=2x 5x - (-2x) 5x+2x=7x

The coefficient of the answer is the same as 5 - (-2) = 7.
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Practise Now 2
(@) 3x+(-7x) =3x-7x
=-4x
(b) 19x+ (-33x) = 19x - 33x
=-14x
(c) -6x+2x =2x+ (-6x)
=2x - 6x
=-4x
(d) -35x+ 12x = 12x + (-35x%)
=12x - 35x
=-23x
(e) -9y-11y=-20y
() -39y-12y =-39y + (-12y)

=-51y
(g) -8z-(-32)=-8z+3z
=3z-8z
=-5z
(h) -17z-(-35z)=-17z+ 35z
=35z-17z
=18z

Practise Now 3
(@) —4x+ (-7y) - 2x—(-3y) = -4x+ (-7y) + (-2x) + 3y
=-4x + (-2x) + (-7y) + 3y
=—-6x+3y+ (-7y)
=-6x + (-4y)
=-6x-4y
(b) -8y + (—3x) — (-2y) + (—4x) = -8y + (-3x) + 2y + (-4x)
-8y + 2y + (-3x) + (—4x)
-6y + (-7x)
=-6y-7x

(b)

(©)

(d)

(b)

(0

() 9x+(22)+7—-(-52)+(—x) -4 =9x+(-22) + 7+ 5z+ (-x) -4
=9x+(-x)+(-22)+5z+7-4

=8x+5z+ (-22)+3
=8x+5z-2z+3
=8x+3z+3
(d) 6a-(-8)-3b+a+(-7b) +5=6a+8-3b+a+(-7b) +5
=6a+a-3b+(-7b) +8+5
=7a-3b-7b+13
=7a-10b+13

Exercise 6A
1. (a) ab+5y
(b) f2-3
(c) 6kq
2w

@ o

() 3x-4Vz
2p
63)] g
2. (a) 4x-7y=4(6)-7(-4)
=24+ 28
=52
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(d)

(b)

(c)
(d)
(e)

0]
(g

5x 5(6)

— +x =75, +6
3y 3(-4)
30
=—+6
-12
:—2l +6
2
_31
2
2x* - y* = 2(6)* - (-4)°
=72-(-64)
=72+ 64
=136

30+ Xy 23(6) + > - (-ap
y 4

—18-12 - 16
2
= 16l -16
2
1
e
a(3c=b) =3[3(6) - (-5)]
=3(18 +5)
=3(23)
=69
ab? — ac = 3(-5)%* - 3(6)
=3(25) - 18
=75-18
=57
b ¢ -5 6
a b 3 -5
=-1 2 +1 1
3 5
7
15
btc  atc 5+6  3+6
a b 3 -5
1 9
375
1,4
3 5
7
15
5x + (—8x) = 5x — 8x
=-3x
-12x+7x =7x + (-12x)
=7x—-12x
=-5x
13x + (-19x) = 13x - 19x
=—6x
-28x + 6x = 6x + (—28x)
=6x - 28x
=-22x
-4y -9y =-13y
-1l6y -3y =-19y
-7z -(-22) =-7z+2z
=2z-7z
=-5z



(h)

(b)

(©)

(d)

6. (a)

(b)

(©)

(d)

7. (a)
(b)

8. (a) 3 +

(b)

(©)

-11z - (-24z) = -11z + 24z
=24z-11z
=13z
5x+22-6x-23 =5x-6x+22-23
=-x-1
X+3y+6x+4y=x+6x+3y+4y
=7x+7y
6xy + 13x - 2yx — 5x = 6xy — 2yx + 13x - 5x
=4xy + 8x

6x—-20y +7z-8x+25y-11z
=6x-8x-20y+25y+7z-11z
=-2x+5y-4z
Required answer = 2x + 4y + (-5y)
=2x+4y -5y
=2x-y
Required answer = -b - 4a + 7b - 6a
=-4a-6a-b+7b
=-10a + 6b
Required answer = 6d - 4c + (-7¢ + 6d)
=6d-4c-7c+6d
=-4c-7c+6d+6d
=-11c+12d
Required answer = 3pq - 6hk + (-3qp + 14kh)
=3pq - 6hk - 3qp + 14kh
=3pq - 3qp - 6hk + 14kh
= 8hk
(p+aq) - 3hk
Total value = (20x + 500y) cents
3a-b C3(3)-(-4) | 3(3)-(-2)
2(-2) 2_(-4)
9+4 9+2
4 T2
13 11
IS

3a-c

c c-b

5a+4c
c-a

2(-2)-3
3(-2)+(-4)
-4-3 15-8

6-4 -5
7 7
10 -5
7 12
10 5

1

10
3+(-4)+2(=2)

2c-a _
3c+b

-2-3

a+b+2c 5¢ 5(-2)

3c—a-b 4b  3(=2)-3-(-4) ~ 4(-4)
_3-4-4  -10
T 6-3+4 -16
=5 5
T 58
1.2
8
3
”8

5(3)+4(-2)

10.

11.

(d)

(a)
(b)
(©
(d)

()
(f)
(g)

(h)

(b)

(©

(d)

(e)

(ii)

b-c (E . Ej
3c+4b a b
A=) [(—4)(—2) L32) }
3(=2)+ 4(-4) 3 -4
_ A2 (g . —_6)
-6-16 3 4
_ 2 (22 11)
-2 3 2
1 1
116
_ 6
T 275
137x + (-24x) = 137x - 24x
=113x
76x + (-183x) = 76x - 183x
=-107x
-73x +26x =26x - 73x
=—-47x
-95x + 113x = 113x - 95x
=18x
-84y — 23y = -107y
-714y - 716y = -1430y
-59z — (-48z) = -59z + 48z
=48z - 59z
=-11z
-34z - (-1912) = =34z + 191z
=191z - 34z
=157z
15a + (-7b) + (-18a) + 4b = 15a - 7b - 18a + 4b
=15a-18a-7b+4b
=-3a-3b
-3h + (=5k) - (-10k) - 7h = -3h - 5k + 10k - 7h
=-3h-7h- 5k + 10k
=-10h + 5k
9p - (-2q) - 8p - (-12q) =9p +2q - 8p + 129

=9p-8p+2q+12
=p+14q
-7x = (-15y) - (-2x) + (-6y) = -7x + 15y + 2x - 6y
=-7x+2x+ 15y - 6y
=-5x+9y
29x + (-13) - 7x - (-18y) + (-20) - 15y
=29x-13 - 7x+ 18y -20 - 15y
=29x-7x+ 18y - 15y - 13 =20
=22x+3y-33
-6y - 14 - (-8yz) - 62+ 23 + 9y - 8z + 2zy
=—6y-14+8yz-6z+23+9y-8z+2zy
=-6y+9y-6z-8z+8yz+2zy-14+23
=3y-14z+10yz+9

3p+(-q)-7r-(-8p) -q+2r=3p-q-7r+8p-q+2r
=3p+8p-q-q-7r+2r

=11p-2q-5r
Whenp:Z,q:—I%,rz—S,

1
11p—2q—5r:11(2)—2(—15j - 5(-5)
=22+3+25

=25+25

=50
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12. (i) Raju’sage 5 years later = (12m + 5) years
(ii) Present age of Raju’s son = 12m - 9m
= 3m years
Age of Raju’s son 5 years later = (3m + 5) years

Sum of their ages in 5 years’ time = 12m + 5+ 3m + 5
=12m+3m+5+5
= (15m + 10) years

13. Amount of money Li Ting had at first
=8x$w+7x$m+$3w+5m)
= $8w + $7m + $(3w + 5m)
=$(8w + 3w+ 7m + 5m)
=$(11w + 12m)

14. (a) Number of people who order chicken pizza = g a

S

(b) Number of people who order cheese pizza =

o

(c) Number of people who order cheese pizza =

®
A\ AA a . /) . /)
i\ A A i’ ' 7 | ‘ /)
o\ A'A . /) . /)
=3(=x+2y) = -[3(-x + 2y)] 3x - 6y
(® -x -1 -1 -x -1 -1
x -1 1| —» |=x -1 -1
-x (-1 (-1 -x (-1 -1
3(-x-2) -3x-6

(h)

“l=x -1 -1

Expansion and factorisation of linear
expressions

) -3(-x-2)=-[3(-x-2)]

Investigation (Expansion of linear expressions)
@5 ® >
® ®
® ®

3(x+y) 3x+ 3y

©@® 5 ®

3(x-y) 3x - 3y
(c) fli
CEENEE
-(x-y) -x+y

@ ‘@ v Xy -x

— . -y -X y -X y

=3(x-y) =-[3(x -] -3x+3y
(e)
& O ¥ & O ¥
& O ¥ — (& O
@ U ¥ o U ¥
3(-x+2y) -3x + 6y
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Practise Now 4

(a) 2(x=7)=2x-14

(b) -5(3x - 4y) = —15x + 20y

=20y - 15x

(c) 8-a(—x+22)=8+ [—a(—x+22)]
=8+ax-2az

(d) 6-b(-3y—2) =6+ [-b(-3y-2)]
=6+3by+bz

Practise Now 5

(@) 6(4x+y)+2(x-y)=24x+6y+2x-2y
=24x+2x+ 6y -2y
=26x+4y

(b) x-[y-32x-y)]=x-(y-6x+3y)
=x-(y+3y-6x)
=x-(4y - 6x)
=x-4y+6x
=7x-4y

3x+6

() 7x-2[3(x-2)-2(x-5)]=7x-2(3x-6-2x+10)
=7x-203x-2x-6+10)

=7x-2(x+4)
=7x-2x-8
=5x-8

Practise Now 6

(a) 10x +25=5(2x+5)

(b) 18 - 12x=6(3 - 2%)

(c) 2la-1l4ay=7a(3-2y)

(d) 33ax+27a+3ay=3a(11x+9 +y)

(e) 18x - 54xy + 36xz = 18x(1 - 3y + 22)

(f) -10x + 30xy - 50xz = 30xy — 10x - 50xz
=10x(3y-1-52)

Practise Now 7
(a) -5h-25=-5(h+5)
(b) -l4ay-2la=-7a(2y +3)




(¢) -9z -24bz-15cz=-3z(3 + 8b + 5¢)
(d) -4-16x-20xy =-4(1 + 4x + 5xy)

Introductory Problem Revisited
(a) x can be any number from 2 to 9;
y can be any number from 1 to 9
— @
-2

(b) Expression for two-digit number = 10x + y
(c) Expression for sum of two digits = x + y

(d) Subtracting (2) from (1), we get 9x, which is a multiple of 9.

(e) The sum of the digits of all the multiples of 9 from 9 to 90 is 9.

Since x < 10, .". the value of this final number is always 9.

Exercise 6B
1. (@ -(x+5)=-x-5
(b) -4-x)=-4+x
=x-4
(c) 23y+7)=6y+14
(d) 8(2y-5)=16y-40
(e) -8(3a-4b) =-24a+32b
=32b-24a
(H) 2a(x-y)=2ax-2ay
(g) 5-b(-6w+2x) =5+ [-b(-6w + 2x)]

=5+ 6bw - 2bx
(h) 13 +3c(-y-32z) =13 + (-3cy - 9cz2)
=13 -3¢cy-9cz
2. Present age of Ken’s uncle = 4(x + 5)
= (4x + 20) years
3. (a) 5(a+2b)-3b=5a+10b-3b
=5a+7b

(b) 7(p+10g) +2(6p +7q) =7p + 70q + 12p + 14q
=7p+12p +70q + 14q

=19p + 84q
(c) a+3b-(5a-4b)=a+3b-5a+4b
=a-5a+3b+4b
=-4a+7b
(d) x+32x-3y+2)+7z=x+6x-9y+3z+7z
=7x-9y+10z

4. Total cost =4x + 6(x - y)
=4x + 6x - 6y
= (10x - 6y) cents
5. (a) 12x+9=3(4x+3)
(b) 27b-36by =9b(3 - 4y)
(c) -16pq + 6pr =6pr - 16pq
=2p(3r-8q)
(d) 8ax+12a-4az=4a(2x+3-2)
(e) -6h+ 30hk — 24hn = 30hk - 6h - 24hn
=6h(5k -1 -4n)
(f) -4mx - 6my + 18mz = 18mz - 4mx — 6my
=2m(9z - 2x - 3y)
6. (a) —25y-35=-5(5y+7)
(b) -64ax - 16ay = -16a(4x + y)
(c) -81w-9wx - 18wy =-9w(9 +x +2y)
(d) -24x-36-12xz=-12(2x + 3 + x2)

7. (a) Required answer =2x -5 - (-6x - 3)
=2x-5+6x+3
=2x+6x-5+3
=8x-2

10.

(b)

(c)

(d)

(a)

(b)

(©

(d)

(e)

®

(g

(h)

G

(a)

(b)

(a)

Required answer = 10x - 2y + z - (6x - y + 52)
=10x-2y+z-6x+y-5z
=10x-6x-2y+y+z-5z
=4x-y-4z

Required answer = -4p - 4q + 15sr — (8p + 9q — 5rs)
=-4p - 4q + 15sr — 8p - 9q + 5rs
=-4p - 8p —4q - 9q + 15sr + 5rs
=-12p - 13q + 20rs

Required answer = 10a - b - 4c - 8d - (8a - 3b + 5¢ - 4d)
=10a-b-4c-8d-8a+3b-5c+4d
=10a-8a-b+3b-4c-5c-8d+4d
=2a+2b-9c-4d

4u - 3Qu - 5v) =4u - 6u + 15v

=-2u+15v
-2a-3(a-b)=-2a-3a+3b
=-5a+3b
7m—-2n-23n-2m)=7m-2n-6n+4m
=7m+4m-2n-6mn
=11m-8n
52x+4) -3(-6-x)=10x+20 + 18 + 3x
=10x+3x+20+18
=13x+ 38

—4(a-3b)-5(a-3b)=-4a+12b-5a + 15b
=-4a-5a+12b+ 15b
=-9a +27b

5(3p -2q) - 2(3p +2q) = 15p - 10q - 6p - 4q

=15p - 6p - 10g - 4q
=9p-14q

X+y-23x-4y+3)=x+y-6x+8y-6

=x-6x+y+8y-6
=-5x+9y-6
3(p-2q)-4(2p-3q9-5)=3p-69-8p+12q+20
=3p-8p-6q+12q+20
= -5p + 64 + 20

9(2a +4b -7c) - 4(b -c¢) - 7(-c - 4b)

=18a +36b - 63c-4b+4c+ 7c+28b

=18a +36b - 4b+28b - 63c+4c+ 7c

=18a + 60b - 52¢

-4[5(2x + 3y) - 4(x + 2y)] = -4(10x + 15y - 4x - 8y)

=-4(10x - 4x + 15y - 8y)
=-4(6x +7y)
=-24x - 28y

2{3a-4[a-(2+a)l} =-2[3a-4(a-2 - a)]

=-2[3a - 4(-2)]

=-2(3a +8)

=-6a-16

5{3c-[d-2(c+d)]} =5[3c-(d-2c-2d)]

=5[3c-(-2c-4d)]
=503c+2c+d)
=5(5¢c+d)
=25c+5d

Required answer

=2x*-3x+11+7x*-3x-4-(14x* - 12x - 6)

=2x-3x+11+7x*-3x-4-14x>+ 12x+ 6

=2+ 7x* - 14x* -3x-3x+12x+11-4+6

=-5x+6x+13
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(b)

Required answer

=17 - 12x+ 11 + x> + 5 - (2x* + 7x* - 4x - 13)
=170 - 12x+ 11+ x>+ 5-2x° - 7x* + 4x + 13
=17+ -2x° -7 - 12x+4x+ 11+ 5+ 13

=16x°-7x>-8x + 29
(c) Required answer
=4(2 - 5w) - (W* - 10w + 25 + 3w? - 7w)
=8 -20w - (W?+3w? - 10w - 7w + 25)
=8 -20w - (4w? - 17w + 25)
=8-20w - 4w? + 17w - 25
=—4w* - 20w+ 17w + 8 - 25
=-4w*-3w-17
(d) Required answer
=-2(-3-7w) =3(6W?-7w+1)
=6+ 14w - 18w? + 21w -3
=-18w*+ 14w+ 21w+ 6 -3
=-18w*+35w+3
5x + 10x(b + ¢) = 5x[1 + 2(b + ¢)]
=5x(1+2b+2c)
(b) 3xy-6x(y-2) =3x[y-2(y - 2)]
=3x(y -2y + 22)
=3x(-y +22)

11. (a)

() 2x(7+y)-14x(y+2)=2x[7+y - 7(y + 2)]
=2x(7+y-7y-14)
=2x(y-7y+7-14)

=2x(-6y - 7)
(d) -39b*-13ab=-13b(3b + a)

(e) -3a(2+b)-18a(b+1)=-3a[(2+b)+6(b+1)]
=-3a(2+b+6b+6)

=-3a(7b + 8)
() (-4xy* - 16xy)[a(3y + 2) - 2a(y - 1)]
=-4xy(y + 4)[a(3y +2 - 2y + 2)]
= -4xy(y + D[a(y + 4)]
= -4axy(y + 4)*

A S——

Linear expressions with fractional coefficients

Investigation (Comparing algebraic notations)

2. The numbers were obtained by substituting » = 2 into the

expressions in the cells J1 to L1.

J

3. A I J K L
o (1) LS (l)
2 2 3 3
201 0.5 0.5 0.666666667 0.666666667
3] 2 1 1 1 1
4| 3 1.5 1.5 1.333333333 1.333333333
5| 4 2 2 1.666666667 1.666666667
6| 5 2.5 2.5 2 2
Table 6.9
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4. (i) Yes. The values in columns I and J are the same.

(ii) Yes. The values in columns K and L are the same.

Practise Now 8

(@) lx+l—g —lx—
2T YT sY T

Lol L2
2 3 4 5
3,.2,,5, 8
6 6 20 20
1,3

6 20

(b) < [y-3016x-3)] = 3 (-y-48x+9)

Practise Now 9
x-5

% (-y+9y-48x)

%(8}/ - 48x)

y-6x

1. () %(x—3)+2 -

3

(b) x-2 ~ 2x -7 _

3(x-3) N 2(2x -5)
6 6
3(x-3)+2(2x-5)
6
3x-9+4x-10
6
3x+4x-9-10
6

7x-19
6

3(x-2) ~ 4(2x-7)

12 12

3(x-2)-4(2x-7)

12

3x-6-8x+28

12

3x -8x-6+28

12

22 -5x

-1 1
2. (a) XT + Z

N | =

2x -5

(2x -

12
4x-1) 6 3(2x-3)
12 12 12

_ 4(x-1)+6-3(2x-3)

- 12
_4x-4+6-6x+9
- 12
_4x-6x-4+6+9
- 12

3) =

C11-2x
12
9(2x) . x-4 3(2x-5)

x-4
b) 2 -
(b) 2x+ 5

9 9 9
9(2x)+x-4-3(2x-5)
9
18x+x-4-6x+15
9
18x+x-6x-4+15
9

13x +11
9




Thinking Time (Page 155)
The five pairs of equivalent expressions are as follows:

1. DandF

3(x-2y)-2(3x-y) =3x-6y-6x+2y

=3x-6x-6y+2y

=-3x-4y
2. AandE
x-3 2x-5 3(x-3)-2(2x-5)
2 3 6
_3x-9-4x+10
N 6
_ 3x-4x-9+10
- 6
_-x+1
6
_1-x
T 6
3. GandN
3(x+3)  4(2x+3)  9(x+3)-16(2x +3)
4 4 12
_ 9x+27-32x-48
- 12
_ 9x-32x+27-48
N 12
_ -23x-21
12
4. TandM

2x-3[5x-y-2(7x - )] =2x - 3(5x - y - 14x + 2y)

=2x-3(5x-14x -y +2y)
=2x-3(-9%+y)
=2x+27x-3y

=29x -3y

5. CandJ,Cand KorJand K
7ay - 49y =7(ay - 7y) = 7y(a - 7)

Teachers may wish to get students to indicate the expression which
is obtained when the expression 7ay — 49y is factorised completely.

Exercise 6C
1. (a) lx+l lx L —lx lx+l 23
: 45T T 0 T e T s T 10?
3,2, .2 1
127 12 107" 107
., Y
T 12 10”7
1 3 2 1 3
(b) —a--b+2a-=-b==-a+2a--b-=-b
7 3 7 5
2 6 5 21
=—-a+—-a- —b-—
3 3 35 35
8 26
=—-a-—b
3 35
5 3 7 4 5 7 3 4
() =c+-d-=-c-=-d==c-—-c+—-d-=d
9 4 8 3 9~ 8 4 3

(d)

(a)

(b)

(©

(d)

(a)

(b)

()

zf_§h+§k_%f_?k+§h

1 5 5 9 28
cof- L 2 2 2pn 2y
f Zf 3 +4 +4 5

112

4 1 20 15 45
=Zfoof-Zh+ 2h+ k- ——k
2 2 12 12 20 20

=2f-2h
5a+4b - 3c - (2a—§b+ic)
2 2

=5a+4b-3c-2a+ ib— ic
2 2

=5a-2a+4b+ ib—3c— ic
2 2

8
:3a+—b+éb—éc—
2 2 2

C

N | W

11 9
=3a+ —b- =c
2 2

%[2x+2(x—3)] = %(2x+2x—6)

1
—(4x-6
2(x )
=2x-3

[12p - (5 + 2p)]

ar o

= (12p-5-2p)

Il
I
—~
[
=
S}
I
v
N

=4p-2
1 1
0 [8x + 10 - 6(1 - 4x)] = 5(8x+10—6+24x)

1
E(8x+24x+10—6)

1
—5(32x+4)
=16x+2
1 2x  5x 4x
Sy 2222
5 10 10
9
10
a 1, _4a 3
3 4 12 12
1
12
%+l(h+1):@+7(h+l)
7 5 35 35
_10h+7(h+1)
N 35
_10h+7h+7
- 35
_17h+7
T35



3x 1 3x 2(x+2) 2 _
(d) ?—Z(x+2):?— s 4. (a) y—§(9x—3y)—y—2(3x—y)
3x-2(x+2) =y-6x+2y
= 8 =-6x+y+2y
_ 3x-2x-4 =-6x+3y
s ®) -6 +0) -3l -2 - 39}
y =~ L16p +0)- 3 - 20 + 6]
4x+1 3x -1  2(4x+1) 5(3x-1) 3
(e) + = +
> 2 10 10 -1 [6(p +q) - 3(-p + 6q)]
_ 2(4x+1)+5(3x-1) 3
10 1
 8x+2+15x-5 =3 (6p+6q+3p-189)
10 1
 8x+15x+2-5 =3 6+ 3p 6180
10 1
 23x-3 =-30p=120)
10 =4q-3p
3y-1 2y-3 33y-1) 22y-3) 7(x+3) 5(2x-5)  21(x+3) 10(2x-5)
O =% T 1 T @ T T s
_33y-1)-2(2y-3) _ 21(x+3)+10(2x - 5)
- 12 - 6
_9y-3-4y+6  21x+63+20x - 50
- 12 - 6
_9y-4y-3+6 ~ 21x+20x+63-50
- 12 - 6
_5y+3 _ 41x+13
T2 I
1 a+7 2(a-2) a+7 3x-4  3(x-1) 23x-4) 15(x-1)
@ j@-D-—===—%— -7 ® == -—"7 """ 1 "
_2(a-2)-(a+7) _2(3x-4)-15(x-1)
- 8 - 10
_2a-4-a-7 _ 6x-8-15x+15
B 8 B 10
_2a-a-4-7 _ 6x-15x-8+15
B 8 - 10
_a-11 _7-9x
T8 T10
1 4p-59 4(3p-2q9) 3(4p-59) - 15(z-2) 16(2z-3
() 5Gp-2p)- 2 - S SR © 2(-p- 2 _DE-D) 162203
_ 4Gp-2q)-3(4p-59) 15(z - 2)-16(2z - 3)
12 = 20
_12p-8g9-12p+159 152 - 30 - 32z + 48
12 =T
_ R 120659 + 159 152 - 32z -30 +48
12 BV
7
=51 :182(:7z
) 2(p-49) 3Q2p+q) _ 4(p-4q9) 9Q2p+q)
3 2 6 6
_4p-49)-9Q2p+q)
6
_ 4p-169-18p-9q
B 6
_4p-18p-16g-9¢q
B 6
_ -14p-25¢q
B 6
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2b 3(a-2b) _ 106 9(a-2b)

© -5 5 15 15
_ -10b-9(a-2b)
- 15
_ -10b-9a+18b
B 15
_ -9a-10b+18b
- 15
_8b-9a
15
0 E(x+3)_l+ﬂ:8(x+3)_£+5(3x—4)
5 2 4 20 20 20
_ 8(x+3)-10+503x-4)
B 20
_ 8x+24-10+15x - 20
- 20
_ 8x+15x+24-10-20
- 20
_ 23x-6
20
a+1 a+3 5a-2
(g) > T3 T2
_6(a+1) 4(a+3) 3(5a-2)
12 1212
_6(a+1)-4(a+3)-3(5a-2)
- 12
_6a+6-4a-12-15a+6
B 12
_ 6a-4a-15a+6-12+6
B 12
13
:—Ea
(h) x+1 N x+3 5x-1 _ 3(x+1) N 2(x+3) _ 5x-1
2 3 6 6 6 6
_ 3(x+1D)+2(x+3)-(5x-1)
B 6
_ 3x+3+2x+6-5x+1
- 6
_3x+2x—5x+3+6+1
- 6
10
6
s
)
12
3
@ 2(a—b)_2a+3b+a+b
7 14 2
_ 4(a-b) ~ 2a+3b . 7(a+Db)
14 14 14
_4(a-b)-(2a+3b)+7(a+b)
- 14
_4a-4b-2a-3b+7a+7b
B 14
_4a-2a+7a-4b-3b+7b
- 14
9

6.

G

(a)

(b)

(©

(d)

x+3
3

2(x+3) 5(3x +4) .
6 6
2(x+3)+5(3x+4)+6
6
2x+6+15x+20+6
6
2x+15x+6+20+6
6
17x + 32
6
5(p-q9) 29-p 2(p+9)
2 14 7
_3¥(p-q9) 29-p 4(p+q)
14 14 14
35(p-q)-(2q9-p)-4(p+q)
14
35p-359-2q+p-4p-4q
14
35p+p-4p-359-2q-4q
14
_32p-41q
14
2a+b 3(a-3b) 4(a+2b)
E _[ 2 5 }
__2a+b , 3(a-3b) . 4(a+2b)
3 2 5
__10Qa+b) 45(a-3b)  24(a+2b)
30 30 30
-10(2a+b)-45(a-3b) + 24(a+2b)
30
-20a -10b - 45a+135b+ 24a+ 48b
30
-20a - 45a+ 24a-10b+135b + 48b
30

6
+§(3x+4)+1 -
6 6

173b - 41a
30
Mf-h) _7h+k) | 5k=f)

4 6 2
9(f-h) 14(h+k) . 30(k-f)
12 12 12

9(f -h)-14(h+k)+30(k- f)
12
9f —9h-14h-14k+30k-30f
12
9f -30 f - 9h - 14h - 14k + 30k
12
-21f - 23h +16k
12
x-y 3(y+4z)
3 4
96 8(x-y) _ 18(y +2) N 15(x + 3z)
24 24 24 24
96-8(x—-y)-18(y+2z)+15(x +3z)
24
96-8x+8y-18y -18z+15x + 45z
24
96-8x+15x+8y-18y -18z + 45z
24
96+7x-10y + 272
24

5
+ —(x+3z
8( )
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Chapter 7 Linear Equations

TEACHING NOTES
Suggested Approach

In this chapter, algebra discs on a balance are used to teach students how to solve linear equations in one variable. Since many
Secondary 1 students are still in the concrete operational stage (according to Piaget), this approach can help them to learn the
concepts more easily. However, there is still a need to guide students to move from the ‘concrete’ to the ‘abstract’, partly because
they cannot use this approach in examinations, and partly because they cannot use this approach to solve linear equations which
consist of algebraic terms that have large or fractional coefficients (see Section 7.1). After students learn how to solve linear equations,
they will learn how to evaluate an unknown in a formula and formulate linear equations to solve problems in real-world contexts.

Section 7.1: Linear equations

Students have learnt how to complete mathematical sentences such as[ |+ 2 = 5 in primary school. Teachers can
introduce equations by telling students that when we replace [ | with x, we have x + 2 = 5, which is an equation.
Teachers should illustrate the meaning of ‘solving an equation’ using appropriate examples. Students should know
the difference between linear expressions and linear equations (see Class Discussion: Expressions and equations).

Teachers can use the ‘Balance Method’ to show how to solve linear equations which do not involve any brackets before
illustrating how to solve those which involve brackets. As this approach cannot be used to solve linear equations which
consist of algebraic terms that have large or fractional coefficients, so there is a need to help students consolidate what they
have learnt from the Investigation activity on page 162 and Worked Example 1. Teachers can make use of the Thinking
Time activity on page 165 to illustrate that some equations have no solutions or infinitely many solutions. Journal
Writing on page 165 of the textbook reinforces students’ understanding of the concept of equation. For example, since
x+3=6,2x+3=9and 10x — 4 = 5x + 11 are equivalent equations that can be obtained from x = 3, then the value
of x in each of the equations is 3.

Section 7.2 Linear equations with fractional coefficients and fractional equations

Teachers can help students consolidate their learning by highlighting that in Method 2 of Worked Example 2 and
in Worked Example 3, the first step involves rewriting the given equation in its equivalent form with whole number
coeflicients. Meanwhile, Method 1 of Worked Example 2 uses the same steps as Worked Example 1.

Section 7.3: Applications of linear equations in real-world contexts

Teachers should illustrate how a word problem is solved using the model method before showing how the same
problem can be solved using the algebraic method. Students should observe how the algebraic method is linked to
the model method. Also, students should be aware why they need to learn the algebraic method. In this section,
students are given ample opportunities to formulate linear equations to solve problems in real-world contexts.

Section 7.4: Mathematical formulae

Teachers can use simple formulae such as A = b, where A, [ and b are the area, the length and the breadth of the
rectangle respectively, to let students understand that a formula uses variables to provide instructions for performing
a calculation. Teachers may get students to provide examples of formulae which they have encountered in
mathematics and the sciences.
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Worked Solutions

Introductory Problem
The solutions can be found in Introductory Problem Revisited, after
Practise Now 4.

Linear equations )

Class Discussion (Expressions and equations)
1. (a)
(b) x+2=>5isan equation.
(c) 6(y-1)isan expression.
(d) 6(y-1)=0isan equation.
(e) 5x+4=2x-8isan equation.

x + 2 is an expression.

(f) x*-2=0isan equation.
(g) 3x+y=-7isan equation.
(h) 9vx - xy = 3 is an equation.
An expression has a different combination of numbers, variables
and symbols, while an equation consists of expressions separated
by an ‘equal’ sign. In an equation, the expressions on the left-hand
side and right-hand side have the same value.

2. (b), (d), (e) and (g) are linear equations.
Linear equations are equations that have only linear expressions
on either side of the equation. A linear expression is an algebraic
expression in which each variable term has a power of 1 and the
variable terms are not multiplied by each other; a constant term
may or may not be included.

Investigation (Solving linear equations)
Teachers may use the balance scale and algebra discs to help students
visualise how the equations are solved.

Part 1
1. (a) x+3=7
x+3-3=7-3
x=4
(b) x-4=6
x-4+4=6+4
x=10

(c) x+2=-5
x+2-2=-5-2

x=-7
(d) x-8=-1
x-8+8=-1+8
x=7
Part 2
2. (a) 2x-5=7
2x-54+5=7+5
2x =12
2x 12
22
x=6

(b) 3x+8=2
3x+8-8=2-8

3x =-6
36

3 3
x=-2

(c) -4x+3=-5

-4x+3-3=-5-3

-4x =-8

4x =8
4x 8

4 2

x=2

(d) -x-8=-8
-x-8+8=-8+8
-x=0
x=0
3.  Yes, it is possible. However, it will be more complicated because
fractions are involved since the constant terms ‘5’ and 7’ are not
even numbers.
Teachers may wish to show students that if we divide both sides of
the equation by 2, every term will need to be divided:

2x-5=7
(51
2 2
Part 3
4. (a) 5x+3=3x-7
5+3-3x=3x-7-3x
2x +3 =-7
2x+3-3=-7-3
2x =-10
2x 10
22
x=-5

(b) 4x-2=x+7
4x -2 -x=x+7-Xx

3x-2=7
3x-2+2=7+2

3x =9

3 _9

33

x=3

(c) 3x-2=-x+14
3x-2+x=-x+14+x

4x-2 =14
dx-2+2=14+2

4x =16

4x 16

4 4

x=4
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(d) -2x-5=5x-12 Journal Writing (Page 165)

“2x-5+2x=5x-12+2x Some equivalent equations that have the solution x = -1:
-5=7x-12 e x+1=0
7x-12=-5 e x-1=-2
7x-12+12=-5+12 e 3x+8=5
7x =7 e 2x-1=-3
7x 7 e 10x+2=13x+5
7 7 e 202x-3)=5(x-1)
x=1

Practise Now 1
(a) 3x+2=8
3x+2-2=8-2
3x =
3x

o)}

3

[SSR KoY

=2 1.
(b) 5x-3=3x-12
5x-3+3=3x-12+3
5x=3x-9
5x-3x=3x-9-3x
2x =-9
2x 9

2 2
x=—4l
2
() 2(2y+1)=9y+4
4y+2=9y+4
Iy +4 =4y +2
Iy+4-4y=4y+2-4y
Sy+4 =2
5y+4-4=2-4
5y =-2
S5y 2

5 5
2
r=7%
d) 2(z-1)+3(z-1) =4+2z
2z-2+4+3z-3 =4+2z
52-5=4+2z
52-5-2z=4+4+2z-2z
3z-5 =4
3z-5+5=4+5
32=9 2.

Thinking Time (Page 165)
(@) 3x+4=2x+1
x=-3
(b) 3x+4=3x+1cannotbe solved. The equation is not true for any value
of x.
(c) LHS=3(x+2)
=3x+6
=RHS
This equation is true for all values of x.
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) and fractional equations

Linear equations with fractional coefficients

Practise Now 2

5 1 1
(a) ;y+2—5y+3z
—y-1y+2=—y-—y+3—
7 2 2
3
w3
3 1
Ey+2—2—3z—2
3 1
[V
14 3 14 1
—4 == x1=
3 14 3 4
5
y=5¢
3z-1 z-4
(b) T =3
6 x 3z-1 —6x z-4
2 3
33z-1) =2(z-4)
92-3=2z-8
92-2z-3=2z-2z-8
7z-3=-8
7z-3+3=-8+3
7z =-5
7z 5
7 7
-
7
(a) x+0.7=19
x+0.7-07=19-0.7
x =12
(b) 2y-13=28
2y-13+13=28+13
2y =4.1
2y 41
2 2
y =2.05



Practise Now 3
8

(@) 3 0
(2x-3) x 8 =(2x-3)x4
2x-3
8 =4(2x-3)
8 =8x-12
8x-12 =8
8x-12+12=8+12
8x =20
8x 20
8 8
x:2l
2
(b) y-3 :3
y+4 2
y-3 3
2(y+4)><y+4—2(y+4)x5
2(y-3) =3(y+4)
2y-6 =3y+12
2y-3y-6 =3y-3y+12
-y-6 =12
—y-6+6=12+6
-y =18
y =-18
Exercise 7A

1. (a) x+8=15
x+8-8=15-8

x=7

(b) x+9=-5
x+9-9=-5-9

x =-14

(c) x-5=17
x-5+5=17+5

x =22

(d) y-7=-3
y-7+7=-3+7

y =4

(e) 4x = -28

4x 28

4 4
x=-7

(f) -24x=-144
24x =144

24x 144

24 24

x=6

(g 3x-4 =11
3x-4+4=11+4

3x =15

3x 15

33

x=5

(h) 9x +4 =31
Ix+4-4=31-4
9x =27
9x 27
9 9
x=3
(i) 12-7x =6
12-12-7x=6-12
-7x = -6
7x =6
7x

(a) 3x-7 =4-8x
3x+8x-7=4-8x+8x
11x-7 =4
1Ix-7+7=4+7
11x =11
11x 11
EYRRRST]
x=1
(b) 4x-10 =5x+7
4x-5x-10 =5x-5x+7
-x-10=7
-x-10+10=7+10
-x =17
x =-17
(0 30+7y=-2y-6
30+7y+2y =-2y+2y-6
30+9y =-6
30-30+9y =-6-30
9y =-36
9y _ -36
9 9
y=-4
(d) 2y-7=7y-23
2y-7y-7=7y-7y-23

5y-7=-23
5y_7+7=-23+7

5y=-16

5y =16

57 16

5 5

1

Y—3§
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3. (@ 2(x+3)=8
2x+6 =8
2x+6-6=8-6
2x =
2x
2
x=1
(b) 5(x-7) =-15
5x-35=-15
5x-35+35=-15+35
5x =20
5x 20
5 5
x=4
(c) 7(-2x +4) = -4x
-14x + 28 = -4x
—14x + 4x + 28 = —-4x + 4x
-10x+28 =0
-10x+28-28 =0-28
-10x =-28
10x =28
10x 28
10 10
x=2é
5
(d) 32y+3)=4y+3
6y+9=4y+3
6y-4y+9 =4y-4y+3
2y+9 =3
2y+9-9=3-9
2y =-6
2y _ 6

2 2
y=-3
(e) 2(y+4) =3(y+2)
2y+8=3y+6
2y+8-3y=3y+6-3y
-y+8=56
-y+8-8=6-8
—y=-2
y=2
® 5(5y-6) =4(y-7)
25y -30 =4y - 28
25y -4y -30 =4y -4y -28

oo N

21y -30 =-28
21y -30+30=-28 + 30
21y =2
21y 2
21 21
2
YT
(® 5(b+6) =2(3b-4)
5b+30 =6b-8
5b+30-6b =6b-8-6b
-b+30=-8
-b+30-30 =-8-30
-b=-38
b=38
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(h) 3(2c+5) =4(c-3)
6¢c+ 15 =4c-12
6c—-4c+ 15 =4c-4c-12

2c+15=-12
2c+15-15=-12-15

2c =-27

2¢c =27

2 2
c=—13l
2

(i) 92d+7) =11(d + 14)

18d +63 =11d + 154
18d-11d+63 =11d - 11d + 154

7d +63 =154

7d + 63 - 63 =154 - 63
7d =91
7d 91
7 7
d=13

0 28(f-1) =5(7f-3)
28f-28 =35f-15
28f - 28 - 35f = 35f - 15 —35f

-7f-28=-15
-7f-28+28 =-15+28
~7f=13
7f 1B
-7 -7
6
=_1—
f 7
3 1
a Ty-2— ==
() y-24 =3
7)/—2i +2i :l+23
4 2 4
1
7y =3—
V=%
7
o4 =3l+7
7 4
BRE]
V=28
1 1
b 1= -2y = —
®) 2 4 4
1 1 1
1—-1--2y=—-1—
22777,
1
2y =-1=
V=Y
1
2y =1—
Y 4
2
=y :11+2
2 4
_3
r
1
C —x=7
(o) 3
1
3x —x=3x7
x=21



Y e
4
4xZ-:4x6
4
y=24
® 3-5y=2
g 27"
1
3-3--y=2-3
4)’
1
——y=-1
R4
1
—y=1
R4
4xl =4x1
rea
y=4
2

(h) 15- Zy=11

15-15- Zy=11-15

NSNS,

X
Gl G o vl »
= = =

1l 1] 1]

N |

o | ~

X

™

y =10
(a) y-24=36
y-24+24=36+24
y=6
(b) y+04=16
y+04-04=16-04
y=12
(c) -3y-78=-96
-3y-78+78=-96+738
-3y =-18
3y=18
3y 18
33
y=0.6

(d) 4y-19 =63
4y-19+19=63+1.9
4y = 8.2
4y 82
4 4
y =2.05
(e) -27+a=-64
-27+27+a=-64+27
a=-3.7
fh  2(2x-22) =46
4x-44 =4.6
4x-44+44 =46+44
4x =9.0
4x 9.0
4 4
x =2.25
(g) 43y +4.1) =76
12y + 164 =7.6
12y +164-164 =7.6 - 16.4
12y = -8.8
12y  -88
12
1
T
(h) 3(2-0.4x) =18
6-12x=18
6-12x-6=18-6
-1.2x =12
-12x 12
-12 -12

1
=12- >
(a) x 3x

X+ -x=12- —-x+ lx
3 3

x
Il
—
]

X
—
[\S)

=
Il

W
X

®
1]

(b)

=
+

|

®

|

= =
Il Il
®

|
= N
®

+
N =

| = = U W
\©
Rl N = |- o w

—
(g)
~

+
ul
°\|\< W e

W W=

[N
w [\
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Sy 1,1 5,1
6 5 5 5
57 _,1
6
6,50 _8,,1
5 6 5 5
16
)’—ZE
2 3 5
(d) VL Uy
2 3
3V Yo Tyt
4 3 5
374 8
3 3 5 3
3T T Ty
4 3
"377%
4
377718
SNETENE
4 3 4
_3
y=-1 3
2 4
7. (a) Pl
5xx£:5x><—
x
10 = 4x
4x =10
4x 10
4 4
x:2l
2
b) 12 2
y-1 3
12
3(y-1)x 1 =3(y-1)x
36 =2(y-1)
36 =2y-2
2y-2=36
2y-2+2=36+2
2y =38
2y 38
2 2
y=19
8. (a) -3(2-x) =6x
-6+ 3x =6x
-6+ 3x - 6x =6x - 6x
-6-3x=0
-6+6-3x=0+6
-3x =6
3x =-6
3x -6
33
x=-2
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[SSH N )

(b) 5-3x =-6(x+2)
5-3x=-6x-12
5-3x+6x =-6x+6x-12

5+3x=-12
5-5+3x=-12-5

3x =-17

3x _ -17

3 3

x=-5—

3

(c) -39y +2) =2(-4y-7)
-27y-6 =-8y-14
-27y+8y-6=-8y+8y-14

-19y-6 =-14
-19y-6+6 =-14+6

-19y =-8

19y =8

19y 8

19 19

8

T}

(d) -3(4y - 5)=-7(-5-2y)

-12y +15=35+ 14y
-12y - 14y + 15=35 + 14y - 14y

-26y + 15=35
-26y+15-15=35-15

-26y =20

26y =-20

26y =20

26 26

_ 10

)

() 3(5-h)-2(h-2)=-1
15-3h-2h+4=-1
15+4-3h-2h=-1

19-5h =-1
19-19-5h=-1-19

-5h =-20

5h =20

5h 20

5 5

3(10x) - (5x+4)
S ——
30x-5x-4
3
25x -4
3
25x -4
3
25x-4 =21
25x-4+4=21+4
25x =25
25x 25
25 25
x=1

7

=7

=7

3 x

=3x7



4x x-1
® 5
2(4x)-3(x-1)
6
8x-3x+3
6
5x+3
6
5x+3
6
2(5x +3) =15
10x+6 =15
10x+6-6=15-6
10x =9
10x
10

1]
—_
-

IO IR

12 x

—
)
X

NS

X =

9
10
9
10

x-1 x+3
(o) > T
4(x-1)-3(x+3)
12
4x-4-3x-9
12
4x-3x-4-9
12

x-13
12
x-13
12
x-13 =-12
x-13+13 =-12+13
x =1
) 1_y_+5=3(y—1)
3 4
3-(y+5) _3(y-1
3 4
3-y-5 3(y-1)
3 4
-y+3-5  3(y-1)
3 4
-y-2 _3(y-1

3 4

12 % —y—2:12x3(yT—1)

=-1

=-1

=-1

=-1

=-1

12 x

=12x(-1)

4-y-2)=9(-1)
-4y-8=9y-9
-4y -9y-8=9y-9y-9
-13y-8=-9
-13y-8+8=-9+8
-13y =-1
13y =1
13y 1

13 13

=13

6(y-2) 12 2(y-7)
7 3
6(y-2)-84 2(y-7)
7 3
6y-12-84 2(y-7)
7 3
6y-96  2(y-7)
7 3
21w 2% 5y, 20-7)
7 3
3(6y - 96) = 14(y - 7)
18y — 288 = 14y - 98
18y — 14y — 288 = 14y — 14y — 98
4y - 288 = -98
4y — 288 + 288 = —98 + 288
4y =190
4y 190
4 4
1

—471
V=3

(e)

7-2y 2
> 5(2—)’)—
5(7-2y)-42-y) _
10 N
35-10y-8+4y
10
27-6y
10
20 x 27 -6y _
10
2(27 - 6y) =25
54 - 12y =25
54 -12y-54=25-54
-12y =-29
12y =29
12y 29
212
5

=22
LT

._.
N

()

NI O; BRUNY RS, RN O |

[\
(=)
X

NIRS;]

5x+1
3
5x+1

10. (a) =7

X =3x7

5x+1 =21
5+1-1=21-1
5x =20

5x 20

5 5

x=4
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2x -3 x-3
(b) T - 3
12X2x—3:12><x—3
4
3(2x-3) =4(x-3)
6x-9 =4x-12
6x-4x-9 =4x-4x-12
2x-9 =-12
2x-9+4+9=-12+9
2x =-3
2x -3
2 2
x=-1—
3x-1 x-1
(© 5 —T
15x XL g5, X1
5 3
33x-1) =5(x-1)
I9x-3=5x-5
9x-5x-3=5x-5x-5
4x-3=-5
4x-3+3=-5+3
4x = -2
4x -2
4 4
1
)
@ Gy =1@-D
4 3

1 1
12 x Z(5y+4):12>< 5(2)/—1)
3(5y+4) =4(2y-1)
15y +12 =8y -4
15y -8y +12 =8y-8y-4

Ty+12 =-4
Ty+12-12=-4-12
7y =-16
7y _ -6
7 7
2
=-2—
y="%7
2y-1 +3
(e) .
5 7
2y-1 +
y _y+3  y+3 —0+ y+3
5 7 7 7
2y-1  y+3
5 7
2y- +3
35x L —35x 2
5 7

7(2y-1) =5(y + 3)
14y -7 =5y +15

14y -5y-7 =5y -5y + 15

9y-7=15
9y -7+7=15+7

9y =22

9y 22

9 9

4
=2
V=%
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11.

12.

2y + -
© y+3 -5

4 6
2y+3  y-5 B y-5 :O_y_—5
4 6 6 6
2y+3  y-5
46
2y+3  5-y
4 6
2x 23 27
4
32y+3)=25-y)
6y+9=10-2y
6y+2y+9=10-2y+2y
8y+9 =10
8y+9-9=10-9
8y =1
8y 1
8 8
1
'
Whenx = —,
LHS:Z(E)—i
2 4
> 3
T 4
Y
T 20
RHs=1(9)+i
3120 6
19 5
"6 '
:li:LHS
20

19
LX= % is the solution of the equation

2x—§:lx+é.
4 3 6
12
(@) x+3 =2
12
(x+3)><x+3:(x+3)x2
12 =2(x+3)
12 =2x+6
2x+6 =12
2x+6-6 =12-6
2x =6
2x 6
2 2
x =3



11
®) 2x -1 =4

(2x-1) x 11 I =2x-1)x4

2x
11 =4(2x-1)
11=8x-4
8x-4=11
8x-4+4=11+4
8x =15
8x 15
8 8

[

X =

32
2x -5
32
2x-5

-3

(©)

-3+3

+
w

32
2x -5
32
2x -5
128 =13(2x - 5)
128 =26x - 65
26x - 65 =128
26x-65+65 =128 + 65
26x =193
26x 193
26 26
x =7 1
26
1

a1

4(2x - 5) x =4(2x-5) x %

(d)

N | =
+
o

x+2
1
x+2

-1+1 +1

1
X+2

DW= D= R

1
2(x+2) x =2(x+2)x
(x+2) 1 (x+2)

| W

2 =3(x+2)
2=3x+6
3x+6 =2
3x+6-6=2-6

y+5
(e) ﬁ =
+5
-6
4(y+5) =5(@-6)
4y +20 =5y -30
4y -5y +20 =5y -5y -30

Yy
4(y-6)x Z—= =4(y-6) x
(y )Xy (y-6)

-y +20 =-30
-y+20-20 =-30-20

-y =-50

y =50

2y+1 4

@ 3y-5 7
2y+1 4
73y -5)x =>— =73y -5)x —
Gy )><3y_5 Gy-5)x -
72y +1) =4(3y-5)
14y +7 =12y -20
14y - 12y +7 =12y - 12y - 20
2y+7 =-20
29+7-7 =-20-7
2y =-27
v
2 2
1
=-13-
4 2
2 3
(® 7-2 “y+e

2 3
-2y +6)x 2 =(y-2)(y+6)x 46
2y +6) =3(y-2)

2y+12 =3y-6
2y-3y+12 =3y-3y-6
-y+12 =-6
y+12-12 =-6-12
-y =-18
y =18
o 23
7y -3  9y-5
(7y=3)(9y - 5) x —2— = (7y-3)(9y - 5) x —>
7y -3 9y-5

2(9y - 5) =3(7y - 3)
18y-10 =21y -9
18y -21y-10 =21y -21y-9

-3y-10=-9
-3y-10+10=-9+10
-3y=1
3y=-1
3y -1
33
1
y="3
13. 4x+y =3x+5y
4x-3x+y=3x-3x+5y
x+y=>5y
Xty-y=5-y
x =4y
3 xx:i x 4y
16y 16y
o 3x 3
@ =3
14. x5y 3
7x -4y 4
3x-5y 3
4(7x - 4y) x Tx_dy =4(7x - 4y) x 2

4(3x - 5y) =3(7x - 4y)
12x - 20y = 21x - 12y

12x - 21x - 20y = 21x - 21x - 12y
-9x - 20y = -12y
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-9x - 20y + 20y = -12y + 20y Exercise 7B

-9x =8y 1.
9x = -8y
9x _ 8y
9 9
8
x=-2Z
9
ixx:ix(_S_y)
y y 9
x __8 2.
y T 9

Applications of linear equations in real-world
contexts

Practise Now 4
1. Let the smaller number be x.
Then the larger number is 5x.

Xx+5x =24
6x =24
24

x = — 3.
6
=4

.. the two numbers are 4 and 20.
2. Let the number of marks Cheryl obtains be x.
Then the number of marks Shaha obtains is x + 15.

x+ 15 =2x
x-2x=-15
-x =-15
x =15

.. Cheryl obtains 15 marks.

Introductory Problem Revisited

Let the number of cousins Ken has be x. 4.
6x+5=7x-4
5+4 =7x-6x
x =9

.. Ken has 9 cousins.

Practise Now 5
Let the number be x.

1
—x+3l:7 >
5 10
1
—x=7—31
5 10
1
1,3
5 10
x—5><3i
10
16+
2

1
.. the number is 16 3
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Let the mass of the empty lorry be x kg.
Then the mass of the bricks is 3x kg.

x+ 3x =11 600
4x =11 600
11600
X =
4
=2900

.. the mass of the bricks is 3(2900) = 8700 kg.

Let the smallest odd number be n.

The next odd number will be n + 2.

Then the next odd number willbe (n +2) + 2=n+ 4.

The greatest odd number willbe (1 +4) +2=n+6.

n+(n+2)+(n+4)+(n+6)=56
n+n+n+n+2+4+6=56

4dn + 12 =56
4n =56 - 12

4n =44

44

n=—

4

=11

... the greatest of the 4 numbersis 11 + 6 =17.
Let Sara’s age be x years old.
Then David’s age is (x + 4) years,
Yasir’s age is (x — 2) years.
x+(x+4)+(x-2)=47
X+x+x+4-2=47

3x+2 =47
3x =47 -2

3x =45

45

X = —

3

=15

.. Sara is 15 years old, David is 15 + 4 = 19 years old and
Yasir is 15 - 2 = 13 years old.
Let the number be x.

3x =x+28
3x-x =28
2x =28
28
X =—
2
=14

.. the number is 14.
Let the number of people going on the holiday be x.

15x =84 + 12x
15x - 12x =84
3x =84
84
X=—
3
=28

.. there are 28 people going on the holiday.



6. Let the greater number be x.

2
Then the smaller number is = x.

2
x+ —x=45
3

ix:45
3

X = 2 x 45
5
=27

2
.. the smaller number is 3 (27)=18.
7. Let the number be x.

68 —4x =3(x+4)
68 - 4x =3x+12

-4x-3x=12-68
-7x = -56
-56
xX=—
-7
=8

.. the number is 8.
8. Let the number of boys who play badminton be x.
Then the number of boys who play soccer is 3x.

3x-12=x+12
3x-x=12+12
2x =24
24
X =—
4
=12

.. there are 12 boys who play badminton.
9. Let the son’s age be x years.

Then the man’s age is 6x years.

6x + 20 = 2(x + 20)

6x +20 =2x + 40

6x - 2x =40 -20

4x =20

20
T4
=5

X

.. the man was 6(5) - 5 = 25 years old when his son was born.

10. Let the cost of a butter cake be $x.
Then the cost of a chocolate cake is $(x + 2).
6(x+2)+5x =130.8
6x+ 12 + 5x =130.8
6x+ 5x =130.8 -12

11x =118.8
118.8
x = —
11
=10.8

.. the cost of a chocolate cake is $(10.8 + 2) = $12.80.
11. Let the number of 20-cent coins Albert has be x.
Then the number of 10-cent coins he has is x + 12.
10(x + 12) + 20x = 540
10x + 120 + 20x = 540
10x + 20x = 540 - 120
30x =420

420

T30

=14
.. Albert has 14 + (14 + 12) = 40 coins.

12. Let Li Ting’s average speed for the first part of her journey be

13.

14.

15.

x km/h.
Then her average speed for the second part of her journey is
(x - 15) km/h.

Time taken for first part of journey = 350 hours.
x

Time taken for second part of journey = %
_ 120 hours.
x-15
350 120
x x-15
350(x - 15) = 120x
350x - 5250 = 120x
350x - 120x = 5250
230x = 5250
_ 5250
230
=22 e
23
.. Li Ting’s average speed for the second part of her journey is
19

22 ol 15=7.83 km/h (to 3 s.f.).

Let the number be x.

1

—x+49 = 2x
2 4

1

—Xx- 2x:—49

2 4

|
YN
=
Il
|
S
©

4
=-—x(-49
X 7x( )

=28
.. the number is 28.
Let the denominator of the fraction be x.
Then the numerator of the fraction is x - 5.

. .o X -
.. the fraction is

x-5+1 2
x+1 3
x-4 2

3

x+1
3(x-4) =2(x+1)
3x-12 =2x+2
3x-2x =2+12
x =14
-5 9
=
Let the number in the tens place be x.

14
.. the fraction is

Then the number in the ones place is 2.5x.
.. the number is 10x + 2.5x = 12.5x.
.. the number obtained when the digits are reversed is
10(2.5x) + x = 25x + x = 26x.
26x - 12.5x =27

13.5x =27
27
135

=2

The number is 12.5(2) = 25.
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(i) When S =616,

Mathematical formulae ) 616 = 4( %j r
616 =32 2
7
Practise Now 6 8 r =616
1. F=ma 7
(a) When m = 1000, a = 0.05, fo L w616
F =1000(0.05) 88
=50N r* =49
Net force acting on body = 50 N nor=+449
(b) When F=100,a=0.1, =7
100 = m(0.1) =7or -7 (N.A. since r > 0)
1 -
1 NS
0.1 5
=1000 kg Whenx=2,y=-1,z=-3,
Mass of body = 1000 kg 0= (-1)* - 2(-3)
_ay+c h 5
2. y+b= b 146
Wheny:lz,b:3,a=14,12+3:% 75
15 = 168 + ¢ 5
3 o 2
45 =168 + ¢ "5
c=-123 4 k:p+2q
3
Practise Now 7 Whenk=7,9=09,
(i) Let the smallest even number be #. PR i 2(9)
Then the other three consecutive even numberswillbe  + 2, n + 4and 3
n+6. 7 = p+18
.. sum of the three consecutive even numbers, 3
S=n+m+2)+(n+4)+(n+6) 3x7 =p+18
=4n + 12, where n is even 21 =p+18
(ii) When n = 14, p+18 =21
S S=4n+12 sp=21-18
=4x(14) + 12 =3
=68 5. (a) P=xyz
b) S=p*+¢
Exercise 7C () A= m+n+p+q
3
1. y=§x+26 (d T=60a+b
When x =12, 6. U=mn(r+h)
3 el g
y:§(12)+26 WhenU—l65,h—2,
1 1 22
_22 2 16— = —(r+2
=33 5 > =7 (r+2)
22 1
- —(r+2)=16—
2. S=dnr T (r+2)=16-
. 1
(i) WhenrleE, r+2=l><16l
22 1Y
S=4(—)(10—) +2:5l
7 2 r 2
=1386 1
wr=5—-2
4
51
4
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VE=u?+2gs
When v =25, u =12, g= 10,
25% =12+ 2(10)s
625 =144 + 20s
144 + 20s = 625
20s =625 - 144
20s =481
481
T 0

b=

A= al= o~ o~

w
]

3¢ =

—

c =

W | -

d-e
f-d

1N}

c=— -

S

Whena=3,b=4,c=-6,d=-5and e=2,

—5-2

| w
|\
N
—
S}
=

~
+
(9]

|
=)
|
B oW
~
~
+ |
&}

|
o)}
NN KOS RN O
~ ~
N 4[N 4
[&] “

NN

—
+
w

—27(f+5) =4x7
—27(f+5) =28
—27f-135 =28
—27f =28+ 135
—27f =163
163
nf=

- 6L
27

m(nx® - y)
— =
Whenm=6,x=-2,y=-3,z=-5,
6[n(-2)° - (-3)]
-5
6(4n+3)
-5
6(4n +3) =-25n
24n + 18 =-25n
24n + 25n =-18

10. 5n

=5n

=5n

49n =-18
18
n=-—
49

11. (i) Let the smallest odd number be n.
Then the other two consecutive odd numbers will be n + 2,
n+4andn+6.
.. sum of the four consecutive odd numbers,
S=n+n+2)+(n+4)+(n+6)
S =4n + 12, where n is odd
(ii) If the greatest odd number is —17, then n + 6 = —17
n=-17-6
=-23

S S=4n+ 12

=4x(-23)+ 12

=-80

12. (i) Let the youngest child be n years old.
Then the ages of the three other children willbe n + 2, n + 4,
n+6andn+8.
.. sum of total ages of Joyce and her siblings,
S=n+n+2+n+4+n+6+n+8
S=5n+20
(ii) If the youngest child is now 4 years old, then n = 4.
S S=5n+20
S=5%x4+20

=40
.. sum of their total ages at the end of the following year
=40+5
=45

13. (i) T=cxd+ex L
100

(ii) e= e

When e = 150,
-145¢
4-c
150(4 - ¢) = -145¢
600 - 150¢ = -145c¢
-150c¢ + 145¢ = -600
-5¢ =-600
-5
=120

150 =
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When d = 3,
RS
50
50x3= f+5
150 = f+5
f+5 =150
f=150-5
=145
T =12003) + 150(145)
100
=577.50
5
14. y=(x-32)x 5
(i) Whenx =134,

y =(134-32) x

o |

=56.7 (to 3 s.f.)
Required temperature = 56.7 °C
(i) Whenx=0,
5
y =(0-32)x 5
=-17.8 (to 3 s.f.)
Since 0 °F = -17.8 °C, it is less common for the temperature
to fall below 0 °F because 0 °F is much lower than 0 °C.
(iii) When y = -62.1,

621 = (x-32)x >
9
5
(x-32) x 3 =-62.1

9
x-32 =-62.1x —
5

x-32 =-111.78
sox =-111.78 + 32
=-79.78
=-79.8 (to 3s.f.)
Required temperature = -79.8 °F
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Chapter 8 Percentage

TEACHING NOTES

Suggested Approach

Although students have learnt percentage in primary school (i.e. how to express a part of a whole as a percentage, write fractions
and decimals as percentages, and vice versa, find a percentage part of a whole and solve up to 2-step word problems involving
percentage), many may still struggle with percentage. Teachers can introduce percentage as fractions by going right back to the
fundamentals. Teachers can give students practical applications of percentages and show the changes in fractions and proportions
through the examples to give them a better understanding of the concept.

Section 8.1:

Section 8.2

Percentage

Teachers can get students to work in pairs to interpret the various percentages found in the advertisement in the
class discussion on page 181. Some guiding questions and other notes relating to this class discussion can be found
in the worked solutions section on the next page. After the discussion, students should understand the meaning of
percentage(s) better and interpret information more accurately. Students need to be able to comment critically on
the usefulness of percentages before they can have a confident grasp of the topic.

Teachers can then build upon what students have learnt about percentage in primary school. Students may be able
to learn how to accurately calculate a percentage but they might struggle to explain the meaning behind it. Teachers
should emphasise on the basics of fractions and proportions before getting the students to calculate and interpret
percentages. It is highly recommended that teachers use the Thinking Time activity on page 183 to emphasise the
difference between 100 and 100%. This is a concept that some learners may still find challenging.

The Class Discussion activity on page 183 reinforces the concept of percentage as part of a whole. Students will then
learn to express a quantity as a percentage of another quantity (see Class Discussion: Expressing two quantities in
equivalent forms).

In Worked Example 8, students should learn that it is easy to see that more students from School A participated
but it is not easy to see which school had a higher proportion of students participating in the walkathon. Teachers
can highlight to the students that two quantities can be easily compared using percentages because the proportions
are converted to the same base i.e. 100.

Percentage change, percentage point and reverse percentage

Teachers should guide students on how to use algebra in percentage change and reverse percentage. Students may
draw models, wherever applicable, to help them understand the problem. Since this section explores percentage
change, teachers can highlight the use of the term ‘percentage point’ when referring to a change in percentages (see
Investigation: Percentage point).

Through the worked examples in this section, students should be able to tackle percentage change and reverse
percentage problems involving algebra. They should also learn how to identify whether the problem is a reverse
percentage or a percentage change problem. Teachers can highlight to the students that percentage change is when
they are given both the new value and the original value while a reverse percentage is when they need to find the
original value given a quantity after a percentage increase or decrease. Teachers should stress to the students not
to add or take the average of percentages when dealing with problems involving more than one percentage (see
Investigation: Can we add percentages or take average of percentages?)
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Worked Solutions

Introductory Problem
The solutions to this problem can be found in Introductory Problem
Revisited (after Practise Now 7).

) Percentage )

Class Discussion (Identifying percentages used in daily life)
(i) Guiding Questions:
o What is the advertisement about?

o Are the percentages found in the advertisement expressed
using the percentage symbol or in words?

o What do the percentages mean in the context of the
advertisement?

Teachers may use this to assess students’ prior knowledge of

percentage, e.g. whether students are able to relate percentages

to fractions and to perform relevant calculations using the given

percentages to illustrate the meaning of the percentages in the

context of the advertisement. Teachers may also use this as a trigger

to show students the need to learn percentage, and link back to the

different scenarios in the advertisement.

The percentages found in the advertisement are 75% and 160%,
which are expressed using the percentage symbol. In the context
of the advertisement, it means that the number of grapefruits
produced in Florida amounts to up to three-quarters of the world’s
production, and the amount of vitamin C in one grapefruit is 1.6
times that of the recommended daily intake.

(ii) No. The term ‘up to’ in the phrase ‘up to 75% of the world’s supply
of grapefruit’ suggests that the greatest percentage of grapefruit
produced in Florida is 75%. This means that the actual number
produced may be less than 75% of that in the world.

Teachers may wish to ask students to list other instances where such
phrases are used. (For example, a discount of up to 50% in a sale.)
They may also want to take this opportunity to highlight to students
the importance of being informed consumers. Students should not
take information that appears on advertisements/articles at face
value. Instead, they should learn how to interpret information
accurately.

(iii) Yes. The phrase means that one grapefruit delivers 1.6 times more
vitamin C than the recommended daily intake.

Practise Now 1A

L (a) 76%= >
100
L
T 25
76% = 2
100
=0.76
9
b) 9% = —
®) 9% = To0
o= -
100
=0.09
2 @ ==L . 100%
20 20
=65%
(b) 0.25 =0.25 x 100%
=25%
Practise Now 1B

1. (a) 932% —93E+100
6 6

563 1

= — X —
6 ~ 100

_ 563

~ 600

9329 =932 + 100
6 6

=93.8+100 (to 3 s.f)
=0.938

14.7

100

147

1000

14.7

100

=0.147

(b) 14.7%

14.7%

2. (a) = %xlOO%

400
=%
7

1
57 7 % or 57.1% (to 3 s.f.)

(b) 0.5432 =0.5432 x 100%
=54.32%

Practise Now 2

318
1. (a) 318%=—
100

32

50

318% = 218

100

=3.18
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1
) 407 —

(b) 407~9% = —2
4 100

29
400
1

407 —
4

100
1629
400
407.25

100
=4.0725

0.2

100

1
500
020%= 22

100
=0.002

0.066

(d) 0.066% = ——
100

33
= 50000

0.066
0.066% = ———
100

=0.000 66

407 — %

(c) 0.2%

1 1
2. (a) 49-=49—= x 100%
3 3

=4933 l %
3
(b) 5.468 = 5.468 x 100%
=546.8%
() 0.0016 = 0.0016 x 100%
- 0.16%
@ - - % 100%
2000 2000
=0.85%

Thinking Time (Page 183)
x% is defined as X .
100

100
50100% = — =1
100

Multiplying b by 1 will not change the value of L However,
q q

multiplying L by 100 will change the value of L
q q

Part 2

(a)

(b)

Total number of valid votes for both parties

=112 677 + 49 851

=162 528

Percentage of total valid votes that Party P received
_ 112677
162528
=69.33% (to 2 d.p.)
Percentage of valid votes
162528
179071
=90.76% (to 2 d.p.)

x 100%

x 100%

Practise Now 3

1.

(a) Percentage of cards that do not have a number printed

=100% — 30%
=70%

Number of cards that do not have a number printed

=70% of 50

1]
X
w
S

(b) Number of blue cards
=50-18
=32
Percentage of blue cards not laminated
=100% — 75%
=25%
Number of blue cards not laminated
=25% of blue cards

2.
(a) 2.5% of 30 cm = 2> x 30
100

=0.75cm
15>
4
100
=100.8kg

2500

(b) 15% % of 640 kg = —2% x 640

(€) 2500% of $4.60 x 4.60

1l
&+
—
p—
)]

Practise Now 4
Since 100% = 1, then 100% of 1000 kg = 1000 kg.
.. 3.6% of 1000 kg must be smaller than 1000 kg, so 3600 kg is incorrect.

Class Discussion (Interpreting percentages used in real life)

Part 1

(a) From Table 8.1, Neymar had a shooting accuracy of 81.9%. Hence,

he scored 0.819x goals.

(b) No, Giovani dos Santos may have scored less goals than Neymar.

Shooting accuracy refers to the number of goals scored as a

percentage of the number of goals attempted. A shooting accuracy

of 100.0% means that Giovani dos Santos scored all the goals he

attempted (e.g. if y shots were attempted, y goals were scored.

However, Neymar might have attempted more goals than Giovani

dos Santos, such that 0.819x > y.

s
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Class Discussion (Expressing two quantities in equivalent
forms)

1. (a) (i) Required percentage = g x 100% = 60%

There are 60% as many boys as girls in the class.
The number of boys is 60% of the number of girls.

The number of boys is % of the number of girls.
. 25 2
(iii) Required percentage = T 100% = 166 3 %
There are 166% % as many girls as boys in the class.
The number of girls is 166 % % of the number of boys.

The number of girls is g of the number of boys.

2
(b) In words A is 60% of B. Bis 166 3 % of A.
2
Percentage A=60%xB B=166 3 % x A
5
Fraction A:EXB B= < xA
5 3
Decimal A=06xB B=1.67xA
Ratio A:B=3:5 B:A=5:3
Table 8.3
Practise Now 5
(i) Total number of students = 450 + 750
=1200
. 450
Percentage of boys in the school = x 100%
1200
=37.5%
. 1 750
(ii) Percentage of girls in the school = B 100%

=62.5%

Practise Now 6

1. (i) Number of pagesin magazine A as a percentage of the number

of pages

in magazine B
number of pages in magazine A

= - - x %100
number of pages in magazine B
128

= — x %100
200

= 64%

(ii) Difference in number of pages = 200 —128
=72

72
Percentage difference = 128 % %100

=56.25%
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2. 1400 ml as a percentage of 2.1/
1400 ml
= —— x %100
2.11
= 129 w100
2100

= 66% % or 66.7% (to 3 s.f.)

Practise Now 7
If A is 20% more than B, then A = 120% x B

6
= —B.
5

SoB = EA
6
5
= (—XIOO%) x A
6
1
:83§%ofA

B is 100% — 83%% L 16% % less than A.

. Ido not agree with Li Ting’s statement.

Introductory Problem Revisited

1. No, we cannot find the quantity the percentage corresponds to as
there are no numbers given.

2. No. The information provided is that of the students from Sindh,
23.5% are enrolled in pre-primary, 47.4% in primary and 14.7%
in middle schools, while of the students from Punjab, 17.8% are
enrolled in pre-primary, 47.1% in primary and 17.9% in middle
schools. However, without taking into account the quantity of
students from each province, we cannot compare the numbers
using the percentages. For instance, 17.8% of students in Punjab
might be more than 23.5% of students in Sindh.

3. Let the number of students in Punjab and Sindh be x and y

respectively.
Total percentage of students enrolled in high schools.
_0.082y + 0.094x « 100%
X+y
0.082x +0.094y _ 0.091
x+y

Practise Now 8
Percentage of people who attended the party in Village A
4000

= x 100%
30000

131 %
3

Percentage of people who attended the party in Village B
= 3500 x 100%
25000
=14%
.. Village B had a higher percentage of people who attended its New
Year Party.




Practise Now 9
0.439

x 100%

Percentage of sugar in a blackberry

=4.88% (to 3s.f.)

o x 100%

Percentage of sugar in a blueberry =

=9.93% (to 3 s.f.)

4
Percentage of sugar in a raspberry = x 100%

=4.42% (to 3 s.f.)

0.326 % 100%

Percentage of sugar in a strawberry =

=4.66% (to 3 s.f.)
Since the percentage of sugar in a raspberry is the lowest, then raspberry
has the lowest sugar content.

Thinking Time (Page 191)

Guiding questions:

«  Which is more? 100% or 10%?

o What is the context in this case?

Teachers should point out to students that 100% of Li Ting’s money is not
necessarily more than 10% of their money. It depends on the quantities
in question. For example, if Li Ting has $5 and you have $60, 100% of Li
Ting’s money is $5 while 10% of your money is $6. In this case, Li Ting’s
proposal is not attractive because $5 is less than $6.

Exercise 8A
L (@) 47%= 22
100

479% = 27
100

=0.47

64
100
_le

T 25
64% = 4
100
=0.64

(b) 64% =

4 4
2. (@ —=—-x100%
5 5

= 80%
(b) 0.38 =0.38 x 100%
= 38%
5 (@) 52%= 2%
8 8
41
800
41
8
100
5.125

100
0.051 25

5.

(b)

(a)

(b)

(a)

(b)

(©

(d)

(a)

(b)

(©

(d)

Percentage of cars which are not blue = 100% - 30%

91.4% =

914

100
457

500

914

91.4% =

100

=0.914

g:gxlOO%
3 3

2
=66 3 % or 66.7% (to 3 s.f.)

0.776 = 0.776 x 100%
=77.6%
1599 = 12
100
39
100
1599 = 122
100
=1.59
) 8132
81329 = — 2
5 100
_o 87
500
8132
81329 = —=>
5 100
=8.134
03%= 22
100
3
~ 1000
0.3% = 0.003
0.014
0.014% = ——
100
7
= 50000
014
0.014% = 2014
100
=0.000 14

813281g x 100%
3 3

= 8166 2 %
3
9.124 =9.124 x 100%
=912.4%
0.0023 =0.0023 x 100%
=0.23%
2L L q00%
4000 4000
=0.275%

=70%

Number of cars which are not blue = 70% x 120

70 x 120
100

84
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10.

11.

12.

OXFORD

Percentage of employees who were unaffected by the financial
crisis

=100% - 2.5% - 50.75%

=46.75%

Number of employees who were unaffected by the finanacial crisis
=46.75% x 12 000

4675 x 12 000

=5610
(a) 0.8% of4.5m= 08 x 4.5
100

=0.036 m
4

111—
5

100

=26.832kg
(© 312.5% of $70 = 222 x 70

100

=$218.75
Since 100% = 1, then 100% of 10 000 m = 10 000 m.
.. 7.5% of 10 000 m must be smaller than 10 000 m, so 75 000 m
is incorrect.
Total number of atoms = 12 + 22 + 11
=45

Percentage of hydrogen atoms in the compound

22
— x 100%
45

x 24

(b) lll%%of24kg:

48.9% (to 3 s.f.)

45 minut
(a) Required percentage = 20 TS 100%

1 hours

45 minut
- D TIUes | 100%
60 minutes

3 x 100%
4

=75%

. 25 seconds
(b) Required percentage = x 100%

3.5 minutes

25 seconds
= —— x100%
210 seconds

5
— x 100%
42

1
=11 2—2 % or 11.9% (to 3 s.f.)

1 year

(c) Required percentage x 100%

4 months
12
_ 12months o
4 months
=3x100%
=300%

1>mm 1 00%

(d) Required percentage

15
- _>mm o 100%
1000 mm

3 x 100%
200

=1.5%

UNIVERSITY PRESS

13.

14.

15.

335cm

(e) Required percentage x 100%

335
= 222 100%
500 cm

= ﬂ x 100%
100

67%
1kg
800 g
1000

= —28  100%

800g

= > x 100%
4

(f) Required percentage = x 100%

125%
60°
360°

x 100%

(g) Required percentage
1

= — x 100%
6

2
=16 3 % or 16.7% (to 3 s.f.)

63 cents
$2.10
63 cents

= — x 100%
210 cents

x 100%

(h) Required percentage

= 3 x 100%
10

=30%

Percentage of annual income Waseem donated to charitable
organisations
_$1200

" 12x$1600
4 $1200 « 100%

$19 200
=6.25%
Percentage of annual income Albert donated to charitable

x 100%

organisations
_ $4500
12X $6800
_ $4500 % 100%
$81 600
35
=—%
68
.. Waseem donated a higher percentage of his annual income to

x 100%

charitable organisations.

2
Number of boys = 2 40

100

=10
70
Number of boys who passed the test = 100 * 10
=7

X% of 330 = —— x 330
100
=3.3x
330
— X
100
=3.3x
.. they have the same value.

330% of x

X



16.

17.

18.

19.

20.

Amount Ken spent on room rental =20.5% x $1850
20.5

= —— x $1850
100
=$379.50
Amount Ken overspent = $379.25 + $690 + $940 - $1850
=$159.25
) 159.25
Required percentage = 51850 % 100%

=8.61% (to 2 d.p.)
Number of remaining pages after Friday = 600 - 150

=450
Number of pages that remains to be read = (100% - 40%) x 450
=60% x 450
- &0 x 450
100
=270

270
Required tage = —— x 100%
equired percentage = - 0
=45%
40
Percentage of marks Cheryl obtains = %0 100%

=66 2 %
3
.. Cheryl gets a bronze award.

4
Percentage of marks David obtains = 6—2 x 100%

~762 %
3

.. David gets a silver award.

49
Percentage of marks Vasi obtains = 0= 100%

=81 2 %
3
.. Vasi gets a gold award.
Let h be the height of the son.
. height of father will be 150% of h = % h
-3
3 2
Difference in height = 5 h-h
_h
2
h
Percentage difference = % x 100%
~h
2

1
=33 3 % or 33.3% (to 3 s.f.)

(i) Total amount of money = $50 + $60 + $90
=$200
Percentage of sum of money that Li Ting received
= $60 x 100%
$200
=30%

(ii) Shaha’s share as a percentage of Bernard’s
90
= — x100%
50
=180%
.. I agree with Shaha’s statement.

21.

22.

23.

24.

25.

Percentage of typo errors for applicant A
17

= — x %100

214

7.9439% (to 5 s.f.)

Percentage of typo errors for applicant B
20

= — x 100%
252

=7.9365% (to 5 5.f.)

Percentage of typo errors for applicant C
18

= —— x 100%
229

=7.8603% (to 5 5.f.)

Since the percentage of typo errors for applicant C is the lowest,

then Siti should hire applicant C if she wants her secretary’s typing
to be as highly accurate as possible.
Area of space reserved for greenery in Town B
- 28 x 24 km?
100
=6 km?
Area of space reserved for greenery in Town A
= 9 x 6
2
=3 km?
Percentage of space in Town A reserved for greenery

= 3 x 100%
15

=20%
Let x be the number of boys who must leave the theatre.

DX 100% = 98%

99+1-x
99-x 49
100-x 50
4900 — 49x = 4950 — 50x

x =50

.. 50 boys must leave the theatre.

(a) She is not correct. The percentages 10% and 70% were
obtained based on the number of students in Class A and
Class B respectively.

(b) Heisnot correct. The percentages 10% and 70% were obtained
based on the number of students in Class A and Class B
respectively. We cannot assume that the number of students
in each class is the same.

(i) Joyce’s statement could be true ifher annual income decreased
from 2018 to 2019.

(ii) A possible amount for her annual income in 2018 is $38 400.

“Z Amount of donation = % x $38 400

=$3840

3840

Annual income in 2019 = T x 100

=$32000
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Percentage change, percentage point and
reverse percentage

Practise Now 10
(i) New cost per CuM for households using more than 40 CuM of

water
=122.9% x $2.61
_ 1229 x $2.61
= $3.21 (to the nearest cent)
(i) Percentage increase = 244-215 x 100%

=13.5% (to 3 s.f.)

Thinking Time (Page 196)
A 110% decrease in its cost implies that the item costs less than $0,
which is not possible.

Practise Now 11

Original cost Percentage New cost
change
Retail 25 PKR 700 000
etal’ space | prp 700000 | 5% | 100

rental

= PKR 665 000

22 PKR 525000
Wages PKR525000 | —6% |100 ~

= PKR 493 500

107

= % PKR 140 000
Utilities | PKR 140000 |  +7% | 100

= PKR 149 800
Business | PKR 1 365 000 PKR 1 308 300

Percentage decrease in monthly cost of running the business
_ PKR 1365000 - PKR 1 308 300
- PKR 1 365 000

_ PKR 56 700
~ PKR 1365 000

x 100%

x 100%

2
= 4E % or 4.15% (to 3 s.f.)

Investigation (Can we add percentages or take average of

percentages?)

1. 'The bases are not the same. Hence, the numerical values must be
computed and used to find the overall percentage change.

2. Yasir’s monthly salary in 2018 = 110% x $x

= — x$x

=$1.1x
Yasir’s monthly salary in 2019 = 90% x $1.1x
-0 x $1.1x
100
=$0.99x
Hence, it is not correct to say that Yasir’s monthly salary in 2019

was $x.

OXFORD
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(i) Average percentage pass for the two classes

80% + 60%
- 2
=70%
" . 80 60
(ii) Number of pupils who passed = — x 35+ — x 40
100 100
=28+24
=52
Overall percentage pass for the two classes
= >2 x 100%
35+40

= 69% % or 69.3% (to 3 s.f.)

(iii) The average percentage pass is higher than the overall
percentage pass.

(iv) We cannot find overall percentage pass by taking
0, 0,
80% + 60% — 70%,
because the total number of pupils in each of the two classes
is different. We can only use this method if the ‘whole’ of
both quantities is the same.

Practise Now 12

1.

Let the breadth of the rectangle be x units.
Then the length of the rectangle is 2x units.

120
New length of rectangle = 100 % 2x = 2.4x units

New breadth of rectangle = % x x = 0.8x units

Original perimeter of rectangle = 2(2x + x) = 6x units
New perimeter of rectangle = 2(2.4x + 0.8x) = 6.4x units
Percentage increase in perimeter of rectangle
64x -6
= 220 100%
6x

04X 100%

0.4
— x 100%
6

2
=6 3 % or 6.67% (to 3 s.f.)

Let the breadth of the rectangle be x units.
Then the length of the rectangle is 2x units.

110
New length of rectangle = 100 * 2x = 2.2x units

90
New breadth of rectangle = 00 X*= 0.9x units

Original area of rectangle = 2x x x = 2x* units?

New area of rectangle = 2.2x x 0.9x = 1.98x* units?

2x° -1.98x°
2x*

0.02x>

== X 100%
X

x 100%

Percentage decrease in area of rectangle

% x 100%

=1%



Investigation (Percentage point)

1.

Increase from 17% to 18% = 18% - 17%
=1%

1
Percentage increase from 17% to 18% = ETa x 100%

=6%

percentages.

Practise Now 13

1

70% of the books = 35

1% of the books = 3
70
35

00% of the books = 2 x 100
=50

There are 50 books on the bookshelf.

Practise Now 14

1.

Method 1:
109% of original cost = PKR 141 700
1% of original cost = 1%491700

PKR 141 700 N

100% of original cost = 100

=PKR 130 000
The original cost of the article is PKR 130 000.
Method 2:
Let the original cost of the article be $x.
109% x x = 141 700
1.09x = 141 700
x =130000
The original cost of the article is PKR 130 000.
120% of value in 2019 = $180 000
$180 000
120
$180 000
— X

1% of value in 2019 =

100% of value in 2019 = 100

=$150 000
The value of the vase was $150 000 in 2019.
120% of value in 2018 = $150 000

. $150 000
1% of value in 2018 = ——
120
. $150 000
100% of value in 2018 = ——— x 100
120
=$125 000

The value of the vase was $125 000 in 2018.

Yes, Bernard is right in saying that the increase from 17% to 18%
is an increase of 6%. Please see solution to Question 1.

While the percentage increase from 17% to 18% is 6%, the
difference between 17% and 18% is 1%. The term ‘percentage
point’ is used to describe the difference between two

Practise Now 15

1. Method 1:
97% of original monthly salary = PKR 722 681
1% of original monthly salary = w
100% of original monthly salary = Iw x 100
= PKR 745 032
Nadia’s original monthly salary is PKR 745 032.
Method 2:
Let Nadia’s original monthly salary be $x.
97% x x =722 681
0.97x =722 681
x =745032
Nadia’s original monthly salary is PKR 745 032.
2. 85% of value in 2019 = $86 700
86700
1% of value in 2019 = s
85
100% of value in 2019 = 665)00 x 100
=$102 000
The value of the car was $102 000 in 2019.
85% of value in 2018 = $102 000
102 000
1% of value in 2018 = $102000
85
. $102 000
100% of value in 2018 = BT 100
=$120 000
The value of the car was $120 000 in 2018.
Exercise 8B
1. (a) Required value = 135% x 60
135
=— x60
100
=81
(b) Required value = 225.7% x 28
_ 225.7 %28
100
=63.196
(c) Required value = 55% x 120
= X x 120
100
=66
1
(d) Required value = 62 5 % x 216
1
62—
- —2x216
100
=135
. . . 90-72
2. Percentage increase in length of elastic band = x 100%
= 18 x 100%
72
=25%
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3. Percentage decrease in price of desktop computer
_ PKR 304 300 - PKR 228 225
- PKR 304 300
_ PKR76075
~ PKR 304 300
=25%

4. 100% of original cost = $333 000
333000
100
333 000

x 100%

x 100%

1% of original cost = $

136% of original cost = $ x 136

=$452 880
The cost of the house today is $452 880.
5. Value of car at the end 0of 2021 = 80% x $120 000
= ﬂ x $120 000
100
=$96 000
Value of car at the end of 2022 = 90% x $96 000
= 2 x $96 000
100
$86 400

6.  45% of the students = 135

135
1% of the students = 5

135
100% of the students = 5 x 100

=300

There were 300 students who took part in the competition.

7. (a) 20% of number =17
7
1% of number = —
20
17
100% of number = — x 100
20
=85
The number is 85.
(b) 175% of number = 49
1% of number = 9
175
49
100% of number = — x 100
175
=28
The number is 28.
(c) 115% of number =161
161
1% of number = 161
115
161
100% of number = 161 x 100
115
=140

The number is 140.
(d) 80% of number =192

192
1% of number = 192
80
192
100% of number = 0 x 100
=240
The number is 240.
OXFORD
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10.

11.

12.

106.2% of number of visitor arrivals in 2017 = 17.4 million

174
1% of number of visitor arrivals in 2017 = 174
106.2
.. . . 174
100% of number of visitor arrivals in 2017 = T062 x 100
=16.4 million
(told.p.)
90% of original bill = PKR 13 050
1% of original bill = PKR 15050
90
100% of original bill = w x 100
=PKR 14 500

The original bill is PKR 14 500.
Value obtained after initial increase = 130% x 2400

= @ x 2400
100
=3120
Final number = 80% x 3120
= ﬂ x 3120
100
= 2496

Let the number of train passengers in 2020 be x.
Number of train passengers in 2021 = 108% x x
108
=1.08x
Number of train passengers in 2022 = 108% x 1.08x
= 108 x 1.08x
100
=1.1664x
Percentage increase in number of train passengers from 2020 to
2022
_ L1664x - x

X

x 100%

= M x 100%

=0.1664 x 100%

=16.64%
Original | Percentage New cost
cost change

111

Raw s $100 +11% | o x$100=$111
120

Overheads $80 +20% 100 * $80 = $96
85

Wages $120 -15% — x $120 = $102
100

Printer $300 $309

Percentage increase in production cost of printer
~$309 - $300

$300 x 100%

$9
= 5300 X 100%
=3%




13. Let the initial cost of fuel be $x per litre.

After a 10% increase, cost of fuel per litre = $1.1x
Albert now uses 0.9 litres for every 1 litre he intially used.
Difference in Albert’s expenditure = $x - 0.9($1.1x)
= $x - $0.99x
=$0.01x
.. Albert is wrong.

14. Let the breadth of the rectangle be x units.

Then the length of the rectangle is 2x units.

New length of rectangle = % x 2x = 1.8x units

110
New breadth of rectangle = 100 X% 1.1x units

Original perimeter of rectangle = 2(2x + x) = 6x units
New perimeter of rectangle = 2(1.8x + 1.1x) = 5.8x units

6x —5.8x
6x

Percentage decrease in perimeter of rectangle = x100%

02x  100%
6x

02 x 100%
6

1
=3 3 % or 3.33%
(to 3 s.f.)

15. Let the length of the rectangle be x units,

the breadth of the rectangle be y units.

110
New length of rectangle = o0 **= 1.1x units

90
New breadth of rectangle = To0 V= 0.9y units

Original area of rectangle = xy units?
New area of rectangle = 1.1x x 0.9y = 0.99xy units?
xy - 0.99xy

Percentage decrease in area of rectangle = x 100%
.01
= 2019 100%
Xy
=0.01 x 100%
=1%
115% of value in 2021 = $899 300
. $899 300
1% of value in 2021 = ———
115
. $899 300
100% of value in 2021 = —QR 100
= $782 000

The value of the condominium was $782 000 in 2021.
115% of value in 2020 = $782 000
$782 000
115

. $782 000
100% of value in 2020 = BT x 100

1% of value in 2020 =

=$680 000
The value of the condominium was $680 000 in 2020.

17.

18.

19.

75% of value in 2021 = PKR 2 520 000
1% of value in 2021 = PKR 2 520 000
75
100% of value in 2021 = w % 100

= PKR 3 360 000
The value of the surveying machine was PKR 3 360 000 in 2021.
75% of value in 2020 = PKR 3 360 000
PKR 3 360 000
75
PKR 3 360 000 N

1% of value in 2020 =

100% of value in 2020 = 100

= PKR 4 480 000
The value of the surveying machine was PKR 4 480 000 in 2020.
105% of value at the end of 2021 = $61 824

1824
1% of value at the end of 2021 = $61085
1824
100% of value at the end of 2021 = $618 x 100
= $58 880

The value of the investment portfolio was $58 880 at the end of
2018.
92% of original value = $58 880

58 880
1% of original value = $ 9
58 880
100% of original value = $ 5 * 100
= $64 000
The original value of the investment portfolio was $64 000.
Let Ali’s height be x m.
108% of Yasir’s height = x m
1% of Yasir’s height = = m
108
100% of Yasir’s height = — x 100
108
25
=—xm
27

25
Yasir’s height is 57 ¥m

2
Vasi’s height = 90% x % X

90 25
=——x—x
100 27
5
=—-xm
6
Required percentage = SL x 100%
—X
6
_ 1 100%
= § X (J
6
=120%
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20. (a) Letx be the number of boys in the choir.

.. there are 2x girls in the choir.

If the number of boys increased by 30%,
130
— XX
100
=1.3x

2x-13
Percentage decrease in number of girls = % x 100%
x

then the number of boys in the choir =

97 x 100%
2

=35%
(b) If the number of boys increased by 130%,

then the number of boys in the choir = Too %

=23x
23x-2
Percentage increase in number of girls = % x 100%
X

03 x 100%
2

=15%
21. (a) Scheme A:

New annual salary = % x PKR 537 000 x 12

=PKR 7217 280
Scheme B:
New annual salary = % x PKR 537 000 x 12 + PKR 223 800

=PKR 7183 320
Since the new annual salary under Scheme A is higher, Shaha
should accept Scheme A.
(b) Let x be Shaha’s current monthly salary.
é=) For both schemes to offer the same amount,
ﬁxxx 12+223800:£xx>< 12
100 100
12.96x + 223 800 = 13.44x
0.48x =223 800
x =466 250
.. for Shaha to accept Scheme B because it is a better offer,
a possible amount for her current monthly salary is
PKR 200 000.
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Chapter 9 Ratio and Rate

TEACHING NOTES

Suggested Approach

Students have learnt how to solve problems involving ratios and speed in primary school. A recap of the concept of ratio, and
the relationship between ratios and fractions (see Class Discussion: Relationship between ratios and fractions) may be necessary
for some students. Teachers can bring in real-life examples for ratio, rate and speed to arouse students’ interest in this topic.
Students will also learn how to solve problems involving ratio, rate and speed through worked examples that involve situations
in real-world contexts.

Section 9.1:

Section 9.2:

Section 9.3:

Ratio

Teachers can highlight the relationship between ratio and fractions (see Class Discussion: Relationship between
ratios and fractions). Using this relationship, teachers can introduce equivalent ratios through a recap of equivalent
fractions. Teachers should emphasise that ratio does not indicate the actual size of quantities involved. Practical
examples can be given to the students to let them recognise what equivalent ratios are (e.g. using 2 different kinds
of fruits).

Teachers should highlight some common errors in ratio (i.e. the ratio of a part of a whole with the ratio of two parts,
incorrect order of numbers expressed when writing ratio and incorrect numerator expressed when writing ratio as
a fraction).

To make learning interesting, students can explore more about the Golden Ratio (see chapter opener) or real-life
applications of ratios (see Class Discussion: Making sense of ratios used in real-world contexts).

Rate

Teachers should explain that rate is a relationship between two quantities with different units of measure (which is
different from ratio). Teachers can give real life examples (e.g. rate of flow, consumption) for students to understand
the concept of rate. Teachers can also get students to interpret using tables which show different kinds of rates
(see Class Discussion: Different types of rates).

Students can get more practice by learning to calculate rates they are familiar with (see Investigation: Average Pulse
Rate). Teachers should impress upon them to distinguish between constant and average rates.

Speed
Teachers should inform students that speed is a special type of rate, i.e. speed is the distance covered per unit time.

Teachers can get students to match appropriate speed to examples given (e.g. speed of a moving bicycle, lorry, car
and aeroplane) to bring across the notion of speed.

Teachers can build upon what students have learnt about distance, time and speed. Students need to know that
average speed is defined as the total distance travelled by the object per unit time and not the average of the speeds
of the object. Teachers should also impress upon students that there are differences between average speed and
constant speed.

Teachers should teach students the conversion of units of speed and time, and highlight to them to use appropriate
units when solving problems. When calculating duration, students may need to take into account different time
zones (see Class Discussion: Time zones).
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Worked Solutions

Introductory Problem

Teachers may come back to the Introductory Problem later on in the
chapter and get students to verify the charges in Introductory Problem
Revisited (after Practise Now 11).

) )

Practise Now 1

(i) Ratio of the number of lemons to the number of pears
=33:20

(ii) Ratio of the number of pears to the number of fruits in the basket
=20: (33 +20)
=20:53

Class Discussion (Relationships between ratios and fractions)
There are 5 green balls and 7 red balls in a bag.
Let A and B represent the number of green balls and red balls
respectively.
1. (a) If Tis the total number of balls in the bag,
find the ratio of A to T,
A:T=5:12
The ratio of A to T'is 5: 12.
(b) what fraction of T'is A, i.e. what is A ?
A 5 T
T 127
Find the ratio of A to B.
A:B=5:7
We can conclude that:
The ratio of Ato Bis5:7.
The following statement is equivalent to the above statement.

Ais 3 (fraction) of B, i.e. A =2 (fraction).
7 B 7
(b) Find the ratio of B to A.
B:A=7:5
We can conclude that:

The ratio of Bto Ais 7 : 5.
The following statement is equivalent to the above statement.

B
Bis z (fraction) of A, i.e. — = z (fraction).
5 A 5
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4. Teachers may use the specific example given here as a trigger for
the next subsection on equivalent ratios.
Example:
There are 30 girls and 10 boys in a class.
Let G and B represent the number of girls and boys respectively.
G:B =30:10
= 3:1
We can conclude that:
The ratio of Gto Bis 3 : 1.
The following statement is equivalent to the above statement.

Gis % (fraction) of B, i.e. % = % (fraction).

OR
B:G =10:30

= 1:3
We can conclude that:
The ratio of Bto Gis 1: 3.

The following statement is equivalent to the above statement.

1 B 1
Bis 5 (fraction) of G, i.e. -3 (fraction).

G| 10 10 10
B 10 J

Thinking Time (Page 208)

. . . . .a
1. No. The ratio notation a : b is equivalent to the fraction 3

A ratio 5: 0 will give a fraction % , which is undefined.

A ratio 0 : 5 will give a fraction g , which is equal to 0, which

will not enable the comparison of two quantities.

2. No. Theratio a: b: c compares the three quantities 4, b and c and
cannot be expressed as a fraction directly. A fraction consists of
only two numbers, whereby the denominator represents the total
number of equal parts the whole is divided into.

Practise Now 2

(a) 2i :1é _B x 45; 13 x 45
5 9 5 9
= 117 : 65
= 9:5
(b) 0.36:1.2 = 0.36 x 100 : 1.2 x 100
= 36 :120
= 3:10

Practise Now 3
700 g =700 + 1000

=0.7kg
7
=—k
10 &
21:1=Zx30: lx30
3 10 3 10
= 70 : 21
= 10: 3



Practise Now 4
1. (@) 3a:7=8:5

3a 8
7 5
15a =56
a:3H
15
(b) 5:b=5:42
b:5=4?:5
b 16
5 25
b:EXS
25
51
5
N
8 4
12x =72y
x 72
y 12
=6
x:y=6:1

Practise Now 5
1. Let the number of fiction books = 5x.
Then the number of non-fiction books = 2x.

Fiction x

Non-fiction

From the model, we form the equation:

5x +2x=1421
7x = 1421
x =203

There are 3 x 203 = 609 more fiction than non-fiction books in

the library.
2. Let the amount of money Cheryl had initially be $3x.
Then the amount of money Shaha had initially is $5x.

Cheryl Shaha
Before $3x $5x
After $(3x + 150) $(5x - 150)
. 3x+150 _ 7
5x -150 9

9(3x + 150) = 7(5x - 150)
27x + 1350 = 35x - 1050
27x - 35x =-1050 - 1350

-8x =-2400
x =300
.. amount of money Cheryl had initially = $[3(300)]

=$900

Practise Now 6

1. x:y= 5:6 y:iz= 4:9
| x2 %3
=10:12 =12:27

(i) x:y:2=10:12:27
(ii) x:z2=10:27
2. 09km =0.9x 1000

=900 m

30 000 cm = 30 000 100

=300 m

600:900:300=6:9:3

=2:3:1

Practise Now 7
Let the amount of money Raju had initially be $6x.
Then the amount of money Albert and Vasi had initially is $4x and

$5x respectively.
Raju Albert Vasi
Before $6x $4x $5x
After $(6x — 45) $(4x + 30) $(5x + 15)
. 6x-4 7
" 4x+30 6
6(6x —45) =7(4x + 30)

36x - 270 =28x+ 210
36x - 28x =210 + 270

8x =480
x =60

*. amount of money Raju had initially = $[6(60)]

=$360

Class Discussion (Making sense of ratios used in real-world

contexts)

1.  When an image with a 4 : 3 aspect ratio is displayed on a screen
with a 16 : 9 aspect ratio, the image is stretched horizontally and
vertically by a different factor. Thus the image becomes distorted.

(a) (i) This means that for any amount of concentrate used,

four times the amount of water will be needed.

(ii) Using the term “parts” enables easier calculation of the
required amount of water depending on the total amount
of mixture one needs to make.

(b) () 1:4

()
(d)

() = x 100% = 20%

(iid)
1:2

3. 39
347 10 30
1 1 10

1+2 3 30

1
Since 3—8 > % , adrink with a 1 : 2 ratio of concentrate to

Gk U=

water will have a stronger flavour.
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Practise Now 8
(i) Suggested amount of washing solution = (1 + 4) x 500

=2500 ml
=251
Number of bottles needed = % x 1
=2
(i) Amount of detergent used = 2 x 500
=1000 ml
=1/
Amount of water used in 10 / of washing solution = 10 — 1

=91/
.. mixing ratio is 1 part detergent to 9 parts water i.e. 1:9.

Exercise 9A

6.

1. (i) Ratio of the number of boys to the number of girls = 14 : 25

(i) Ratio of the number of girls to the total number of players in

the team
=25:39
3 .

(a) g

3
(b) 1:;

(c) 0.45:0.85 =0.45 x 100 : 0.85 x 100
45 : 85
9 17

8
() 16:4= = x5:4x5

= 8 20
2 5
(a) 1.5m =1.5x100cm
=150 cm
s.oratio=150:300=1:2
(b) 1.21=1.2x1000ml
=1200 ml
oo ratio=600:1200=1:2
$1.25 =1.25 x 100¢
=125¢
soratio=50:125=2:5
(d) 2.4kg=2.4%x1000g
=2400g
.. ratio = 2400: 4000 =3:5
(@) a:400 =6:25
a 6
400 25
25a = 2400
a=96
(b) 4%:32=8:3b
3b:8 =3%: 47
3b 9
8 16
48b =72

(©)

4.

b=1
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Let the amount of money that Waseem gets be 5x.

Then the amount of money that Ken gets is 9x.

Waseem | x

$44
A

Ken

From the model, we form the equation:
9x - 5x =44
4x =44
x =11

Total amount of money that is shared between the two boys

=(5+9)x11

=$154
a:b:c=75:120:132
(i) a:b:c=25:40:44
(ii) b:a =40:25

180
60

=8:5
(iii) b:c =40:44
=10:11
(a) 2 :E:E=g><24:E x24: = x24
3 2 8 3 2
= 16 36 15
(b) Z:Z:Z:2><18:Z x18: — x 18
6 9 6
=36 : 21 : 14
() 0.33:0.63:1.8=0.33x100:0.63 x 100:1.8 x 100
= 33 63
= 11 21 :
(d) 14:7:63=14x10:7x10:6.3x10
= 14 70 63
= 2 10 9
(a) 1.121=1.12 x 1000 ml
=1120 ml
580 ml:1.1217:104 ml = 580:1120: 104
= 145: 280 : 26
(b) 2.8kg=2.8x1000g
=2800¢g
1.05 kg = 1.05x 1000 g
=1050g
2.8kg:700g: 1.05 kg =2800:700 : 1050
= 8 :2: 3
() 2.4km =2.4x 1000 m
=2400 m
32m:24km:64.8m= 32 2400

=32x10:2400 x 10 : 64.8 x 10

= 320 24000
= 40 3000
(d) $7.60 =7.60 x 100¢
=760¢
$6 = 6 x 100¢
=600¢
$7.60 : 84¢ : 6$ = 760 : 84 : 600
=190:21:150

64.8

648
81




9. (i) Number of toys Yasir makes = __ 1530 x
12+16+17
_ 1530 %16
45
=544
(i) Number of toys David makes = __ 1530
12+16+17
= 13?;0 x 17
=578
Amount of money David earns = 578 x $1.65
=$953.70
10. (i) Number of patients : Number of doctors
= 510 000 12 000
= 85 : 2
(ii) Number of doctors: Number of nurses : Number of volunteers
= 12 000 38 000
= 60 : 190
= 30 : 95

11. (a) 0.75:3i =0.75 x 100 :3»i x 100
16 16

1325
4
1325
"4
= 300 : 1325
= 12 :53

= 75 :

x4

(b) 7= :45

() 24%:1- = —_—
5 100
24
= — x 100 :
100
= 24
= 1:5
84
(d) 0.84:0.84% = 0.84 . 284
100

=0.84 x 100 : i x 100
100
= 84 :0.84
= 84 x100:0.84 x 100
= 8400 : 84
= 100 :1
12. (a) 2.475m=247.5cm
.. ratio = 247.5:33

=247.5%x10:33x 10

= 2475 :330

= 15:2

x 100

S vl ailo

0

m4é@=%xwmg

=4200¢g
sratio = 4200 :61.6
= 4200 x 10 : 61.6 x 10
= 42000:616
= 750 : 11

x 17

800
4
2

13. (a)

(c) 250ml =

soratio= 33—

1]
X
'S
Lo N N TSN [

= 15:
(d) 75¢ =$0.75
... ratio = 2.05:0.75
=2.05x100 :0.75 x 100
= 205:75
= 41 :15
2x 3y
58
16x =15y
x 15
y 16
sox:y=15:16
7x 14y
b=
21x =126y
x 126

y 21
=6
SLxiy=6:1
14. (i) Let the initial number of teachers in the school be x.
Then the number of students in the school is 15x.
15x = 1200
x=280
The initial number of teachers in the school is 80.
(ii) Let the number of teachers who join the school be y.
80+y 3
1200 40
40(80 + y) = 3(1200)
3200 + 40y = 3600
40y = 3600 - 3200

40y =400
y=10
The number of teachers who join the school is 10.
15.p:q:%:2 p:r=%:%
| x4 %6
=3:8 =2:3
! !
=6:16 =6:9
(i) p:q:r=6:16:9
(i) g:r=16:9
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9 15 1
16. x ¢ 3 = = = 4=ty
2 4 2
xx4:3x4: 2><4:E><4 — x4:yx4
2 4
4 : 12 18 = 15 18 : 4y
4x 15 2 _18
12 18 18~ 4y
x_5 2_9
36 3 2y
6x =15 4y =27
15 27
X = — = —
6 4
5 3
X = — =6—-
2 Y=5%
x=2l
2

17. Let the initial number of roses by 5x.
Then the number of sunflowers and tulips is 6x and 9x respectively.

Roses Sunflowers Tulips
Before 5x 6x 9x
After 5x - 50 6x 9x
_5x-50 3
T o6x 4
4(5x - 50) = 3(6x)
20x - 200 = 18x
2x =200
x =100
.. number of roses left = 5 x 100 - 150
=450
6000
18. (i) Amount of strawberry syrup needed = 7
=857 l ml
7

Number of bottles of strawberry syrup needed =857 % +240

34
7

.. Vasi has to buy 4 bottles of strawberry syrup.
(i) Amount of strawberry syrup = 4 x 240
=960 ml
Amount of lemonade needed = 960 x 3
= 2880 ml
6000
8
=2250 ml
Additional amount of lemonade = 2880 - 2250
=630 ml
Amount of carbonated water = 960 x 4
= 3840 ml
6000

Initial amount of lemonade = x 3

Initial amount of carbonated water =

X

=3000
Additional amount of carbonated water = 3840 — 3000
= 840 ml
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19. Let the number that must be added be x.
3+ x 2

8+ x 3

33+ x) =2(8 +x)
9+3x =16+ 2x
3x-2x =16-9

x =7
The number is 7.

20 -3 Y _2
y 4 z 8
4x =3y 8y =5z
xzéy z:§y

4 5
2y _ 2y
3x-y+2z 3(*)’j—)/+2(§)/)
2y
) 2}’—)’*'&}’
4 5
2y
T 45 20 o4
207 720" " 207
2y
89
%)’
_ 40
89

21. (a) One possible set of values is x =10, y = 8,z =6.
2@ (b) One possible set of values is x = 0.5, y = 0.4, z=0.3.

22. (a) No. The number of voters in the respective classes is not
known and thus, we are unable to determine the number of
votes received.

d':f[t (b) One possible scenario is that Class A had 42 voters and

Class B had 30 voters. Then, Shaha would have obtained

4—32 x2+ ? x 2 = 58 votes and Bernard would have

42 30
obtained 5 x1+ = x 3 = 32 votes.

Rate

Class Discussion (Different types of rates]
Part 1

(a) Number of words typed and time.

(b) Different kinds. The units are different.
(c) Speedofacar.

Part 2

(d) Number of words spoken by the man and number of words spoken
by the woman.

(e) Same kind. They are both the number of words.

(f) Number of steps walked by one person on average compared to
another person.



Part 3
(g) InPractise Now 5 Question 1, the ratio 5: 2 can be converted into
a rate: there are 5 fiction books for every 2 non-fiction books in

the library.
(h) 7:1
Part 4
(i) Method 1: Cost per gram of coffee powder
$5.80
Option A: —— = $0.0290
ption A: = . $ perg
$7.45
Option B: —— =$0.0298
ption B: —_ . $ perg
Method 2: Cost per 100 g of coffee powder
Option A: %% =$2.90 per 100 g
Option B: % =$2.98 per 100 g

(j) Cost per 100 g of cherries.

Part 5
(k) Cost of posting:
a large letter that weighs 280 g = $3.38
a medium parcel that weighs 10 kg = $8.85
a small parcel that weighs 1.8 kg = $5.67
a letter that weighs 120 g = $2.60

Practise Now 9

Number of words per minute that Li Ting can type
720

G

=45

Number of words per minute that Vasi can type
828

T8

=46

Number of words per minute that Ali can type
798

T

=42

Thus, Vasi is the fastest typist.

Practise Now 10
A literacy rate of 86.3% means that there are 86.3 literate people per
100 people aged 15 years and over.

Practise Now 11
900-g tin: Cost per 100 g of chocolate drink powder
_ PKR 3870
9
= PKR 430
1.45-kg tin: Cost per 100 g of chocolate drink powder
_ PKR 5800
C 145
= PKR 400
Since the cost per 100 g for the 1.45-kg is less than that for the 900-g
tin, the 1.45-kg tin gives the better value for money.

o

Thinking Time (Page 221)
(i) Yes.
Note: This is not shown as a method in Worked Example 11 because
the comparison using ratios is not easy. However, the illustration
below can help students see the relationship between ratio and rate
to answer part (ii).
Let the volume and cost of body wash in Option A be x, and y,
respectively, and in Option B be x; and y, respectively.
Then x, : x, = 1200: 950
=24:19,
and y,:y, =7.95:6.95.
We can convert the ratios into fractions to compare them.
Xy 24 795

22 126(t03sf)and 2% = 222 _ 114 (to 3 s.f)
X, 19 y. 695

Since the ratio of the cost of Option B to the cost of Option A

[ i—B J is lower than the ratio of the volume in Option B to the
A

volume in Option A ( ;C—BJ , then Option B gives the better
A
value for money.

(ii) The two methods used in Worked Example 11 compare two rates.
In part (i), we compared ratios. Either ratio or rate can be used
to compare if two rates or two ratios are equal. The relationship
between ratio and rate is that two equal rates can be converted into
two equal ratios. Depending on the problem, it may be easier to use
one of them, e.g. in Worked Example 11, using rates is preferred.
We will learn more about this relationship in Secondary 2 when

we study direct proportion.

Introductory Problem Revisited
Each value under ‘Amount ($)’ is calculated by multiplying the rate
(under ‘Rate ($)’) and the number of units consumed (under ‘Usage’).

Total cost for:
Electricity services = 315 x 0.2215
= $69.77 (to the nearest cent)
Gas services = 30 x 0.1853
= $5.56 (to the nearest cent)
Water consumption (water services) = 15.0 x 1.19
=$17.85
Water Conservation Tax is calculated as a percentage (35%) of the cost
of water consumption ($17.85).
.. Water Conservation Tax (water services)
=17.85x35%
=17.85x0.35
= $6.25 (to the nearest cent)
Cost of electricity, gas and water services
=$69.77 + $5.56 + $17.85 + $6.25
=$99.43
GST is calculated as a percentage (18%) of the cost of the three services.
- GST
=99.43 x 18%
=99.43 x 0.18
= $17.90 (to the nearest cent)
Teachers may explain the purpose of GST (General Sales Tax) and build
upon students’ knowledge of percentage to calculate the amount of GST.
GST will be covered in Chapter 6: Financial Transactions of Book 2.
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Investigation (Average pulse rate)
6. Speed of walking from one point to another.
7. Rate at which water flows out from a tap.

Practise Now 12
1. (a) Cost per child
$2.70 x 32.5
36
= $2.44 (to the nearest cent)
(b) (i) Distance travelled on 1 litre of petrol

265
T 25
265
T 25
=10.6 km
Distance travelled on 58 litres of petrol
=10.6 x 58
=614.8 km
(i) Amount of petrol required to travel a distance of
1007 km
1007
T 106
= 95 litres
Amount that the car owner has to pay
=95x $1.95
=$185.25
. . 20
2. In 1 minute, 5 people can finish = 20 + 3 %
= 6 buns
In 5 minutes, 5 people can finish =6 x 5
=30 buns
In 5 minutes, 10 people can finish =30 x 2
= 60 buns

Practise Now 13
1. () () NZD 1 = PKR 178.7524
NZD 2360 = PKR 178.7524 x 2360
= PKR 421 856 (to the nearest PKR 1)
(ii) PHP 100 = PKR 535.6015
PKR 535.6015
100
PKR 535.6015
100
= PKR 137 114 (to the nearest PKR 1)
(b) (i) PKR324.9140=EUR 1

PHP1=

PHP 25 600 = x 25 600

1

PKR 1= EUR ——
324.9140

PKR 5690 = EUR x 5690

324.9140
= EUR 17.51 (to the nearest EUR 0.01)
(i) PKR 768.5302 = THB 100
1
768.5302
1
768.5302
= THB 971 (to the nearest THB 1)

PKR1=THB

PKR 7460 = THB x 7460
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2. HK$100 = S$$16.988
16.988
HK$1 =S$ 00
16.988
100
= 5$5945.80
Amount of remaining Singapore dollars
= 5$(5945.80 — 3500)
=5$2445.80

$$16.995 = HK$100

100
S$1 =HKS$ ———
$ $ 16.995

Amount of Hong Kong dollars they receive

— HKS 100
16.995

= HK$14 391 (to the nearest dollar)

HK$35 000 = S$

x 35000

X 2445.80 )

Exercise 9B
1. (a) Number of words that she can type per minute
1800
T 60
(1 hour = 60 minutes)
=30
(b) Cost of one unit of electricity
12099
T 654
=$0.19
(c) His monthly rental rate
. 4800
3
=$1600
(d) Its mass per metre
15

T 325

=4 % kg or 4.62 kg (to 3 s.f.)

2. Time taken for Ali to fold 1 paper plane
20

15

= 1.3 minutes

Time taken for Nadia to fold 1 paper plane
25

18

= 1.38 minutes

Time taken for Kumar to fold 1 paper plane

21

16

= 1.3125 minutes

Thus, Kumar can fold paper planes at the fastest rate.

3. The rate of 0.004% means that there are 4 crimes recorded per
100 000 people

4. 3 hours = 180 minutes

Number of ornaments made in 3 hours
= @ x4
15
=48
Amount earned by the worker
=48 x $1.15

=$55.20

Qo



(i) Distance travelled on 1 litre of petrol
259.6
22
=11.8 km
Distance travelled on 63 litres of petrol
=11.8x63
=743.4 km
(ii) Amount of petrol required to travel a distance of 2013.2 km
20132
T o118

=170 36 litres
59

Amount that the car owner has to pay
36

=170 — x $1.99
59

=$339.51
(i) Amount of fertiliser needed for a plot of land that has an area
of 1 m?
200
8
=25g
Amount of fertiliser needed for a plot of land that has an area
of 14 m?
=25x14
=350g
(i) Area of land that can be fertilised by 450 g of fertiliser
450
T 25
=18 m?
(@) USD1 = PKR 295.1922
USD 765 = PKR 295.1922 x 765
= PKR 225 822 (to the nearest PKR 1)

(b) IDR 100 = PKR 1.9201
IDR1 = PKR 1.9201
100
IDR 2 560 000 = PKR 1.9201 x 2 560 000
= PKR 49 155 (to the nearest PKR 1)
Brand A:
Cost of 10 packs = 2 x $5.75 — $1.05
=$10.45
Total number of pieces of facial tissues in 10 packs = 5 x 200 x 2
=2000
10.45
Cost iece = = $0.005225
ost per piece = — $
Brand B:
Total number of pieces of facial tissues in 5 packs = 5 x 150
=750
Cost per piece = % =$0.00527 (to 5 d.p.)
Brand C:
Total number of pieces of facial tissues in 5 packs = 5 x 200
=1000
$4.55
Cost per piece = —— = $0.00445
perp 1000
Brand D:
Cost of 10 packs =2 x $5.75 — $1.75

=$9.75

10.

11.

Total number of pieces of facial tissues in 10 packs = 5 x 200 x 2
=2000

$9.75
Cost iece = —— = $0.004875
ost per piece = — - $

Since the cost per piece for Brand C is the lowest, Brand C is the
best buy.
(i) Temperature of the metal after 9 minutes
=428°C - [(23°C x 3) + (15 °C x 6)]
=269 °C
(i) Temperature of the metal after 18 minutes
=428°C - [(23°C x 3) + (15 °C x 15)]
=134°C
Amount of temperature needed for the metal to fall so that
it will reach a temperature of 25 °C
=134°C-25°C
=109°C
Time needed for the metal to reach a temperature of 25 °C

:E+18
8

5
=31 § minutes

4 weeks need 15 2-litre bottles of cooking oil.
15x2

1 week needs = = 7.5 litres of cooking oil.

So 10-week period needs = 10 x 7.5 = 75 litres of cooking oil.
Number of 5-litre tins of cooking oil needed for a 10-week period
75
"5
=15
(i) Total amount to be paid to the men

=224 x $7.50

=$1680
(ii) Number of normal working hours from 9 a.m. to 6 p.m.

excluding lunch time

= 8 hours

Let the number of overtime hours needed to complete the

project in 4 days by each worker be x.

4[4(8 + x)] = 224

16(8 + x) =224
128 + 16x =224
16x =224 - 128
16x =96
x=6

Overtime hourly rate

=15x%x$75

=$11.25

Total amount to be paid to the 4 men if the project is to be

completed in 4 days

=4{4[(8 x $7.5) + (6 x $11.25)]}

= $2040
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12. NZ$100 = S$94.85

94.85
NZ$1 =S8 ——
$ $ 100
4.
NZ$3200 = S$ 94.85 x 3200 = $$3035.20

100
Amount of remaining Singapore dollars
= $$(3035.20 - 2560.20)
=5$475
$$97.65 = NZ$100
100
S$1=NZ$ 9765

Amount of New Zealand dollars they receive

100
=NZ§ ( 97.65
= NZ$486.43 (to the nearest cent)

13. (a) RS Forex. With reference to the ‘We Sell’ column, Vasi will
get NZD 1 for every PKR 204.4186 from PQ Money Changer
and NZD 1 for every PKR 203.6634 from RS Forex. He will
thus receive more New Zealand dollars if he changes his

><475)

money at RS Forex, given the lower rate.

(b) RS Forex. With reference to the ‘We Buy’ column, Raju will
get PKR 303.8489 for every USD 1 from PQ Money Changer
and PKR 304.1395 for every USD 1 from RS Forex. He will
thus receive more Pakistani rupees if he changes his money
at RS Forex, given the higher rate.

14. (a) Website G:
Price of watch when converted to SGD
=PKR 430 x 100
0.2650
= PKR 162 264 (to the nearest PKR 1)
Website U:
Price of watch when converted to SGD
=PKR x 100
0.3299
= PKR 181 873 (to the nearest PKR 1)
Since the price is lower on website G, website G offers a
better buy.
(b) Maximum difference = PKR 181 873 — PKR 162 264
=PKR 19 609
Te——
Speed

Practise Now 14A

1. (a) 9.15am.=0915
(b) 8.59 p.m.=2059
(c) 12.10a.m. =00 10
2. (a) 0008 =12.08a.m.
(b) 0210=2.10a.m.
(c) 1256 =12.56 p.m.
3. 2359is11.59 p.m.
One minute after 11.59 p.m. is 12 midnight. In 24-hour format,
12 midnight is 00 00.
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Practise Now 14B

1. | | |
[ I |

6:10 a.m.
\

7:10 am. 7:33 a.m.
A —

23 minutes

1 hour
Duration between 6.10 a.m. and 7.10 a.m. = 1 hour
Duration between 7.10 a.m. and 7.33 a.m. = 23 minutes
.. Duration of the run = 1 hour 23 minutes.

2. 0 geroff City centre

06 45 1123

5 min 30 min
30 minutes before 11 23 = 10 53

.. Arrival time at City S

= 5 minutes before 11 53

=1048

(ii)
Set-off City S City centre

06 45 f 10 48 1123
10 45

4 hr 3 min

.. Duration of bus ride to City S = 4 hours 3 minutes

Class Discussion: Time zones

1. Arrival time in Singapore = 09 55

2. Singapore is in a different time zone as Pakistan. Thus, a person
on the flight would arrive in Singapore at 09 55 according to local
time in Pakistan.

3. Arrival time according to local time in Pakistan = 09 55
Arrival time according to local time in Singapore (shown in the
flight itinerary) = 12 55
.. time difference = 3 hours
Local time in Singapore is ahead of that in Pakistan.
Teachers may show some examples of international news reports
that involve the use of the term ‘local time’ and get the students to
discuss its meaning.

4. Departure time in Singapore = 12 20
Departure time according to local time in Pakistan = 09 20.
Duration between 09 20 and 17 20 = 8 hours
Duration between 17 20 and 17 35 = 15 minutes
... flight duration = 8 hours 15 minutes.

Practise Now 15A
Departure time in Tokyo = 8.45 p.m.
Departure time according to local time in Bangkok = 6.45 p.m.

6:45 p.m. 12:45 a.m. 4
| | | |
[ I + 1
1:00 a.m.
\ 2'g v vV 4
6 hr 15min 35 min

Arrival time in Bangkok is 35 minutes after 1.00 a.m., i.e. 1.35 a.m.
on 7 August 2023.



Practise Now 15B
1. (a) 60min=1h
1 min = % h
18 min = 18 x L

60
1

"~ 60

-3

10

(b) 60min=1h

lmin:ih

12min:12xih
60

_L
60
-2
10
=0.2h
s.4h23min=4.2h
(c) 60s=1min
1 .
1s = — min
60

855 s =855 x L min
60

57 .
= — min

Il
—
=

60 min
lmin =—h

57 . 57 1
— min =
4

|
|
X
|

2375

"~ 10000
=0.2375h

2. (a) 1h =60min
2h =2 %60 min
=120 min
~.2h 9 min
=120 min + 9 min

=129 min

(b) 1min=60s
3min:£><605
5 5

=24s

4% min=4min24s

(c) 1h =60 min
0.45 h = 0.45 x 60 min
=27 min
(d) 1min=60s
1 h =60 min
=60x60s
=3600s
7

—h:lx36005
20 20

=1260s

Practise Now 16

2
1. (i) 25 minutes= 6_(5) hours

Speed of the train = % =40.32 km/h
(%)

(i) 16.8km =16 800 m

25 minutes = 25 x 60 = 1500 seconds
16 800

500
55km (55 1000) m 5
= =15— m/s
1h 3600 s 18

12 minutes 30 seconds = (12 x 60) + 30 = 750 seconds

Distance travelled = 15 % x 750 =11 458% m

Speed of the train = =11.2m/s

2. 55km/h=

3. (i) Highest speed limit for cars = 120 km/h
120 km
l1h
120 000 m
3600 s
33.3 m/s (to 3 s.f.)
(ii) Highest speed limit for cars = 120 km/h

_ 120km
" 1h
_ 12000 000 cm
B 60 min
=200 000 cm/min
4. Speed of the swimmer
100 m
" 46.86's
_ (100 =+ 1000) km
7 (46.86 + 3600) h
=7.6825 km/h (to 5 s.f.)
No. of times the sailfish is faster than the swimmer
109
 7.6825

=14.2 (to 3 s.f.)

Class Discussion (Making sense of speeds in real-world contexts)
1. Speed limit = 40 km/h

40000 m

T 60%60s

:11l m/s
9

. Ali’s speed of 30 m/s is too fast and he should slow down.
2. (a) (i) Average speed of Usain Bolt during the sprint
100 m
9585
=10.4 m/s (to 3 s.f.)
(ii) 10.4 m/s is the average speed for the whole distance of

the sprint. 12.4 m/s is the fastest speed he attained at a
specific instance in the sprint, within the 100 m.
(b) Maximum speed of zebra = 40 miles/h
= 2 kanm
1.6
25 km/h
~25000m
© 60%60s
=6.94m/s (to 3 s.f.)
This zebra is not faster than Usain Bolt.
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Practise Now 17 Hence, the time taken for the two vehicles to meet = 7—20
Time taken for Raju to swim a distance of 1.5 km

L5 =5 hours

;'5 Exercise 9C
=3 h 1. (a) Duration between 4.15 p.m. and 9.15 p.m.=5h
Total time taken Duration between 9.15 p.m. and 9.29 p.m. = 14 min

3 1 1 .. Duration between 4.15 p.m. and 9.29 p.m. = 5 h 14 min
=3 +1 3 + 15 (b) Duration between 12 16 and 20 16 =8 h

3 3 10 Duration between 20 16 and 20 58 = 42 min
=3 + 3 + ) .. Duration between 12 16 and 20 58 = 8 h 42 min

54 135 100 (¢) Duration between 04 35and 09 35=5h
=% + 90 * 50 Duration between 09 32 and 09 35 = 3 min

89 .. Duration between 04 35 and 09 32 =4 h 57 min
= 5 hours (d) 2.01p.m.=1401
Distance that Raju runs Duration between 13 54 and 14 01
1 = duration between 13 55 and 14 02
:9XI§ =5 min + 2 min
10 =7 min

=9x 5 2. 3hoursafter 1420 = 17 20
=10 km 15 minutes after 17 20 =17 35
Total distance travelled Waseem left the fun fair at 17 35.
=1.5+40+ 10 3. Arrival time in Tokyo = 10.50 p.m.
=51.5km Arrival time according to local time in Hong Kong = 9.50 p.m.
Average speed for the entire competition The duration will be calculated based on the local time in Hong

_ total distance travelled Kong.

= total time taken Duration between 5.35 p.m. and 9.35 p.m.=4h

51.5 Duration between 9.35 p.m. and 9.50 p.m. = 15 min
= 7289 ... flight duration = 4 h 15 min.

90 4. (a) 60s= 11 min
=16.0 km/h (to 3 s.f.) Is= %0 min

49 s =496 x Lmin
Thinking Time (Page 234) 60

1. The definition of average speed is the total distance travelled = % min
divided by the total time taken. Average speed is different from (b) 60 min=1h
the general meaning of ‘average’ in statistics. The word ‘average’ 1 min = 1 h
here does not refer to the sum of all individual speeds divided by 60
the total number of individual speeds. 36 min = 36 X 1 h
2. Thebases may be different. We need to compute the total distance 36 60
and the total time to find the correct average speed. =% h
6
Practise Now 18 BT
Let the distance for the car to travel from Town A to Town B to meet —0.6h

the truck = x km. (¢) 60s =1min

Then the time taken for the car to travel from Town A to Town B to | 1 .
s = — min
meet the truck at an average speed of 72 km/h = =~ hour, and the
72 1 .
. 66 s = 66 Xx — min
time taken for the truck to travel from Town B to Town A to meet the 60

car at an average speed of 38 km/h _ %6 min
60
550 - x
= hour 11
38 = — min
. X% _550-x 10 .
coy T 38 =1.1 min

38x =39600 - 72x
38x + 72x =39 600
110x =39 600
x =360 km
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(d) 60s =1min

1 .
1s = — min
60

54s:54ximin
60

Il
|

2

=}

= E min
= 0.9 min
s. 2min 54 s = 2.9 min
() 1min=60s
1 h =60 min
=60x60s
=3600s
1

ls=——h
3600

945 s = 945 x h

3600
2,
80
2625
~ 10000
=0.2625h

(f) 60min=1h

1min=ih
60

25min:25><ih
60
3y,
60
5
12
1min =60s
1 h =60 min
=60x60s

=3600s
1

S =
3600

3s=3x% h

3600
3
3600
1
1200
. 25min 3 s
5 1
12" 1200
500, 1
1200 1200
S0y
1200
1z
" 400
5. (@) 1min=60s
0.13 min =0.13x60 s
=7.8s
(b) 1h=60min
l = l X 60 min
3 3
=20 min

(c) 1min=60s
1 h =60 min
=60x%x60s
=3600s
li h= 2 X 3600 s
6 6
=6600 s
(d 1h=3600s
0.96 h =0.96 x 3600 s
=3456s
(i) 30 minutes = 30 = 1 hour
0 2
Speed of the particle
_ 246km

( L ) hour

2
=49.2 km/h

(ii) 24.6 km =24.6 x 1000 = 24 600 m
30 minutes = 30 x 60 = 1800 s
Speed of the particle
_24600m
"~ 1800

= 13% m/s or 13.7 m/s (to 3 s.f.)

1 hour 48 minutes
1224 hours —————» 1412 hours

1 hour 48 minutes = 1 48 =1 4 hours
60 5
Distance between the two stations
=200x1 é
5

=360 km

=360 x 1000 m

=360 000 m

(a) 8.4 km/min
8.4km
1 min
8.4km
[ )»

60
=504 km/h
(b) 315m/s

_315m
T 1s

( 315 jkn1
1000
(5000 )
3600
=1134km/h

(c) 242 m/min
_242m

1 min
( 242 jknl
_ 1000
()
60
=14.52 km/h
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(d) 125cm/s
_ 125cm
T 1s

12
> km
100 000

(L ) h
3600
=4.5km/h
9. (a) 65cm/s
_ 65cm
T o1s
65
(i)
1s
= 0.65m/s
(b) 367 km/h
367 km
1h
3671000 m
© 3600
367 000 m
3600 s
=102 m/s (to 3 s.f.)
(c) 1000 cm/min
_ 1000 cm
" 1min
1000
[ )

60s

= % m/s or 0.167 m/s (to 3 s.f.)

(d) 86 km/min

86 km

1 min

86 X 1000 m
60s

1
1433—
3 m/s

10. Speed of Shajar Abbas
100 m

<1037 s

( 100 )kn1
~ 11000

(1037)h
3600

=34.716 (to 5 s.f.)

Number of times the bullet train is as fast as the fastest Pakistani

sprinter

365

34716

=10.5 times (to 3 s.f.)
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11.

12.

13.

14.

Time taken to travel the first part of the journey
19
57
I
3
Time taken to travel the remaining part of the journey
55
110

1,
2

Average speed of the car for its entire journey

total distance travelled

total time taken
19+55

=88.8 km/h
Total duration of musical including intermission
=2h 12 min + 20 min
=2h 32 min
2 hours before 10.06 p.m.
=8.06 p.m.
Time of commencement of musical
= 32 minutes before 8.06 p.m.
=734 p.m.
Cheryl’s arrival time
= 15 minutes before 7.34 p.m.
=7.19 p.m.
Departure time in Melbourne
=20 minutes after 15 05
=1525
Departure time according to local time in Singapore = 13 25
7 hours after 13 25 = 20 25
35 minutes after 20 25 = 21 00
... arrival time in Singapore is 21 00.
Time taken for car and bus to meet =3 h
Distance travelled by car =90 x 3
=270 km
Distance travelled by bus = 510 - 270
=240 km
Average speed of bus = ?
=80 km/h

Time taken = 123 Speed = 15 m/i

]\V/I '

120 m

(i) Time taken to travel from M to Y
60
T 15
=4s

X



16.

17.

(ii)

Average speed of the object for its entire journey from X to Y
total distance travelled

total time taken
120
T 12+4
120
T 16

1
—72m/s

Speed =10 m/s

Time taken =65 Speed = 25 m/s

»
'

M

160 m
Distance travelled from L to M
=10x6
=60 m
Thus, distance travelled from M to N
=160 - 60
=100 m
Time taken to travel from M to N
100
T 25
=4s

Average speed of the object for its entire journey from L to N
_ total distance travelled

total time taken

160
6+4

160
10
=16 m/s
Time taken to travel the first 50 km of its journey
501000 m
© 25m/s
=2000s

2000
3600
N

9

Time taken to travel the next 120 km of its journey
120
T80

HE
2

Distance travelled for the last part of its journey
=90 x —

60
=52.5km
Average speed of the object for its entire journey
_ total distance travelled

total time taken
_50+120+52.5
T 5 1 35

+

=84.3 km/h (to 3 s.f.)

18.

©reN

19.

20.

21.

total distance travelled

Average speed for the entire journey =

total time taken
4x+2
222 60
6
4x + 2y =360
Possible values of x and y include x = 50, y = 80.
Length of the goods train
=1|72x% 8 + | 54X 8
3600 3600
7
= — km
25
= Z x 1000
25
=280 m
—P
David: 100 m/min
Town A P Town B

Ken: 80 m/min
Let David meet Ken at x min.

So distance between Town A and Town B

=100 x x + 80 x x

= 180x m
B
David: 100 m/min
Town A Town B
- < Ken: 80 m/min
6 min Li Ting: 75 m/min

Then David meets Li Ting at (x + 6) min.
Distance between Town A and Town B
=100x (x+6)+75x (x+6)
=100x + 600 + 75x + 450
= (175x + 1050) m
Thus,
180x = 175x + 1050
180x - 175x = 1050
5x = 1050
x=210
Distance between Town A and Town B
=180 x 210
=37800m
Speed for return journey = (s + 4) km/h
2.55 = (Z.S—ij (s+4)
=2.25s+9
0.255s =9
s =36
total distance travelled

Average speed for the whole journey = total time tak
otal time taken

2.5(36) X 2

2.5+2.5—l
4

180

4.75
=37.9 km/h (to 3 s.f.)
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Chapter 10 Basic Geometry

TEACHING NOTES
Suggested Approach

Students have learnt angle measurement in primary school. They have learnt the properties, namely, angles on a straight line, angles
at a point and vertically opposite angles. However, students are unfamiliar with the types of angles and using algebraic terms in
basic geometry. There is a need to guide students to apply basic algebra and linear equations in this topic. Students will learn how
to do this through the worked examples in this topic. Teachers can introduce basic geometry by showing real-life applications
(see Introductory Problem on page 240).

Section 10.1: Basic geometrical concepts and notations

Teachers should illustrate what a point, a line, intersecting lines and planes look like. Teachers can impress upon
the students that there is a difference between a line and a ray. A ray has a direction while a line has no direction.
Teachers can highlight to the students that for a ray, the arrowhead indicates the direction in which the ray extends
while for a line, its arrowhead is to indicate that the line continues indefinitely.

The thinking time on page 241 of the textbook requires students to think and determine whether each of the statements
is true or false. Teachers should make use of this opportunity to highlight and clear some common misconceptions
about points, lines and planes.

Teachers can build upon prerequisites, namely angle measurement, to introduce the types of angles by classifying
angle measurements according to their sizes.

To make practice more interesting, teachers can get the students to work in groups to measure and classify the
various types of angles of different objects (i.e. scissors, set square, compass and the hands of a clock).

Section 10.2: Properties of angles formed by intersecting lines

Teachers should recap with students on what they have learnt in primary school, i.e. angles on a straight line,
angles at a point and vertically opposite angles. Students are encouraged to show that vertically opposite angles of
two intersecting lines are equal through Journal Writing on page 247. After going through Worked Examples 1
to 3, students should be able to identify the properties of angles and use algebraic terms to form and solve a linear
equation to find the value of the unknowns. Students are expected to state reasons in their working.

Section 10.3: Properties of angles formed by two parallel lines and transversal

Teachers can get students to discuss examples where they encounter parallel lines in their daily lives and ask them
what happens when a line or multiple lines cut the parallel lines.

To make learning more interactive, students are given the opportunity to explore the three angle properties observed
when a pair of parallel lines is cut by a transversal (see Investigation: Corresponding angles, alternate angles and
interior angles). Through this investigation, students should be able to observe the properties of angles associated
with parallel lines. The investigation also helps students to learn how to solve problems involving angles formed
by two parallel lines and a transversal. Students are expected to use appropriate algebraic variables to form and
solve linear equations to find the value of the unknowns. Teachers should emphasise the importance of stating the
properties when the students are solving questions on basic geometry.
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Worked Solutions

Introductory Problem

Corresponding angles, e.g. Zx and £y, are measured and checked if
they are equal. By converse of corresponding angles, if Zxand Zy are
equal, then the lines are parallel.

Basic geometrical concepts and notations )
Thinking Time (Page 241)
(a) False. There are an infinite number of points lying on a line
segment.
(b) True.

(c) False. There is exactly one line that passes through any three
distinct points which are collinear; it is not possible to draw a line
that passes through three distinct points which are non-collinear.

(d) False. Two distinct lines intersect at one point; two coincident
lines intersect at an infinite number of points; two parallel lines
do not intersect at any point.

(e) True.

Practise Now 1A
(a) Acute

(b) Reflex

(c) Obtuse

(d) Straight

(e) Right

(f) Reflex

(g) Obtuse

(h) Reflex

(i) Acute

Properties of angles formed by intersecting Iines)

Practise Now 1B
1. (a) b°+122°=180°(adj. £Ls on a str. line)
b° =180° — 122°
=58°
.. b=58
(b) 95.3°+64.8° + LCOB =180° (adj. £s on a str. line)
/£ COB =180° — 95.3° — 64.8°
=19.9°
2. 2¢°+100° + 3¢° = 180° (adj. Ls on a str. line)
5¢° + 100° = 180°
5¢° =180° — 100°
=80°
c® =16°
s.c=16

Practise Now 2
1. 58°+148° + 7a° = 360° (£Ls at a point)
7a° = 360° — 58° — 148°
= 154°
a® =22°
Soa=22
2. b°+4b°+ b° +90° = 360° (Ls at a point)
6b° + 90° = 360°
6b° = 360° — 90°
=270°
b° = 45°
. b=45

Journal Writing (Vertically opposite angles)
Zp+ £q=180° (adj. Ls on astr. line)

2.q+ Lr=180° (adj. Zs on a str. line)

S Lpt+Llq=Lq+ Lr

SLp=Lr

Similarly, £q = Zs.

Practise Now 3
(a) BOC = 90° + 53° (vert. opp. £s)
=143°
(b) 3a°+40° = a° + 60° (vert. opp. £s)
3a° —a° = 60° — 40°

2a° =20°
a° =10°
s.a=10

a°+ 60° + 4b° + 10° = 180°
10° + 60° + 4b° + 10° = 180°
4b° =180° - 10° - 60° - 10°
=100°
b° =25°
S b=25

Exercise 10A

1. (@) a=79,b=106,c=98
(b) d=50,e=227
(c) f=117,g=45
(d) h=244,i=94,j=56

2. (a) Obtuse
(b) Reflex
(c) Acute
(d) Right
(e) Straight
(f) Reflex
(g) Acute
(h) Obtuse
3. (a) Complementary angle of 18° = 90° - 18°
=72°
(b) Complementary angle of 46° = 90° — 46°
=44°
(c) Complementary angle of 53° = 90° — 53°
=37°
(d) Complementary angle of 64° = 90° — 64°
=26°
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4. (a) Supplementary angle of 36° = 180° - 36° 8. (i) AOC=48° (vert. opp. £8)

=144° (ii) 90° + DOE + 48° = 180° (adj. Zs on a str. line)
(b) Supplementary angle of 12° = 180° - 12° DOE = 180° — 90° — 48°
=168° =42°
(c) Supplementary angle of 102° = 180° - 102° 9. (a) 40°+30°+ a°=117° (vert. opp. £s)
=78° a® =117° - 40° - 30°
(d) Supplementary angle of 171° = 180° - 171° —47°
=9° s.a=47
5. (a) a°+33°=180°(adj. £s on astr. line) (b) 7b° + 3b° = 180° (adj. £s on a str. line)
a®=180° - 33° 106° = 180°
= 147° b° =18°
soa=147 ~b=18
(b) b°+42°+73° =180° (adj. Ls on a str. line) ¢® = 7b° (vert. opp. £s)
b° = 180° — 42° - 73° =7(18°
=65° = 126°
- b=65 coc=126
() 4c°+80° + ¢® = 180° (adj. £Ls on a str. line) 10. (a) x°+y°+2z°=180°(adj. Zs on a str. line)
4¢° + ¢® =180° - 80° ¥°+x° + 2° = 180°
5¢° =100° When y° = x° + 2°,
= 20° 3°+y° = 180°
se=20 2y° =180°
(d) 4d°+16°+2d° + 14° = 180° (adj. Zs on a str. line) ° =90°
4d° + 2d° = 180° — 16° - 14° Y =90
6d° = 150° (b) x°+y°+2°=180° (adj. Ls on a str. line)
d° =25° When x° = y° = 2°,
~.d=25 2°+2° +2° = 180°
6. (a) x°+y°+2°=180°(adj. Lsonastr. line) 32° = 180°
When y° = 45°, z° = 86°, 2° = 60°
x° +45° + 86° = 180° . z2=60
x° =180° - 45° - 86° 11. AOB+ DOA = 180° (adj. £s on a str. line)
=49° AOB + 5A0B= 180°
Sox =49 6AOB = 180°
(b) x°+y° +2°=180° (adj. £Ls on a str. line) - AOB = 30°
When x° = 2)°, 2° = 3y°, BOC =2A0B
2y° +y° +3y° = 180° =2x30°
6y° =180° = 60°
y° =30° COD = 4A0B
<y =30 =4%30°
7. (a) a°+67°+52°+ 135°=360° (Ls at a point) - 120°
a® = 360° - 67° - 52° — 135° DOA = 5408
=106° =5x 30°
. a =106 =150°
(b) 5b°+4b° + 3b° = 360° (Ls at a point) 12. (a) 7a°+103°=180° (adj. £Ls on a str. line)
126° = 360° 7a° = 180° - 103°
b° =30° =77°
. b=30 a°=11°
(c) 16¢°+4c®+90° + 4¢° = 360° (Ls at a point) a=11
16¢° + 4¢® + 4¢° = 360° - 90° 2b° + 13° = 103° (vert. opp. £)
24¢° =270° 2b° =103° - 13°
®=11.25° =90°
soe=11.25 b° = 45°
(d) (7d+23)°+6d° + 139° + 5d° = 360° (Ls at a point) . b=45

7d° + 23° + 6d° + 139° + 5d° =360°
7d° + 6d° + 5d° = 360° - 23° - 139°

18d° =198°
d° =11°
sod =11
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(b) 62°+49° + 3¢° = 180° (adj. Ls on a str. line)
3¢° =180° - 62° - 49°
=69°
c® =23°
s.e=23
d°® = 3¢° (vert. opp. £s)
=69°
s.d=69
e° = 62° + 49° (vert. opp. £s)
=111°
soe=111
()] 24° +90° + f° = 104° + 32° (vert. opp. £s)
f° = 104° + 32° - 24° - 90°
=22°
L f=22
24° +90° + f° + 2¢° = 180° (adj. Ls on a str. line)
24° +90° + 22° + 2¢° = 180°
2g¢° = 180° - 24° - 90° - 22°
=44°
g =22°
S.g=22
h° =2g° (vert. opp. £s)
=44°
s h=44
(d) 7i° + 41° = 10i° + 23° (vert. opp. £s)
10i - 7i° =41° - 23°
3i° =18°
i°=6°
Si=6
7i° +41° + 5j° - 18° = 180° (adj. £s on a str. line)
7(6°) + 41° + 5j° - 18° = 180°
42° + 41° + 5j° - 18° = 180°
57° = 180° - 42° — 41° + 18°
=115°
jo=23°
nj=23
13. (i) (186 —4x)° + 34° = 6x° (vert. opp. £5s)
186° — 4x° + 34° = 6x°
6x° + 4x° = 186° + 34°
10x° = 220°
x° =22°
Sox =22
6x° + 3y° = 180° (adj. £s on a str. line)
6(22°) + 3y° = 180°
132° + 3y° = 180°
3)° = 180° - 132°

= 48°
yO — 160
Sy=16

(ii) Obtuse AOD = (186 — 4x)° + 34°
=[186 — 4(22)]° + 34°
=98° + 34°
=132°

Reflex COE = 180° + (186 — 4x)°
= 180° + 98°
=278°

Properties of angles formed by two parallel
lines and transversal

Investigation (Corresponding angles, alternate angles and
interior angles)

1. Za=4b

2. Lc=4Ld

3. Lb+ £Ld=180°

4. (a) La= /b (corr. Ls)

(b) ZLc=/d(lt. £Ls)

(c) 4b+ £d=180°(int. Ls)

No.

6. Aslongas the two parallel lines remain parallel, the size of Za will

o

remain the same when the angle is shifted upwards to the other
parallel line.
7. /Zc=/ZRMY (corr. Zs)
/L RMY = /.d (vert. opp. £s)
s Le=2d
8. Method 1:
/b= La (corr. £Ls)
Za+ £d=180°(adj. Zs on astr. line)
S Lb+ £d=180°
Method 2:
Zc=/d(alt. Ls)
Zc+ £b=180° (adj. Ls on a str. line)
S Lb+ £d=180°

Practise Now 4A
(@) (i) Anyl:Zaand Zm, Zband £n, ZLcand Lo, £d and Zp,
Leand 2i, Zfand £/j, £gand Lk, Zhand £
(ii) Anyl: Zcand Zm, Ldand £n, Lgand Zi, Zhand Zj
(iii) Any 1: Zcand Zn, Zdand £m, Zgand Zj, Lhand Zi
(b) (i) No, Le# Laas PQ is not parallel to RS.
(ii) Yes, Zg = Zias AB is parallel to CD and /g and Zi are
alternate angles.
(iii) No, £h + Zc # 180° as PQ is not parallel to RS.

Practise Now 4B
1. x°=74°(corr. Zs, AB// CD)
Sox=74
Let the point of intersection of the lines AB and RS be T.
Then £ BTS = 80° (vert. opp. £s)
y°+80° = 180° (int. Zs, AB// CD)
° = 180° - 80°
=100°
.y =100
z° = /. BTS (corr. Zs, AB /] CD)
=80°
..z=80
2. 2h°+30°=69°(corr. Zs, AB// CD)
2h° = 39°
h°=19.5°
S h=19.5
2h° = k° (corr. Zs, AB// CD)
k° =39°
S k=39
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Practise Now 5

1 B
C
155.5°
------------- ->--Q
126.7°
E G

BDQ = 155.5° (alt. Zs, AC // PQ)
FDQ =126.7° (alt. Zs, PQ /] EG)
reflex BDF = 155.5° + 126.7°

=282.2°

BCQ = 40° (alt. Zs, AB // PQ)
QCD = 96° - 40°

= 56°
CDR =56° (alt. s, PQ // RS)
EDR =52° (alt. Zs, RS // EF)
a°® = 56° + 52°

=108°

c.a=108

Practise Now 6

Since BWQ = Df’Q (= 122°), then AB // CD (converse of corr. Zs).

. BXS=CZR = 65° (alt. Zs, AB // CD)

Exercise 10B

1. (a) (i) Any2: BXR and DZR, AXR and CZR, AXS and CZS,
BXSand DZS, BWPand DYP, AWPand CYP, AWQand

CYQ, BWQ and DYQ

(ii) Any2: AXS and DZR, BXS and CZR, AWQ and DYP,

BWQ and DYP

(iii) Any 2: AXS and CZR, BXS and DZR, AWQ and CYP,

BWQ and DYP

(b) No, BWQ # AXR as PQ is not parallel to RS.

(c) No, the sum of DYP and CZR is not equal to 180° as PQ is

not parallel to RS.
2. (a) a° =117°(vert. opp. £s)
Soa=117
b° =117° (corr. Zs, AB// CD)
S b=117
¢®+a° =180° (int. Zs, AB// CD)
c®+117°=180°
c®=180°-117°
=63°
S.c=63
d°® =78° (corr. s, AB// CD)
.d=78
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(b) e° =31°(alt. £s, AB// CD)
coe=31
f° =35°+31° (alt. Zs, AB// CD)
=66°
o f =66
() g°=83°(alt. s, AB// CD)
..g=83
h° =69° (corr. £s, AB// CD)
h=69
(d) °+75°+60°=180° (int. Zs, AB // CD)
i°=180° - 75° - 60°
=45°
s i=45
j°=60° (alt. £s, AB// CD)
5. j=60
(@) a° =38°(corr. Ls, AB// CD)
s.a=38
a® +30° = 2b° (corr. Ls, AB /] CD)
38° + 30° = 2b°
2b° = 68°
bo = 34°
b=34
(b) 7¢® =140° (corr. Zs, AB// CD)
c® =20°
s.c=20
2d° =7c° (vert. opp. £s)
=140°
d° = 70°
. d=70
(c) 7e°+3e°=180° (int. Ls, AB// CD)
10e° = 180°
e° =18°
.e=18
(d) (2f+6)° = (3f - 23)° (alt. Zs, AB // CD)
2f° + 6° = 3f° - 23°
30— 2f° = 6°+23°
fo = 290
L f=29
(i) AEB=68°(alt. Zs, BF// AD)
(ii) EAB=58° (alt. Zs, AB // CD)
FBA+ EAB = 180° (int. Zs, BF// AD)
FBA + 58° = 180°
FBA = 180° - 58°
=122°
ABE = FBA - 68°
=122° - 68°
=54°
(i) CDF=86°(alt. Zs, CE // FG)
(ii) HDE = 86° (vert. opp. Zs)
EDA = HDE - 47°
=86° - 47°
=39°
BAD + EDA = 180° (int. Zs, AB // CE)
BAD + 39° = 180°
BAD = 180° - 39°
=141°



AEP =69° (alt. £, AB // PQ)
CEP = 37° (alt. s, PQ// CD)
a° = AEP + CEP
=69° + 37°
=106°
- a=106
(b)

AEQ + 142°= 180° (int. Zs, AB // PQ)

AEQ = 180° - 142°

=38°
CAEQ +114° =180° (int. Zs, PQ // CD)
CEQ = 180° - 114°
= 66°
b° = AEQ + CEQ
=38° + 66°
=104°
- b=104

EDC + 80°= 180° (adj. £s on a str. line)
FDC = 180° - 80°
=100°
DCA =FDC (alt. Zs, DF // AC)
=100°
DCA + 4x° = 360° (£s ata point)
100° + 4x° = 360°
4x° = 360° - 100°
=260°
x° = 65°
. X =65
BAC + DCA = 180° (int. Zs, AB// CE)
BAC + 100° = 180°
BAC = 180° - 100°
=80°
7y° + BAC = 360°
7y° + 80° = 360°
7y° = 360° - 80°
=280°
) = 40°
Sy =40

10.

(i) CGF=52°(corr. Ls, FD // GC)
(i) BCG + CGF = 180° (int. Zs, AC // EG)
BCG + 52° = 180°
BCG = 180° - 52°

=128°
BCF = BCG - 72°
=128°-72°

=56°
(iii) BDQ = 46° (alt. Zs, AC // PQ)
FDQ = 52° (alt. s, PQ // EG)
Reflex BDE + BI§Q + FI5Q =360° (Ls at a point)
Reflex BDF + 46° + 52° = 360°
Reflex BDF = 360° - 46° - 52°

=262°

x°=147° (corr. £s, BC// EF)
Sox =147

/.CDQ = 32° (alt. s, BC// PQ)
£ QDE + 147° = 180° (int. Zs, PQ// EF)

/. QDE = 180° - 147°

=33°

5y° + £CDQ + £LQDE = 360° (£s at a point)

5y° +32° + 33° = 360°

5y° = 360° - 32° - 33°

=295°
yc = 590
Sy =59
2282
) B
e CAGREEEEE >o----- Q
293°
R------"-- et R S
E F

XAC =228° - 180°

=48°
ACQ = XAC (alt. Zs, XB // PQ)

=48°
EDR =32°(alt. /s, RS // EF)
EDR + CDR + 293° = 360° (Zs at a point)

32° + CDR +293° = 360°
CDR = 360° - 32° - 293°
=35°
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11.

12.

13.

DCQ = CDR = 35° (alt. Zs, PQ // RS)
b° + ACQ + DCQ=360° (£Ls at a point)

b° + 48° + 35° = 360°
b° =360° - 35° - 48°

=277°

Sob =277

C

x° =360° — 239° (s at a point)
=121°

a® =121° (corr. Ls, BC// EF)

soa=121

y° =23° (alt. £s, BC// PQ)

z° =180° - 121° (int. Zs, PQ // EF)
=59°

2b° =y°+2°

=23°+59°

=82°

8

)

=41°

s b=41

bo

14.

Since ZCRQ = ZRQT = 42°,then AB// CD (converse of alt. Zs).
£ TUR =180° — 157° (adj. £s on a str. line)

=23°
.. L PTQ=23°(corr. s, AB// CD)

Since AXS + CZR = 104° + 76° = 180°,

then AB // CD (converse of int. Zs).

. BWP = DYP = 46° (corr. /s, AB// CD)

OXFORD

UNIVERSITY PRESS

QCA + w° = 180° (int. Zs, AB // PQ)
QCA = 180° - w°
QCD =x°- QCA
=x° - (180° - w°)
=x°-180° + w°
CDR = QCD (alt. Zs, PQ // RS)
=x°-180° + w°
FDR = y° - CDR
=y° - (x° - 180° + w°)

0

=y°-x°+180° - w!

FDR + z° = 180° (int. Zs, RS // EG)

¥°-x°+180° - w° + z° = 180°
Wl x° =y +2°
LWEX=y+2z



Chapter 11 Polygons and Geometrical Constructions

TEACHING NOTES

Suggested Approach

Students have learnt about triangles, and quadrilaterals such as parallelograms, rhombuses and trapeziums in primary school.
In this chapter, students will learn the properties of these figures and how to find unknown angles, starting from triangles to
quadrilaterals and eventually, polygons of # sides. The incremental approach is to ensure that students have a good understanding
before they move on to a higher level. Teachers may want to dedicate more time and attention to the content on polygons in the
final section of this chapter (see Section 11.4).

Section 11.3 is dedicated to the geometrical constructions of triangles and quadrilaterals. Students have learnt how to draw triangles
and quadrilaterals using rulers, protractors and set squares in primary school. Teachers need to reintroduce these construction
tools and demonstrate their use if students are still unfamiliar with them. When students are comfortable using these tools,
teachers can then introduce the use of compasses in geometrical constructions and proceed to the subsections on construction
of triangles and quadrilaterals.

Section 11.1:

Section 11.2:

Section 11.3:

Triangles

Students have learnt about isosceles triangles, equilateral triangles and right-angled triangles in primary school. In
this chapter, students should be aware that triangles can be classified by the number of equal sides or the types of
angles. Teachers should highlight to the students that equilateral triangles are a special type of isosceles triangles
while scalene triangles are triangles that are not isosceles and are not equilateral triangles.

Students should explore and discover that the longest side of a triangle is opposite the largest angle, and the sum of
two sides is always larger than the third side (see Investigation: Basic properties of a triangle). A pair of activities is
designed to help students apply their knowledge from Chapter 10 to prove that the angle sum of a triangle = 180°
(Thinking Time, page 263) and that the exterior angle of a triangle is equal to the sum of the interior opposite angles
(Thinking Time, page 264). Teachers should ensure students are clear about what exterior angles are before stating
the relation between exterior angles and interior opposite angles of a triangle. Some may think that the exterior
angle of a triangle is the same as the reflex angle at a vertex of a triangle.

Quadrilaterals

Teachers may want to first recap students’ knowledge of parallelograms, rhombuses and trapeziums based on
what they have learnt in primary school. In this section, students will build on their knowledge of the angle sum
of triangles to prove that the angle sum of a quadrilateral = 360° (see Thinking Time on page 268). Teachers can
use what students have learnt about the properties of angles formed by parallel lines and transversal in Chapter
10 to reintroduce and build up their understanding of the different types of quadrilaterals and their properties
(see Investigation: Properties of special quadrilaterals). The symmetric properties of special quadrilaterals will be
discussed in Section 11.4 (Class Discussion: Line symmetry of special quadrilaterals and regular polygons and Class
Discussion: Rotational symmetry of special quadrilaterals and regular polygons).

Before proceeding onto the next section, teachers may want to go through with the students the angle properties
of triangles and quadrilaterals. This reinforces the students’ knowledge as well as prepares them for the section on

polygons.

Geometrical constructions of triangles and quadrilaterals

Teachers may wish to recap with students how rulers, protractors and set squares are used for geometrical
constructions. More emphasis should be placed on the use of protractors, such as the type of scale (inner or outer)
to use, depending on the type of angle (acute or obtuse). Teachers need to impress upon students to avoid parallax
errors when reading the length using a ruler, or an angle using a protractor.

Teachers should show and lead students on the use of compasses. Although the construction of perpendicular and
angle bisectors is not required in the syllabus, the students should be guided here to construct the perpendicular
bisector to familiarise the use of compasses in geometrical constructions. Teachers should also clearly define
perpendicular bisectors. Stating what perpendicular and bisect mean individually will help students to remember
their meanings. Students are to know and be familiar with the useful tips in using construction tools.
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Section 11.4:
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For the worked examples in this section, teachers are encouraged to go through the construction steps one by one
with the students. Students should follow and construct the same figures as shown in the worked examples. Although
the syllabus requires the construction of a triangle given the lengths of all sides, teachers are encouraged to ensure
that the students can first construct all of the following types of triangles, before continuing with the construction
of quadrilaterals:

« Given 3 sides
« Given 2 sides and an included angle
« Given 1 side and 2 angles

Proficiency in constructing of the listed types of triangles will help students successfully progress to more complex
constructions of quadrilaterals.

As arule of thumb, students should draw the longest line as a horizontal line. Teachers are to remind their students
to mark all angles, vertices, lengths and other markings (same angles, same sides, right angles etc.) clearly. Students
should not erase any arcs that they draw in the midst of construction and check their figure at the end.

Polygons

Teachers should emphasise to the students that triangles and quadrilaterals are polygons so that they are aware that
all the concepts which they have learnt in Sections 11.1 and 11.2 remain applicable in this section. Students should
learn the different terms with regards to polygons. In this section, most polygons studied will be simple, convex

polygons.

Students need to know the names of polygons with 10 sides or less and the general naming convention of polygons
(see Class Discussion: Naming of polygons). Through the class discussion, students should be able to develop a
good understanding of polygons and be able to name them. They should also know and appreciate the properties of
regular polygons (see Class Discussion: Definition of a regular polygon, Class Discussion: Line symmetry of special
quadrilaterals and regular polygons and Class Discussion: Rotational symmetry of special quadrilaterals and regular
polygons).

Teachers can ask students to recall the properties of triangles and quadrilaterals during the investigation of the
sum of interior angles and sum of exterior angles of a polygon. Students should be able to see a pattern in how the
sum of interior angles differs as the number of sides increases and understand its formula (see Investigation: Sum
of interior angles of a polygon). They should also discover that the sum of exterior angles is always equal to 360°
regardless of the number of sides of the polygon (see Investigation: Sum of exterior angles of a pentagon). Teachers
may highlight that the second angle property of a polygon applies regardless of the ways in which the exterior angles
are labelled (see Section 11.4D on page 289 of the textbook).



Worked Solutions

Introductory Problem

1.

Encourage the class to think of more than one method, but
there is no need for them to think of all the following methods
at this stage.

Method 1:

Students may see that a hexagon consists of 6 equilateral
triangles. So, each interior angle is made up of two interior
angles of two interior angles of an equilateral triangle, i.e. 2 x
60° = 120°.

5=

Method 2:

Divide into triangles, find the sum of all the interior angles of
the triangles, and then divide by 6.

Since there are 4 triangles, which gives a total of 180° x 4 = 720°,
then each interior angle (being equal) will be 720° + 6 = 120°.

0

Method 3:

Connect a point inside the hexagon to all the vertices to form

6 triangles. Find the sum of all the interior angles of the 6
triangles and then take away 360° (= 6 angles around the chosen
point). Finally, divide by 6, and the answer is 120°.

>

Method 4:
Similar to Method 2 but dissect the hexagon into two quadrilaterals.

LN NN/

There are only 2 other regular polygons that can be used for
tessellating the plane without any gaps. They are equilateral
triangles and squares. For tessellation to take place, we need to
ensure the angle sum at the point of contact is 360°. Also, since
each angle is equal, the number of pieces of the polygon joined
at a point must be a whole number.

AN

A\
N

For an equilateral triangle, the interior angle = 60° and so, we
can put six of these together to tessellate. For a square, the
interior angle = 90°.

Therefore, we can put 4 squares together. To show that a regular
pentagon cannot tessellate, we would need to know its interior
angle.

Note: Some of the 4 methods (e.g. Methods 2 and 3) mentioned
in Prompt 1 above can be applied to other polygons. Encourage
students to make an intelligent guess of the methods that can be
used.

We will revisit this when we come to the general formula for
finding the sum of interior angles in Section 11.4.

) Triangles )

Investigation (Basic properties of triangle)

1.
2.

N

The side opposite £ B is b and the side opposite £ C s c.

The largest angle is £ C and the smallest angle is ZB.

The side opposite the largest angle, 2 C is the longest side and
the side opposite the smallest angle, 2 B is the shortest side.
The bigger the angle, the longer the side opposite it. The angle
opposite the shortest side is always the smallest angle and the
angle opposite the longest side is always the largest angle.

The sum of the lengths of the two shorter sides of a triangle is
always longer than the length of the longest side.

Yes, since the sum of the angles facing the two shorter sides are
greater than the largest angle facing the longest side, hence, the
sum of the lengths of the two shorter sides of a triangle is always
longer than the length of the longest side.

No, it is not possible to form a triangle.

a + b =c. It is still not possible to form a triangle.

The sum of the lengths of any two line segments has to be
greater than the length of the third line segment.
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Thinking Time (Page 263)

/BAC= /ACP (alt. Zs, PQ// AB)

/ ABC = /BCQ (alt. Zs, PQ// AB)

Since ZACP + LACB + £ZBCQ = 180° (adj. Zs on a str. line),
then ZBAC + LACB + £ ABC =180° (£ sum of A)

Practise Now 1
1. 90°+48° +a°=180° (£ sum of A)
a® =180° - 90° - 48°
=42°
s.a=42
2. /LABC= /BAC (base Zs of isos. A\)
2/ ABC+ £ ACB =180° (£ sum of A)
180°- LACB
2
_180°-52°
- 2
=64°

LABC=

Thinking Time (Page 264)

Zb+ £d=180° (adj. Zs on a str. line)
/Za+ /b+ Zc=180° (£ sum of A)
LIb+/d=Za+/b+ Lc

.. exterior Zd=/a+ /¢

Practise Now 2
1. (a) y°=34°+75°(ext. L of A)
=109°
s y=109
£ CED + £ CDE = y° (ext. Z of A)
/ CED + 14° =109°
/ CED =109° - 14°
=95°
/.CBD =93° + 41° (ext. £ of A\)
=134°
£ ADE = 180° - 93° (adj. Zs on a str. line)
=87°
£ DFE + / DEF = / ADE (ext. £ of A)
b° +33° =87°
. b=87-33
=54

(b)

(b)

Practise Now 3
1. ADE=72° (vert. opp. £s)
DAE = 147° — ADE (ext. £ of A)
=147° - 72°
=75°
2. QRS =180° - 97° - 36° (int. Zs, PQ // RS)
=47°
QST = QRS + RQS (ext. £ of A)
=47°+ 63°
=110°
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Exercise 11A

1.

(a) a°=180°-90°-16° (£ sumof A)
=74°
s.a=74
. 180°-48°
® =
= 66°
.. b=66
2¢° +108° + 27° = 180° (£ sum of A)
2¢° =180 -108° - 27°
=45°
c® =225°

(base £ of isos. A)

(©

L.c=225
37° + 37° + 4d° = 180° (base s of isos. /\, Z sum of A)
4d° =180° - 37° - 37°
=106°
d° =26.5°

(d)

. d=26.5
Since this is an equilateral triangle, all the angles are equal.
3x° = 180° (£ sum of A)
x° =60°
S.x =60
() 2y°+4y°+y°=180° (£ sum of A)
7y° = 180°
S y=257(told.p.)
a® = LPRQ (vert. opp. £s)
=180° - 26° — 79° (£ sum of APQR)
=75°
s.a=75
b° =180° - a° - 82° (£ sum of ARST)
=180° - 75° — 82°
=23°
S b=23
(i) z°=73°+41° (ext. £ of ARST)
=114°
Soz=114
(ii) £PQS =z°- £ QPR (ext. £ of APQR)
=114° - 35°
=79°
a® +90° = 115° (ext. £ of ABCE)
a° =115°-90°
=25°
s.a=25
£ FEG = 180° - 90° - 32° (£ sum of AEFG)
=58°
a°+ £LFEG + b° = 180° (adj. Zs on a str. line)
25° + 58° + b° = 180°
b° =180° - 25° - 58°
=97°

(e)

S b=97
(i) LetADB=BDC=x°
90° + 20° + 2x° = 180° (£ sum of AADC)
2x° =180° - 90° - 20°

=70°
., 70°
x° =
2
=35°
.. BDC =35°



10.

11.

(ii) CBD +20° + 35° = 180° (£ sum of ABCD)
CBD = 180° - 20° - 35°
=125°

Method 1:

MNP = CNY = 90° (vert. opp. £8)

NMP = 180° - 90° - 31° (£ sum of ANMP)
=59°

MON = 180° - 2 x 59° (£ sum of isos. AMON)
=62°

Method 2:

Since AMN = CNY (=90°), then AB // CD (converse of corr. £s).

BMO = 31° (alt. Zs, AB // CD)
OMN = 180° - 90° - 31° (adj. Zs on a str. line)
=59°
MON = 180° - 2 x 59° (£ sum of isos. AMON)
=62°
C

28°

53°
A B D
/. CBD =53° + 28° (ext. £ of A)
=81°
£/ ABE = / ABD =89° + 27° (ext. £ of ABCD)
=116°
p° = 116° + 22° (ext. Z of AABE)
=138°

L p=138

ADE = 74° (vert. opp. Zs)

DAE = 127° - 74° (ext. 2 of ADAE)

=53°

STU = QRU (alt. s, QR // ST)
= 44°

SUT = 180° - 44° - 57° (£ sum of ASUT)
=79°

QTR = 79° - 44° (ext. £ of AQRT)
=35°

TRS = QTR (alt. Zs, QT // RS)
=35°

RSU = 180° — 44° — 35° — 57° (int. Zs, RQ // ST)
= 44°

AHF = 45° (vert. opp. £48)

AHI + CIH = 180° (int. /s, AB // CD)
(45° + 64°) + (32° + x°) = 180°

x°=180° - 45° — 64° - 32°
=39°
Sox=39
¥° +39° + 64° = 180° (£ sum of A)
y°=180° - 39° — 64°
=77°
Soy=77

12.

13.

Let CBO be x°.

Then CAO = % x°and BAO =1 % x°.

Since OA = OC, . ACO = CAO = % x°.
Since OB = OC, .. CBO = BCO = x°.
Since OA = OB, . BAO = ABO =1 % x°.

Hence,
CAB + ABC + BCA = 180°(£sum
of AABC)
lx"+llx" + llx°+x° + lx°+x° =180°
2 2 2 2
6x° =180
. 180°
x° =
6
=30°

- CAO= % (30°) = 15°.

Since AB = AC, then let ABC=ACB = x°.

DBE = 180° - x° (adj. £s on a str. line)

Since BD = BE, then

BDE = pip = 180 =080°-x") _ x*
2 2

Since AF = DF, . FAD = FDA

o

FAD = FDA = BDE = %

o

% +x°+ x° = 180° (£ sum of AABC)

21 o 21500
2
o 180°
51
2
=72°
- ABC=72°

) Quadrilaterals )

Thinking Time (Page 268)

Lp+Lqg+ Lu=180° (£ sum of AABD)

Zr+ Ls+ £t=180° (£ sum of ABCD)

Sum of interior angles of the quadrilateral ABCD
=/p+Lq+Lr+Ls+Lt+Lu
=(Lp+2Lq+Lu)+ (Lr+ Ls+ LY

=180° + 180°

=360°
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Investigation (Properties of special quadrilaterals)

D ;; C
A B

pairs of parallel

equal in length.

are equal, i.e.

Quadrilateral Parallel sides Equal sides Interior angles Diagonals
D C | There are two Opposite sides are | All four angles are | « The two diagonals are equal in length.
pairs of parallel equal in length. right angles. « Diagonals bisect each other, i.e.
sides. AE =ECand BE=ED.
E
A B
Rectangle
C There are two All four sides are All four angles are | « The two diagonals are equal in length.
pairs of parallel equal in length. right angles. « Diagonals bisect each other at right
sides. angles, i.e. AE = EC, BE = ED and
E LAEB=/BEC= LCED= £LAED
=90°.
B « Diagonals bisect the interior angles,
Square e.g. /BAC=/CAD =45° and
L ABD = /£ CBD = 45°.
There are two Opposite sides are | Opposite angles Diagonals bisect each other, i.e. AE = EC

and BE = ED.

sides. £BAD = £BCD
and ZABC= £
ADC.
Parallelogram
There are two All four sides are Opposite angles « Diagonals bisect each other at right

D c

pairs of parallel

equal in length.

are equal, i.e.

angles, i.e. AE = EC, BE = ED and
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sides. /BAD = £BCD LAEB=/BEC=LAED = /CED
and LZABC= £ =90°.
ADC. « Diagonals bisect the interior angles,
Rhombus e.g. LBAC= £CADand
£LABD = £ CBD.
D C | Thereis at least*
one pair of parallel
E sides, i.e. AB//
A g| DC.
Trapezium
D There are at least** « Diagonals cut each other (not bisect)
two pairs of equal at right angles, i.e. ZAEB =/ BEC
adjacent sides, i.e. =/ AED = /. CED =90°.
A c AD=DCand AB o One diagonal bisects the interior
E = BC. angles, i.e. ZADB = /. CDB and
/L ABD = /CBD.
B
Kite
Table 11.3




Practise Now 4
1. (i) Since the diagonals of the rectangle bisect each other, then
CE = BE.
.. ZBEC =180° - 2 x 63° (£ sum of isos. A)
=54°
(ii) £DCE =90° - 63°
=27°
/. CDE = /. DCE (base £s of isos. /)
=27°
/. PTS =180° - 90° - 51° (£ sum of APST)
=39°
(i) £RST=90°-51°
=39°
/. RTS = 180° - 39° - 68° (£ sum of ARST)
=73°

Practise Now 5
1. (i) ADC=180°-2 x 32° (£ sum of isos. AACD)
=116°
ABC = ADC (opp. Zs of rhombus)
=116°
(ii) CAE = ACD (alt. Zs, AB// CD)
=32°
ACE =180° - 2 x 32° (£ sum of isos. AACE)
=116°
ACB = ACD (diagonal AC of rhombus bisects BCD)
=32°
BCE =116° - 32°
=84°
2. (i) STU = 108° (opp. £s of // gram)
9x° = 108°
x =12°
Sox=12
(i) (VOW + 38°) + 108° = 180° (int. Zs, SV // TU)
=180° - 38° - 108°
=34°

Practise Now 6
1. (i) 4DAE= % (diagonal AC bisects ZDAB)

=25°

180° - 50°

(ii) £ADB= (base Zs of isos. AABD)

=65°
/ CDE =137° - 65°
=72°
Since the four smaller trapeziums are identical, the shorter
parallel base of each smaller trapezium is equal, i.e.
EF = EH = FG. Since EH = FG, the non-parallel sides of
each smaller trapezium are equal, i.e. AE = DH = BF = GC.
.. DH = GC (shown)
(ii) DC=8cm
DH+ HG+ GC=8cm
Since DH = GCand HG = AB=4cm,
2xDH+4 =8cm
8-4

DH = —
2

=2cm
. EF=2cm

2. (i)

Exercise 11B
1. (a) a°+54° =90° (right angle of rectangle)
a® =90° - 54°
=36°
.a=36
b° =a° (alt. £s, AB// DC)
. b=36
(b) £EBC =90° (right angle of rectangle)
90° + 39° + ¢® = 180° (£ sum of ABCE)
c® =180°-90° - 39°
=51°
. c=51
/. DCE = ¢®=51° (alt. Zs, EB// DC)
d° +78° + 51° = 180° (£ sum of ACDE)
d° =180° - 78°-51°
=51°
s.d=51
L AED = 52° (vert. opp. £s)
Since the diagonals of the rectangle bisect each other, then
AE =DE.

180°-52°

.. LADB = (base £s of isos. AADE)

= 64°
(ii) £CAD = £ ADB = 64° (base £s of isos. AADE)
64° +90° + LACD = 180° (£ sum of AACD)
/. ACD =180° - 64° - 90°
=26°
/. PTS +90° + 28° = 180° (£ sum of APTS)
/ PTS =180° -90° - 28°
=62°
(ii) £ TSR +28° =90° (right angle of rectangle)
/TSR =90° - 28°
=62°
ZRTS + 62° + 43° = 180° (£ sum of ARST)
/ RTS =180° - 62° - 43°

=75°
4. (a) p°=38°(alt. Ls,AD// BC)
S.p=38
q° = 180° - 2 x 38° (£ sum of isos. AABD)
=104°
- q=104
(b) r°=~LCAB=42°(alt. Zs, AB// DC)
Sr=42
£ DAB = 2 x 42° (diagonal AC bisects ZDAB)
= 84°
°= % (base £s of isos. AABD)
=48°
.s=48
5. (a) a°=106° (opp. Ls of // gram)
s.a =106
b° =48° (alt. £s, AD// BC)
..b=48
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(b) 4c° + 5¢° = 180° (int. Zs, AB// DC)
9¢® = 180°
180°
9
=20°
Se=20
2d° = 4(20°) (opp. £s of // gram)
80°
T2
=40°
s.d=40
6. (a) Since ABCD is akite, ... AD = CD and so ACD = CAD = a°
a®+100° + a° = 180° (£ sum of AACD)
2a° = 180° - 100°
=80°
., 80°
T2
=40°
s.a=40

o

[

do

a

Since ABCD is a kite, .. AB=CB and so CAB= ACB =61°.

61°+ b° + 61° = 180° (£ sum of AABC)
b° =180° - 61° - 61°
=58°
-.b=58
(b) DAC =BAC = 40° (diagonal AC bisects ZBAD)
40° + 26° + ¢® = 180° (£ sum of AACD)
c® =180° - 40° - 26°
=114°
sc=114
7. (i) 4BAD =2(25°) (diagonal AC bisects ZBAD)
=50°
/ABD = 1807 - 50 2_50 (base Zs of isos. AABD)
=65°
(ii) £BCD = 2(44°) (diagonal AC bisects £BCD)
= 88°
/ CBD = 1807 - 88° 2_88 (base s of isos. ABCD)
=46°
8. 5x°+x°=180°(int. Zs, AB// DC)
6x° =180°
180°
6
=30°
Sox=30
2.2(30°) + y° = 180° (int. Zs, AB // DC)
° = 180° - 66°
=114°
Ly=114

o

9. (a) £DAC=/BAC=45°(diagonal ACDbisects right angle DAB)

/ DAE = 45°
/ ADE + / DAE = / DEC (ext. £ of AAED)
a® +45° = 82°
a® = 82° - 45°
=37°
a=37

(b)

10. (i)

(ii)

11. (i)

(ii)

12.

£ AEF = 82° (vert. opp. £s)
L EAF + / AEF = / EFB (ext. /. of AAEF)
45° + 82° = b°
b° =127°
sob=127
ECF = 45° (diagonal AC bisects right angle DCB)
c® +45° + ¢® = 180° (£ sum of ACEF)
2¢° = 180° - 45°
=135°
135
)
=67.5°
S.€c=67.5
CED = 90° (diagonals bisect each other at right angles)
Hence,
d°+ 67.5° =90°
d° =90° - 67.5°
=22.5°
s.d=225
ABD = 46° (alt. Zs, AB // DC)
46° + BAD + 46° = 180° (£ sum of isos. AABD)
BAD = 180° - 46° - 46°
= 88°
DBC = 46° (base s of isos. ADBC)
Since BC = BE, .. BCE = BEC = x°.
x° + x° = 46° (ext. £ of ABCE)
2x° = 46°
46°
2
=23°
. BCE=23°
ADE + 65° = 180° (int. Zs, AB // DC)
ADE =180° - 65°
=115°
BCD =65° (opp. £s of // gram)
CBE + 65° = 125° (ext. /. of ABCE)
CEE = 125° - 65°
=60°

o

o

X =

108°

(@)

X

WZY = WXY = 108° (opp. £sof a// gram)
XZY = XZW = x° (diagonal ZX bisects WZY)
WZY =2x°
2x° =108°
_108°
)
=54°
- XZY =54°

o

X

(ii) XXZ +108°= 180° (int. Zs, WX // ZY)
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XYZ = 180° - 108°
=72°



(iii) XWZ = XYZ = 72° (opp. £sofa// gram)
XWY =ZWY = y° (diagonal YW bisects XWz )
XWZ=2y°

2y°=72°

72

2

=36°

- XWY = 36°

13. S R

70°

0

Y

42°
P Q

(i) PQR+70° = 180° (int. Zs, PQ// SR)
PQR = 180° - 70°
=110°
(i) 42°+110°+ PRQ = 180° (£ sum of APQR)
PRQ = 180° — 42° — 110°
=28°
14. ADB= (3x + 7)° (diagonal DB bisects ZADC)
DAC= (2x + 53)° (diagonal AC bisects ~ BAD)
2(3x + 7)° + 2(2x + 53)° = 180° (int. Zs, BA // CD)
6x° + 14° + 4x° + 106° = 180°
10x° = 180° — 14° — 106°

10x° = 60°
., 60°
X =
10
=6°
.x=6
15. S
64°
p R
42°
Q

(i) Since PS=RS, .. RPS = PRS = x°.
x° + 64° + x° = 180° (£ sum of APRS)
2x° = 180° - 64°

=116°
. 116°
x° =
2
=58°
. PRS = 58°

(ii) Since PQ = QR, .. QPR = QRP = 42°.
42° + PQR + 42°= 180° (£ sum of APQR)
PQR = 180° — 42° — 42°
=96°

16. Since the smaller kites ABEF and ADGF are identical,
FAD = BAF = 42° and ADC = ABC = 118°.
BCD + 118° + 42° + 42° + 118° = 360° (£ sum of quadrilateral)
BCD =360° - 118° — 42° — 42° - 118°
=40°
17. D C
° 52°

A ' B

(i) BAD +62°=180° (int. s, AB // DC)
BAD = 180° - 62°
=118°
Since AB = AD, . ABD=ADB =x°
x° + 118° + x° = 180° (£ sum of AABD)
2x° = 180° - 118°

=62°
. 62°
x =
2
=31°
- ABD =31°

(ii) ABC +52°=180° (int. Zs, AB // DC)
ABC = 180° - 52°
=128°
From (i), ABD = 31°.
31°+ CBD = 128°
CBD =128° - 31°

=97°
18. D C
118°
A % B

(i) Since E is the midpoint of AB, .. CE = DE and hence
CDE = DCE = x°.
x°+118° + x° = 180° (£ sum of ACDE)
2x° =180°-118°

=62°
.62
X =
2
=31°
ADE + 31° = 90° (right angle of rectangle)
ADE =59°

(ii) From (i), DCE = x° = 31°.
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19. Extending DA and CB to intersect at E, we get:
E

D C

Since EDC = EBC, AEDC is an isosceles triangle where ED = EC.
EAB=EDC (corr. Zs, AB// DC)
EBA = ECD (corr. Zs, AB// DC)
. EAB = EBA and AEAB is an isosceles triangle where EA = EB.
AD =ED - EA

=EC-EB

=BC
.. AD = BC and trapezium ABCD is an isosceles trapezium.
(shown)

20. Sum of all angles in triangles ABC, DEF, GHI and JKL = 4(180°)
=720°
L ACB = LEC] (vert. opp. £s)
£ DEF = £ CEG (vert. opp. £s)
£IGH = £ EG] (vert. opp. £s)
L KJL = £CJG (vert. opp. £s)
/L ACB+ £DEF+ £IGH + £KJL=£EC]+ £CEG + LEG] +
£CJG
=360° (£ sum of quadrilateral)
SLLa+Lb+ Lo+ Ld+ Le+ Lf+ Lg+ Lh =720°-360°
=360°

Geometrical constructions of triangles and
quadrilaterals

Practise Now 7

48° 56°
X Y
8 cm

.. length of shortest side = YZ = 6.1 cm

Practise Now 8
R

7.2cm 9.8 cm

P 8.4 cm

The angle facing the longest side QR is ZQPR = °77.
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Practise Now 9
1. K

RN

7 cm
Cl
45°
B
A 9cm
Possible lengths of BC are 3.4 cm and 9.3 cm.
2 zZ
4.8 cm
130°,
X Y
7.6 cm
Length of XZ =11.3 cm
Practise Now 10
1.
II
/
8.5cm

Length of AC=12.2 cm
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A

Length of AC=12.3 cm

Practise Now 11

1.

(i) Length of PS=7.0 cm
(ii) PSR=54°

OXFORD

UNIVERSITY PRESS

5.6 cm

: ¢
s . T6.5cm
: mp
10.5 cm
R
9.2cm
95°
6.2 cm
80°
Q



S
8.2 cm
5.8 cm
p R
9.2 cm
6 cm 7.5 cm
Q
QRS = 79°
Exercise 11C
1.
C
45° 60°,
A B
10.2 cm

Length of AC=9.1 cm
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10 cm 10 cm
Q 9cm
QPR =53°
3. (a)
C
6.5 cm
80°
A
8 cm B

Length of AC=9.4 cm
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(b) K

110°

Y
X 5cm

Length of XZ = 6.0 cm
A

4.5cm ~

60° RS
X
8 cm Y

Length of YZ=3.9 cm
Length of WY = 6.9 cm
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3.6 cm

—l N
4 cm

(i) LengthofQS=5.4cm

(i) QRS=68°

P

7.
10 cm Q

(i) Lengthof SR=4.2cm

(ii) PRS=20°
8 C

8.8 cm 9.2 cm
D E
10.4 cm

The smallest angle is the angle opposite the shortest side CD.
Required angle, ZCED = 53°
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7.5cm
Cl
7.5 cm
50°
A B
8.4cm
Possible lengths of BC are 1.5 cm and 9.3 cm.
10.
D it <
\ﬂ\MI\W\
# B
A 60 mm
(i) All four sides of a rhombus are equal in length.
(i) BAD=171°
11.
P i S
9 em 7.5 cm
Q 12 cm R

QPS=133°
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12.

(
(
13. (
(

11 cm

i) QRS=106°

ii) Length of RU=4.1cm

i) 6 different triangles can be constructed.

ii) The triangle with 7 cm as its shortest side is the one where 7 cm faces
the smallest angle.

80° 60°
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14. It is not possible to do so. The sum of the lengths of any two
(shorter) sides of a triangle must be greater than the length of the
third side. In this case, 1 cm + 3 cm = 4 cm is less than 5 cm. Thus,
there is no such triangle.

15.

20°

53cm

10.2 cm

(i) 2 different triangles can be constructed.
A property of triangles is that the largest angle of a triangle
is opposite the longest side and the smallest angle is opposite
the shortest side.
Since ZUTV (= 20°) is opposite the side UV (with length 5.3
cm), then £ TVU, which is opposite the longer side TU (with
length 10.2 cm), must be larger than £ UTV (= 20°).
An angle larger than 20° can be an acute angle, a right angle
or an obtuse angle.
If ZTVU is a right angle, there is only one way to draw the
triangle TUV.
Otherwise, we can draw two different triangles such that £
TVU is an acute angle larger than 20°, or an obtuse angle.

Note: In Secondary 1, students will not know whether L TVU
is a right angle or otherwise unless they construct the triangle.
(ii) For V: length of longest side, TU = 10.2 cm,
largest angle, £ TV,U = 139°
For V: length of longest side, TV, = 13.6 cm,
largest angle, Z TUV, = 119°

Polygons

Class Discussion (What are polygons?)

1. The first shape has a curve, and the other two are not closed.

2. The third polygon is a simple polygon but the fourth one is not,
as the boundaries cross each other.

3. Thesecond and third polygons have interior angle(s) that are more
than 180°.

Investigation (Naming of polygons)
Pentagon (5-sided)

Hexagon (6-sided)

Octagon (8-sided)

Decagon (10-sided)

Thinking Time (Page 286)

1. The pentagon and hexagon are regular polygons.

2. The name of a regular triangle is an equilateral triangle and the
name of a regular quadrilateral is a square.

Class Discussion (Definition of a regular polygon)
1. Yes.
(a) Rhombus

(b)

2. Yes.
(a) Rectangle
B~

g
N [

<O
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Investigation (Sum of interior angles of polygon)

1.
Number Number of
Polygon . Triangle(s) | Sum of Interior Angles
of sides
formed
A 3 1 1x180°=(3-2)x180°
Triangle
‘ 4 2 2% 180° = (4 - 2) x 180°
Quadrilateral
‘ 5 3 3x180° = (5 - 2) x 180°
Pentagon
‘ 6 4 4%180° = (6 - 2) x 180°
Hexagon
. 7 5 5% 180° = (7 - 2) x 180°
Heptagon
. 8 6 6 x 180° = (8 - 2) x 180°
Octagon
n-gon n (n-2) (n-2)x180°
2. Ifapolygon has n sides, then it will form (n - 2) triangles.
3. The general formula for the sum of interior angles of an n-sided
polygon is (n - 2) x 180°.
4. Yes, a triangle will always be added when a point is added to

change a pentagon into a hexagon.

OXFORD
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Practise Now 12
1. (a) Sum of interior angles of a pentagon
= (n-2)x180°
=(5-2)x180°
=540°
a®+121° + a° + a° + 107° = 540°
3a° =540° - 121° - 107°

3a° =312°
, 3120
“T
=104°
soa =104
(b) Sum of interior angles of a hexagon
=(n-2)x180°
=(6-2)x 180°
=720°

3b° + 4b° + 104° + 114° + 128° + 122° = 720°
7b° =720° — 104° — 114°

-128°-122°
7b° = 252°
po - 252°
7
=36°
. b=36

2. Sum of interior angles of an n-sided polygon = (n - 2) x 180°
74° +136° + (n - 2) x 110° = (1 - 2) x 180°
210° + n(110°) - 220° = n(180°) - 360°

n(70°) = 350°

350°

n= —

70°

=5

Practise Now 13

(i) Sum of interior angles of a regular polygon with 24 sides
=(n-2)x180°
= (24-2) x 180°
=3960°

(ii) Size of each interior angle of a regular polygon with 24 sides
_3960°
24
=165°

Investigation (Sum of exterior angles of pentagon)

2. The exterior angles meet at a point. Since the sum of angles at a
point is 360°, the sum of the exterior angles of a pentagon is 360°.

3. The exterior angles of an n-sided polygon also meet at a point.
Since the sum of angles at a point is 360°, the sum of the exterior
angles of an n-sided polygon is 360°.



Thinking Time (Page 290)
Since Za+ £p=180°% Lb+ £q=180°% Lc+ Lr=180° Ld + /s

=180°and Le+ £t=180°%then La+ Zp+ Lb+ /Lq+ Lc+ Lr+

Zd+ s+ Le+ Lt=5x180°

S(La+ Lb+ Lo+ Ld+ Le)+ (Lp+ Lq+ Lr+ Ls+ LT)=900°

Since the sum of interior angles of a pentagon
=/Za+/b+Lc+Ld+ Le

=(5-2) x 180° = 540°, then

540°+ (Lp+ Lq+ Lr+ Ls+ Lt) =900°

SoLp+ L+ Lr+ Ls+ Lt =900° - 540°
=360°

Class Discussion (Exterior angles of polygon)

1.

No. Since 70° is not an exact divisor of 360°, hence a regular
polygon to have an exterior angle of 70° is not possible.
Since

360° =3 x 120°, 360° =20 x 18°,

360° =4 x 90°, 360° =25 x 15°,
360° = 6 x 60°, 360° =30 x 12°,
360° = 8 x 45°, 360° =40 x 9°,
360° =9 x 40°, 360° =45 x 8°,
360° =10 x 36°, 360° = 60 x 6°,
360° =12 x 30°, 360° =90 x 4°,

360° = 15 x 24°, 360° = 120 x 3°,

360° = 18 x 20°, 360° = 180 x 2°,

All the possible values of the angle are 2°, 3°, 4°, 6°, 8°, 9°, 12°,
15°, 18°, 20°, 24°, 30°, 36°, 40°, 45°, 60°, 90° and 120°.

Practise Now 14

1.

(a) The sum of exterior angles of the regular polygon is 360°.
.. number of sides of the polygon
_360°
40°
=9
(b) Size of each exterior angle of a regular polygon
=180°-178°
=2°
The sum of exterior angles of the regular polygon is 360°.

.. number of sides of the polygon
_360°
=
=180
The sum of exterior angles of the regular decagon is 360°.

.. size of each exterior angle of the regular decagon
360°

10°

=36°

.. size of each interior angle of the regular decagon

=180° - 36°

=144°

The sum of exterior angles of an n-sided polygon is 360°.

25° +26° + 3(180° - 161°) + (n - 5)(180° - 159°) = 360°
25° +26° + 3(19°) + (n - 5)(21°) =360°

25° +26° + 57° + n(21°) - 105° = 360°

n(21°) =360° - 25° - 26° - 57° + 105°

=357°

_357°

D

=17

Practise Now 15

E D
F C
]
A ' B G
. . 360°
Size of each exterior angle of the hexagon =
=60°
CBG = BCG = 60°
BGC + 60° + 60° = 180° (£ sum of ABCG)
BGC =180° - 60° - 60°
=60°
Practise Now 16
(i) Sum of interior angles of a pentagon
=(n-2) % 180°
=(5-2) % 180°
=540°
Since PBC is an interior angle of a pentagon,
- pic= 222 _108°

(ii) Since CRQ is an interior angle of a pentagon,
. CRQ = 108°.
Let QCR = CQR = x° (base Zs of isos. ACQR)
x° +x° + 108°= 180° (£ sum of ACQR)
2x°=180° - 108°
2x°=72°
72
2
=36°
. QCR = 36°
(iii) BCD + 108° + 90° = 360° (s at a point)
BCD = 360° - 108° - 90°
=162°
(iv) Let BDC=BCD = y° (base Zs of isos. ABCD)
¥°+9y°+162° =180° (£ sum of ABCD)
2y° =180° - 162°

o

X

2)° = 18°
.18
Y=
=90
-~ BDC=9°

(v) Let the exterior angle of the n-sided polygon be a°.

a® + 162° = 180° (adj. Zs on a str. line)
a° =180° - 162°

=18°
Since the sum of the exterior angles of the n-sided polygon is 360°,
360°
n=—
18°
=20
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Introductory Problem Revisited

1. Method 1:
Size of each interior angle = 36300 (£s at a point)
=120° (shown)
Method 2:
Sum of interior angles of a hexagon = (6 - 2) x 180°

=720°
720°

Size of each interior angle =

=120° (shown)

Class Discussion (Line symmetry of special quadrilaterals and
regular polygons)
1. A rectangle has 2 lines of symmetry.
A square (that is a not a rectangle) has 4 lines of symmetry.
A parallelogram (that is not a rectangle or a rhombus) has no
line of symmetry i.e. 0.
A rhombus has 2 lines of symmetry.
A kite has 1 line of symmetry.
2. The angles opposite each other along the line of symmetry are
equal.
3. A pentagon has 5 lines of symmetry.

An hexagon has 6 lines of symmetry.

An octagon has 8 lines of symmetry.
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Class Discussion (Rotational symmetry of special quadrilaterals
and regular polygons)
1. A rectangle has a rotational symmetry order of 2.
A square (that is a not a rectangle) has a rotational symmetry
order of 4.
A parallelogram (that is not a rectangle or a rhombus) has a
rotational symmetry order of 2.
A rhombus has a rotational symmetry order of 2.
A Kkite has a rotational symmetry order of 1, i.e. no rotational
symmetry.
2. The figure will only map onto itself when rotated about its centre.
3. For example:
o Asquare has 4 equal sides and angles given that it has a
rotational symmetry of order 4.
o The opposite angles of a rhombus are equal.
4. Yes.
A pentagon has a rotational symmetry of order 5.
An hexagon has a rotational symmetry of order 6.
An octagon has a rotational symmetry of order 8.
5. From the symmetries, it will indicate the number of identical
triangles formed in each polygon.
A pentagon will have 5 identical triangles formed.
An octagon will have 8 identical triangles formed.
Other angles which are equal to Zx are indicated as below:

Exercise 11D
1. (a) Sum of interior angles of an 11-gon
= (n-2) % 180°
= (11-2) x 180°
=1620°
(b) Sum of interior angles of a 12-gon
= (n-2)x 180°
= (12-2) x 180°
=1800°
(c) Sum of interior angles of a 15-gon
=(n-2)x180°
= (15-2) x 180°
=2340°
(d) Sum of interior angles of a 20-gon
=(n-2)x180°
= (20 - 2) x 180°
=3240°
2. (a) Sum of interior angles of a quadrilateral
=(n-2)x180°
= (4-2)x 180°
=360°
78° +62° + a° + 110° = 360°
a® =360° - 78° - 62° - 110°
=110°
soa =110



(b)

(©

(@)

(b)

Sum of interior angles of a quadrilateral

=(n-2)x180°
— (4-2) x 180°
=360°

b° +78° + 2b° + 84° = 360°
3b° =360° - 78° - 84°

=198°
o - 198°
3
=66°
.. b =66
Sum of interior angles of a pentagon
=(n-2)x180°
=(5-2) x 180°
=540°

c®+152° + 38° + 2¢° + 101° = 540°
3¢°® =540° - 152° - 38° - 101°

3c® =249°
. 249°
-3
=83°
S.c=83
Sum of interior angles of a hexagon
=(n-2)x180°
= (6-2) x 180°
=720°

102° + 5d° + 4d° + 4d° + 108° + 4d° = 720°
17d° = 720° - 102° - 108°

=510°
o 510
17
=30°
c.d =30
(i) Sum of interior angles of a regular octagon
=(n-2)x180°
= (8-2) x 180°
=1080°
(ii) Hence, size of each interior angle of a regular octagon
~1080°
-8
=135°
(i) Sum ofinterior angles of a regular polygon with 18 sides
=(n-2)x180°
= (18 - 2) x 180°
=2880°
(ii) Hence,sizeofeachinteriorangleofaregularpolygonwith 18
sides
_2880°
- 18
=160°

The sum of exterior angles of the regular polygon is 360°.

45°

.. number of sides of the polygon =

=8
The sum of exterior angles of the regular polygon is 360°.

o

90°

.. number of sides of the polygon =

=4

(c)

(d)

(a)

(b)

(c)

(d)

(a)

(b)

The sum of exterior angles of the regular polygon is 360°.
40
=90
The sum of exterior angles of the regular polygon is 360°.

.. number of sides of the polygon =

o

.. number of sides of the polygon = fggo

=3
Size of each exterior angle of the regular polygon
=180° - 140°
=40°
The sum of exterior angles of a regular polygon is 360°.
.. number of sides of the polygon
360°
T o400
=9
Size of each exterior angle of the regular polygon
=180° - 162°
=18°
The sum of exterior angles of a regular polygon is 360°.
.. number of sides of the polygon
~360°
18
=20
Size of each exterior angle of the regular polygon
=180°-172°
=8°
The sum of exterior angles of a regular polygon is 360°.
.. number of sides of the polygon
~360°
T
=45
Size of each exterior angle of the regular polygon
=180°-175°
=5°
The sum of exterior angles of a regular polygon is 360°.
.. number of sides of the polygon
~360°
==
=72
The sum of exterior angles of the regular polygon is 360°.

.. Size of each exterior angle of the regular polygon
360°

24

=15°

.. Size of each interior angle of a regular polygon with 24 sides
=180° - 15°

=165°

The sum of exterior angles of the regular polygon is 360°.

.. Size of each exterior angle of the regular polygon
360°

© 36

=10°

.. Size of each interior angle of a regular polygon with 36 sides
=180°-10°
=170°
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10.

11.

OXFORD

Sum of interior angles of n-sided polygon = (n - 2) x 180°
76° + 169° + 105° + (n - 3) x 146° = (n - 2) x 180°
350° + n(146°) - 438° = n(180°) - 360°
n(34°) =272°
272°
34°
=8
The sum of exterior angles of an sided polygon is 360°.
3(50°) + (180° — 127°) + (180° — 135°) + (1 — 5)(180° — 173°) = 360°
150° + 53° + 45° + (1 — 5)(7°) = 360°
150° + 53° + 45° + n(7°) - 35° = 360°
n(7°) =360° - 150° - 53° - 45° + 35°
=147°
147°
n=—
=21
Let each interior angle and exterior angle be 13x° and 2x°

n=

respectively.
13x° + 2x° = 180° (adj. Zs on a str. line)
15x° = 180°
. 180°
x° =
15
=12°
Size of each exterior angle, 2x° = 2(12°)
=24°

24°
=15

.. number of sides of polygon, n =

A

o

Size of each exterior angle of the heptagon =

=51.429° (to 3 d.p.)
BHIC = 180° - 51.429° — 51.429° (£ sum of ABCH)
=77.1° (to 1 d.p.)
(i) Sum of interior angles of a hexagon
=(n-2)x180°
=(6-2)x 180°
=720°
.. size of each interior angle of a hexagon
_720°
6
=120°
Since ABP is an interior angle of a hexagon,
<. ABP=120°.
(ii) Since PQR is an interior angle of a hexagon,
. POR = 120°.

PQX = % (QA is a line of symmetry)

=60°

UNIVERSITY PRESS

A 360°
(iii) AXB = o (£s ata point)

=60°
(iv) Sum of interior angles of a pentagon
=(n-2)x180°
=(5-2) x 180°
= 540°
... size of each interior angle of a pentagon
 540°
5
=108°
Since ABC is an interior angle of a pentagon,
. ABC=108°.
(v) Since size of each interior angle of a pentagon = 108°,
. BCD = 108°
Let BAC=BCA = x° (base Zs of isos. AABC)
x°+ x° + 108° = 180° (£ sum of AABC)
2x° =180° - 108°
2x° =72°
72°
2
=36°
Sox =36

o

x° =

Hence,
ACD = BCD - BCA
=108° - 36°
=72°
(vi) Since size of each interior angle of a hexagon = 120°,
. BAS=120°
Since size of each interior angle of a pentagon = 108°,
<. BAE=108°
120° + 108° + SAE = 360° (£s ata point)
SAE =360° - 120° - 108°
=132°
Let ASE = AES = x° (base £ of isos. AAES)
x° 4 x° + 132° = 180° (£ sum of AAES)
2x° =180° - 132°
2x° =48°
4
2
=24°
- ASE =24°

o

X

12. (i) Since sum of exterior angles of an n-sided polygon is 360°,

360°
=36 "
(ii) Size of an interior angle of the polygon
=180° - 36° (adj. Zs on a str. line)
= 144°

N 10.

£ CDB=

180° - 144°
— (base Zs of isos. ABCD)

=18°
/BDE = 144° - 18°
=126°

180° - 144°

(iii) £DCE = (base s of isos. ACDE)

=18°

/. CXD=180° - 18° - 18° (£ sum of ACXD)
=144°

£/ BXE = £ CXD = 144° (vert. opp. £s)



13.

(i) Sum of interior angles of a regular polygon with 20 sides
=(n-2)x180°
=(20-2) x 180°
=3240°
Hence, size of each interior angles of a regular polygon
with 20 sides
_3240°
-~ 20
=162°
- ABC=162°
(ii) Since size of each interior angle of a regular polygon with
20 sides
=162°,
- BCD =162°
Let CBD = CDB = x° (base Zs of isos. ABCD)
x°+ x° + 162° = 180° (£ sum of ABCD)
2x° =180° - 162°

2x° =18°
.18
Y
=9°
Sox=9
Hence,
ABD = ABC - CBD
=162°-9°
=153°

14. a, +x, =180° (adj. Zs on astr. line)
a, +x,=180° (adj. Zs on a str. line)
a, +x,=180° (adj. Zs on a str. line)
a,+x,=180°( )
a +x =180°(adj. Zs on a str. line)

adj. Zs on a str. line

Hence,

a+x +a,+x,+a,+x,+a,+a,+-+a +x =nx180°

\al+a2+a3+a4+---+an;Hfl+x2+x3+x4 +~--+xn7nx 180°

Y Y

(n-2)x180° +x, +x, +x, +x, +- +x =nx180°
X+ X, + X+ X, + o+ x =nx180°=(n-2)+360°
X, +x,+x,+x, +-+x =180°n-180°n+360°

Sox Hx,+x,+x, + e+ x = 360° (shown)
15. Sum of interior angles of a pentagon = 540°

Let the exterior angle of the pentagon be x°.
5(180° - x°) = 540°
900° - 5x° = 540°
-5x° = 540° - 900°

-5x° = -360°
. 360°
x° =
5
=72°

Za+72°+72° =180°
Za =180°-72°-72°
=36°
Hence, Za+ /b+ Zc+ £d+ Ze=5x36°=180°

16. (i) Let the interior angle be 5x° and the exterior angle be x°.
5x° + x° = 180° (adj. £s on a str. line)
6x° = 180°
180°
6
=30°
Since sum of exterior angles of a n-sided polygon is 360°,
30°
(ii) ABC= 5(30°) = 150° (int. £ of a 12-sided polygon)
Let BAC=BCA = x° (base £s of isos. AABC)
x° + x° + 150° = 180° (£ sum of AABC)
2x° =180° - 150°
2x° = 30°
30°
2
=15°
Hence, ACD = BCD - BCA
=150° - 15°
=135°
(iii) ABC = BCD = 150° (int. Z of a 12-sided polygon)
BAD = ADC = y° (base s of isos. quadrilateral, BA = CD)
¥°+ y° + 150° + 150° = 360° (£ sum of quadrilateral)
2)° = 360° - 150° — 150°

o

12

o

x° =

2)° = 60°

. 60°
Y=
=30°

- ADC =30°

CDE = 150° (int. £ of a 12-sided polygon)
Hence, ADE = CDE - ADC
=150° - 30°
=120°
17. Let the number of sides of the polygon the robot travels in be .
(”y Then, the distance travelled by the robot in one round is 3n m.
" 'The size of each exterior angle of the polygon is x°.
360°
—
Since x is an integer, n must be a factor of 360.

o

X

For 3n m to be between 100 m and 150 m, possible values of n
are 36 (where 3n = 108), 40 (where 3n = 120) and 45 (where 3n
=135).

When n = 36,

_360°

T 36°

=10°

Sox=10

Perimeter, 3n m = 108 m

When n = 40,

_360°

T 40

=9°

S.x=9

o

o

Perimeter, 3n m = 120 m
When n =45,
360°
45
=8°
S.x=8

o

X =

Perimeter, 3n m =135 m
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Chapter 12 Perimeter and Area of Plane Figures

TEACHING NOTES
Suggested Approach

In the previous chapter, students have learnt the construction of plane figures such as triangles and quadrilaterals with the aid of
compasses. Here, they will learn how to convert units of area, and to find the perimeter and area of triangles, quadrilaterals and
circles. Students will review how to find the area of rectangles and then progress to calculating the area of triangles, parallelograms
and trapeziums. Once the students are familiar with the concept of perimeter as a measure of boundary and area as a measure of
the amount of space within the boundary of a two-dimensional figure, they will learn how to determine the circumference and area
of circles in Section 12.5, where the constant it will be formally introduced. Thus, teachers should ensure that students are able to
solve problems relating to base, height and area of triangles before progressing to parallelograms, trapeziums and finally, circles.

Section 12.1: Conversion of units

Teachers may wish to recap with the students the conversion of unit lengths from one unit of measurement to
another (i.e. mm, cm, m and km) before moving onto the conversion of units for areas.

Teachers may ask students to remember simple calculations such as 1 cm* =1 cm x 1 cm to help them in their
calculations when they solve problems involving the conversion of units (see Investigation: Converting between
cm? and m?).

Section 12.2: Perimeter and area of rectangles and triangles

This section opens with a revision of the perimeter and area of rectangles and squares. Students are reminded to be
clear of the difference in the units used for perimeter and area (e.g. cm and cm?).

In Section 12.C, teachers should highlight that any of the three sides of a triangle can be designated as the base, and
the height of a triangle is the perpendicular distance between the base and the apex (opposite vertex) of the triangle.
The height may lie within, or outside of the triangle. In the latter case, a dotted line is extended from the base in
order to find the height of the triangle (see Fig. 12.2(c) on page 305). Teachers should stress that the base, however,
does not include the length of the extension.

Two activities are designed to help students can conclude that the area of a triangle is % x base x height and

emphasise that the area of a triangle is the same regardless of the side chosen as its base (see Investigation: Finding
the area of a triangle and Investigation: Area of triangle using different sides as base). Teachers should ensure that
students are confident in solving problems relating to finding the base, height and area of a triangle before proceeding
to the next section.

Section 12.3: Perimeter and area of parallelograms

Teachers should ensure that the students are able to identify the base and height of parallelograms. It is important to
emphasise to the students that the height of a parallelogram is with reference to the base and it must be perpendicular
to the chosen base. Also, the height may lie within, or outside of the parallelogram. Teachers can highlight to the
students that identifying the height of a parallelogram is similar to identifying the height of a triangle.

Teachers can guide students in finding the formula for the area of a parallelogram (see Investigation: Formula for
area of parallelogram). Both possible methods may be shown to students (The second method involves drawing
the diagonal of the parallelogram and finding the area of the two triangles). It is important that students realise that
this formula applies even when the height of a parallelogram cannot be drawn within the base (see Journal Writing
on page 313). Students can also discover for themselves that the area of a parallelogram is invariant with the same
height and base regardless of how slanted they are (see Thinking Time on page 314).

Section 12.4: Perimeter and area of trapeziums

Teachers should recap with students the properties of a trapezium. Unlike the parallelogram, the base of the trapezium
is not required, and the height must be with reference to the two parallel sides of the trapezium. Thus, the height
lies either inside the trapezium, or it is one of its sides (this occurs in a right trapezium, where two adjacent angles
are right angles).

Teachers should guide students in finding the formula for the area of a trapezium (see Investigation: Formula for area
of a trapezium). Both possible methods should be shown to students (The second method again involves drawing
the diagonal of the trapezium and finding the area of the two triangles).
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Section 12.5

Teachers can enhance the students’ understanding and appreciation of the areas of parallelograms and trapeziums
by showing them the link between the area of a trapezium, a parallelogram and a triangle (see Thinking Time on
page 319).

Circumference and area of circles

Teachers should familiarise students with the terms used when describing a circle (centre, radius and diameter),
and highlight that the diameter of a circle is twice its radius.

Teachers should guide the students in finding the formulae for the circumference and the area of a circle (see
Investigation: Formula for circumference of circle and Investigation: Formula for area of circle). From the first
investigation, the constant x is introduced as the ratio of the circumference to the diameter of a circle.

Teachers may consolidate what the students have learnt in this chapter and pique their interest by showing the
relevance of area and perimeter of plane figures in real-world contexts (see Class Discussion: Perimeter and area of
composite figures in real-world contexts).
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Worked Solutions

Introductory Problem (d 100cm =1m
(a) Counting the number of square units, the area of ABCD is 20 lem = 1 m
square units. 100 ,
(b) The trapezium can be divded into two triangles and one rectangle. (1cm) = ( ﬁ m )
1 1
Areaof ABCD = — x2x4+3x4+ — x2x4 1 1
2 2 =— mx —m
=4+12+4 100 100
= 20 units? lem? = 1 m
(c) We can find the area of a trapezium by decomposing it into other 10000
figures. 300 cm? = 300 x —— m?
(d) Any trapezium can be decomposed into a rectangle and one or 10000
=0.03 m?

two triangles.
(e) 100cm=1m

1
lcm=— m

100
Conversion of units ) (1cm)? = (L m )2
100
1 1
= To0 M o™
Investigation (Converting between cm? and m?) 5 1
1. Yes,1 m=100 cm. Thus the length of each side of the two squares y o = 10000
is equal and the squares are identical. 1 480m? = 7dacke 1 m?
2. Yes. 10 000
3. Areaof square P =1m? =0.7146 m*
4. Area of square Q = 10 000 cm? (f) 100cm =1m
5. Since the two squares have equal areas, then 10 000 cm* =1 m”. Lchn = 1 m
6. Area of square P =10 000 cm? 100
Area of each square tile = 1 cm? (1 cm)? = (L m )2
10 000 100
Number of square tiles needed = ) 1 1
=— mx — m
=10 000 100 100
lcm?= ——— m
Practise Now 1 10000
(@ 1m=100cm 0.1 cm? =0.1 x 1 m?
(1 m)? = (100 cm)? 10000
=100 cm x 100 cm =0.000 01 m?
1 m? =10 000 cm?
10 m? = 10 x 10 000 cm?
=100 000 cm? . .
(b) 1m =100 cm Perimeter and area of rectangles and triangles )
(1 m)? = (100 cm)?
=100 cm x 100 cm
1 m® =10 000 cm? Practise Now 2
22.5m? =22.5 x 10 000 cm* Let the length of the square field = x m.
=225000 cm* 2[(x+5.5+55) + (x+3.5+3.5)] =64
(c) 1'm =100 cm 2x+18 =32
(1 m)? = (100 cm)? 2x =14
=100 cm x 100 cm x =7
1 m* =10 000 cm? Area of path
0.16 m* = 0.16 x 10 000 cm? = (7+55+55)(7+3.5+3.5) - 7
= 1600 cm® =18(14) - 49
=203 m?
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Practise Now 3A

Area of AABC = % x area of ABCD
1
=—x6x10
2
=30 cm?

2. Areaof AJKG = % x area of JKGH

=l><6><7
2

=21 cm?
Area of AJFG = Area of AJFK + Area of AJKG
=30 cm?
3. (a) The area of AABC is half of the area of rectangle ABCD.
(b) The area of AJFG is half of the area of rectangle EFGH.

4. Areaof AABC= % x AB x BC
Area of AJFG = % x JK x FG

5. AreaofALMN:%x6x8

=24 cm?
At the conclusion that area of triangle = é x base x height, teachers

may point out that AABC and AJFG have the same area. Although the
shapes of AABC and AJFG are different, they have the same base and
height. Teachers may ask students why ALMN has a smaller area than

(d) : AABC and ANJFG.
1
h Practise Now 3B
:_L (a) Base =4 cm and height = 1.5 cm
L

< b - Area of triangle = % x4x1.5

=3 m’
(b) Base =6.75 cm and height = 2 cm

Area of triangle = % X 6.75 % 2

:lx2><6.75
2

® =6.75 cm?
(c) Base =3 m and height=320cm =3.2m

Area of triangle = % X3x3.2

=4.8 m?

Investigation (Area of triangle using different sides as base)
2. AC=235cm
h =1.45cm
3. Areaof AABC=1.7 cm?(to 1 d.p.)
4. (i) BC=2.15cm
h,=1.55cm
Area of AABC = 1.7 cm? (to 1 d.p.)

Investigation (Finding area of a triangle) (i) AB=16
11 =1.0cm

Part 1: ho—21
1. Areaof ABCD =&
— AB x BC Area of AABC = 1.7 cm? (to 1 d.p.)
~ 6x 10 Yes, the area of AABC obtained using different pairs of heights and
~ bases are the same.
=60 cm’
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Practise Now 4

1. Area of triangle = % x base x height

62.3 = % x QR x 7.4
=3.7x QR
62.3
QR = 37
=16.8m (to 3s.f)
2. (i) Areaof AACD = % x 18 x 28
=252 cm?

(ii) Area of AACD = % x AC x BD

252=%X30><BD

=15%x BD

o= 22
15

=16.8 cm
3.  Area of shaded region

= area of rectangle ABCD - area of AARQ - area of ABRS

- area of ACPS - area of ADPQ

1 1
:25x17—5x(25—14)x5—5><14x3

1 1
-5 x (25-8)x (17 -3) - Ex(17—5)x8

=425 - l ><11><5—21—l ><17><14—l x12x8
2 2 2

:425—27% -21-119-48

1
=209 — m?
2m

Exercise 12A
1. (a) 1m =100 cm
(1 m)* = (100 cm)?
=100 cm x 100 cm
1 m? =10 000 cm?
40 m? =40 x 10 000 cm?
=400 000 cm?
(b) 1m =100 cm
(1 m)*= (100 cm)?
=100 cm x 100 cm
1 m? =10000 cm?
89.2 m? = 89.2 x 10 000 cm?
=892 000 cm”
(c) 1m=100cm
(1 m)*= (100 cm)?
=100 cm x 100 cm
1 m? =10 000 cm?
0.03 m? =0.03 x 10 000 cm?
=300 cm?
(d) 1m =100 cm
(1 m)* = (100 cm)?
=100 cm x 100 cm
1 m? =10 000 cm?
5.176 m? = 5.176 x 10 000 cm?
=51 760 cm?
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(i) Area of rectangle = length x breadth
259 = 18.5 x breadth

Breadth of rectangle = 239
18.5
=14cm
(ii) Perimeter of rectangle = 2(18.5 + 14)
=65cm

(a) Base =4.2 cm and height = 1.5 cm

Area of triangle = % x base x height

:l><4.2><1.5
2

=3.15 cm?
(b) Base = 6 cm and height = 4.5 cm

Area of triangle = % x base x height

= l X 6 x 4.5
2
=13.5 cm?

Area of triangle = % x base x height

231 = % x 2.48 x WX

=124 x WX
231
T 124
=1.86 cm (to 3 s.f))
Let the breadth of the rectangular field be x m.
Then the length of the field is (x + 15) m.
2[(x+15) + x] =70
2(2x +15)=70
2x+15=35
2x =20
x=10
.. breadth of field = 10 m
Length of field = 10 + 15
=25m
Area of field =25 x 10
=250 m?

WX

Area of path = (25 + 2.5+ 2.5) x (10 + 5 + 5) - 250

=30 x20-250
=600 - 250
=350 m?

Area of shaded region = area of AABC - area of AADE

= l x20x 21 - l x 10 x 10.5
2 2

=210-52.5
=157.5 m?

Area of AACD = % x ACx BD = % x CD x AE

l x20><BD:l x 22 x 16
2 2

10 x BD =176
BD=17.6
Length of BD = 17.6 cm



8. Area of shaded region = area of APQR + area of APSR

= ><AR><RP+%><RB><RP

x RP x (AR + RB)

N | =

x AD x AB

N | =

x 23 % (7 + 13.5)

— N |

= — x205x%x23
2

235.75 m?
9. (a) Example: The possible dimensions of rectangles with an area

=) of 30 cm? are
* 6 cm by 5 cm (perimeter = 22 cm),
10 cm by 3 cm (perimeter = 26 cm), and
15 cm by 2 cm (perimeter = 34 cm).
(b) Example: The possible dimensions of rectangles with a
perimeter of 40 cm are
12 cm by 8 cm (area = 96 cm?),
15 cm by 5 cm (area = 75 cm?), and
17 cm by 3 cm (area = 51 cm?).

Perimeter and area of parallelograms

Practise Now 5A
(a)

(b)

(e)

®

(g)

(h)

~o II
RN
{

Investigation (Formula for area of parallelogram)

1.
2.

The new quadrilateral CDEF is a rectangle.

Length of CF =length of DE=h

Length of EF = length of EB + length of BF
= length of EB + length of AE

=b
Area of parallelogram ABCD = area of rectangle CDEF
=EFx CF
=bh

Divide the parallelogram ABCD into two triangles ABC and ADC
by drawing the diagonal AC as shown below:

Grp-2 c

\
1
1
1
1
1
1
1
1
1 -
1
[
/

\

-
< E b

Length of CF = length of AG = length of DE = h

Area of parallelogram ABCD = area of AABC + area of AADC

A

% xABxCF+% x DCx AG

Lons Lon
2 2
—bh
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Journal Writing (Page 313)

From the geometry software template ‘Area of Parallelogram’, we can
conclude that the formula for the area of parallelogram is also applicable
to oblique parallelograms. The height of the parallelogram is taken as
the perpendicular distance between the two parallel sides.

Practise Now 5B
1. (i) Perimeter of parallelogram = 2(30 + 7)

=74m
(ii) Area of parallelogram =24 x 7
=168 m*
2. (i) Perimeter of rhombus =4 x 8
=32cm
(ii) Area of rhombus =8 x 7.4
=59.2 cm?
Thinking Time (Page 314)
(i) Area of parallelogram X =6 x 8
=48 cm?
Area of parallelogram Y =6 x 8
=48 cm?
Area of parallelogram Z =6 x 8
=48 cm?

(ii) They have the same areas because the lengths of their bases and
heights are the same.

Practise Now 6

Area of APRS = % x RS x height

48 = % x 10 x height
=5 x height
. 48
Height of APRS = =

=9.6m
Height of APRS = height of rhombus = RT
.. length of RT = 9.6 m

Practise Now 7
Area of parallelogram ABCD = AD x height
Area of parallelogram PQRS = PS x height
Since parallelograms ABCD and PQRS have a common height,
area of ABCD : area of PQRS = AD : PS
=5:1

Practise Now 8
30

< »
< !

1 4 1 X
—H————————————————————————p
‘ly

x=30-1-4-1
= 24 units

1
Area of red portion =2 x 5 X 24xy

= 24y units®
Area of black portion =4 x y
= 4y units?
Area of white portion =2x 1 x y
= 2y units?
... required ratio = 24y : 4y: 2y
=12:2:1

@ Perimeter and area of trapeziums

Practise Now 9A

(a) /

:

\h

1

1
7
h

(b) :
:—I
(©
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Investigation (Formula for area of trapezium) Area of trapezium ABCD

1. The new quadrilateral AFGD is a parallelogram. = area of parallelogram AFCD + area of AFBC
2. Length of AF=length of AB + length of EF — AFx DE + L FBx CG
=b+a 2
=a+b :uxh+%x(b—u)xh
3. Area of trapezium ABCD = 1 x area of parallelogram AFGD 1
2 =2 Qa+b-ah
_1 x AF x h 1
2 =S @+bh
- Larom
2 Teachers may wish to get higher-ability students to come up with
4. Method 1: more methods to find a formula for the area of a trapezium.
Divide the trapezium ABCD into two triangles ABD and DCB by
drawing the diagonal BD as shown below: Thinking Time (Page 319)

A
a

1. (i) The new figure is a parallelogram.

D

(ii) Area of trapezium = % (a+b)h
When a = b,
%(a+b)h - %(b+b)h
1

1
1
1
I
1
| ~
1
1
1
1

= —(2b)h
: ~ (@2b)
! =bh
! = area of parallelogram
A . 2. (i) The new figure is a triangle.
< E b (ii) Area of trapezium = % (a+b)h
Length of FB =length of DE = h When a = 0,
Area of trapezium ABCD = area of AABD + area of ADCB 1 1
1 1 —(a+bh=—(0+b)h
= = xABx DE+ > x DCx FB 2 2
2 2 1
1 1 = bk
=—xbxh+=xaxh 2
2 2 = area of triangle
- L pram
2 Practise Now 9B
_ 1 (a+b)h (i) Perimeter of trapezium =5+ 6+ 13.2 +5.5
2 =29.7m
Method 2: 1
Divide the trapezium ABCD into a parallelogram AFCD and a (i) Areaof trapezium = 7% (132+5) x4
triangle FBC by drawing a line FC // AD as shown below: - 36.4 m?
- a
D,

Practise Now 10

1
E (i) Area of trapezium = % x (SR + PQ) x PS
1
I 72 = X % (10+14)x PS
L 2
i =12xPS
I
| ps= 22
\ 12
: =6
A .| .. length of PS=6m
< E b (ii) Perimeter of trapezium = PQ + QR + SR + PS
372 =14+ QR+ 10+6
Length of CG = length of DE = h QR=372-14-10-6
Length of AF =length of DC=a =72
.. Length of FB = length of AB - length of AF - length of QR=7.2m

=b-a
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Exercise 12B 8.

1.

OXFORD

(i) Perimeter of parallelogram = 2(10 + 6)
=32cm

(ii) Area of parallelogram =6 x 9

=54 cm?
(i) Perimeter of rhombus =4 x 5.6

=224 cm
(ii) Area of rhombus =5.6 x5

=28 cm?

(a) Area of parallelogram = 12 x 7

= 84 cm?

(b) Base of parallelogram = 4—62

=7m
(c) Height of parallelogram = %
=5.5mm
Area of parallelogram = QR x SU
=10x11.2
=112 m?
PQ x ST = area of parallelogram
PQx8 =112
112
PQ=—=
Q 8
=14
.. length of PQ=14m
Area of rhombus = BD x AE
448 =BD x 6.4
BD = 44.8
6.4
=7cm

10.

11.

Perimeter of rhombus =4 x 7
=28 cm
(i) Perimeter of trapezium = 35.5+ 18 + 20 + 16
=89.5cm

1
(ii) Area of trapezium = 5 x (35.5 +20) x 15
=416.25 cm?

1
(a) Area of trapezium = 5 x(7+11)x6

:lx18x6
2

=54 cm?

(b) Height of trapezium = o

1
—X(8+10
5 ( )

126

l><18
2

126
9
=14 m

(c) Length of parallel side 2 of trapezium

UNIVERSITY PRESS

(i) Area of trapezium = = x (PQ + RS) x PT

185 = — x (12 + RS) x 10

[N SN

=5x (12 +RS)
12+RS = 22
5
=37
RS =37-12
=25
.. length of RS =25 m
(ii) Perimeter of trapezium = PQ + QR + RS + PS
61 =12+ QR+25+13
QR=61-12-25-13
=11
.~ lengthof QR=11m
Let the perpendicular height from F to AD be h cm.
Area of parallelogram ABFG = %
=351 cm?
ABx h =351 cm?

Area of shaded region = % xBCxh

Since AB = % x BC, % x BCx h=ABx h.

... area of shaded region = 351 cm?

Total area of duct tape needed

= total area of 3 parallelograms of base 5 cm and height 18 cm

=3x(5x18)

=270 cm®

(i) Let the height of the parallelogram ABCD with reference to
the base BC be h cm.
Area of parallelogram ABCD = BC x h = 80 cm?

Area of AABE = % x BEx h

= 1 x2BCx h
2

=BCxh

=80 cm?
Let the height of the parallelogram ABCD with reference to
the base DCbe i’ cm.
Area of parallelogram ABCD = DC x h' = 80 cm?

(ii)

Area of AADF x DF x '

x lDth’
2
x DC x h'

x 80

2

cm



12. Areaof AAED = % x AE x ED =25 cm?

AExED =50
Area of trapezium BCDE = = x (EB + DC) x ED

- % x (3AE + 4AE) x ED
1

= 5 x 7AE x ED
7

= - xAEx ED
2
7

= — x50
2

=175 cm?

13. (a)
HOem |- em

(b)

Circumference and area of circles

Practise Now 11A

(i) AD,CF

(ii) OA, OC, OD and OF

(iii) (a) OA=OF

Both OA and OF are radii of the circle.

AD=CF

Both AD and CF are the diameters of the circle.

BE<CF

The diameter is the longest line segment connecting two

(b)
(©

points on the boundary of a circle. BE is not the diameter of
the circle.

Investigation: Formula for circumference of circle
1.

circumference
diameter circumference diameter
(to1d.p.)
3cm 9.4 cm 3.1
4 cm 12.5cm 3.1
5cm 15.7 cm 3.1
6 cm 18.8 cm 3.1
p, Cireumference 5, 01 4p)
diameter

circumference = 3.1 x diameter

.. the circumference of a circle is approximately 3.1 times its
diameter.

Teachers may highlight that since 7 is a ratio of two lengths
(circumference and diameter), it does not have units.

Investigation: Formula for area of circle

1. ABCD resembles a rectangle.
2. Circumference = td

AB = % x circumference

:lxnd
2

nd
2
=nr

3. Areaof rectangle ABCD = (% x circumference) x r

=qrxr
= nr?
Practise Now 11B
1. Circumference of circle = ntd
=mx12
=37.7 cm (to 3.s.f.)
Radius of circle = 6 cm
Area of circle = ntr?
=7 x (6)?
=m % 36
=113 cm? (to 3 s.f)
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2.

Area of semicircle = — x area of circle

X
a
s

X

a

X
—~
©
=
<

=101 cm? (to 3 s.f.)

1
Length of arc AB = — x circumference

x 1td

2

1
2

Tt

QU

2
=nr

=m X8
=25.133 cm (to 5 s.f.)
.. Perimeter of semicircle
= length of arc AB + AB
=25.133+16
=41.1 cm (to 3 s.f.)

Practise Now 12
1. Area of the circle = 804 cm?

murt = 804
o 804
TT

804
r=a—
EL1
=15.996 (to 5 s.f.)

« circumference of the circle = 2mr
=2 X7 x 15.996

=101 cm (to 3 s.f)
2. (i) Circumference of the larger circle =75 m

2nr =75
75
r=—
2n

r=11.937 m (to 5 s.f.)
AB =r
=11.9m (to 3s.f.)

(ii) Circumference of the smaller circle = nd
=m x 11.937

=37.5m (to 3s.f.)
(iii) Radius of smaller circle = AB + 2
=11.937 +2
=5.9685 m
Area of the circle = wur?
=7t % (5.9685)?
=112 m? (to 3 s.f.)

OXFORD

UNIVERSITY PRESS

Practise Now 13
(i) Perimeter of unshaded region = % x 2m(14) + 2(14)

=21m + 28
=94.0 cm (to 3 s.f.)

(ii) Area of unshaded region = Z x 1(14)?

= 147mn
=462 cm? (to 3 s.f.)
(iii) Area of shaded region = area of square - area of unshaded region
= (2x 14)? - 147x
=282 -147n
=784 - 147w
=322 cm?(to 3s.f)



Class Discussion: Perimeter and area of composite figures in
real-world contexts

1. Number of square tiles needed = 60 X 360
60 60
=11x6
=66
2. (a) 13 050
3150 3300 3300 . 3300
N N
(=}
(=}
01
15.18 m?
T BEDROOM 2
E
=
7.4025 m?
(=
g BEDROOM 3
ISR
(=}
2| |2
(=}
(=}
4 \O
(=3
(=}
o =
(=] —
<}
(o]
T =)
(=]
R
N

8875 2400 2500

Total floor area = 99.0725 m*

(b) Using mm?will result in very large numbers. When measuring
area, we should use the most appropriate unit that will make
computation more manageable and convenient.

3. Therectangle is the most useful as the formula to calculate its area
is the most straightforward and it can be easily marked out from
most composite plane figures.
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Exercise 12C
L. Radius Circumference Area
(a) 8 cm 50.3 cm 201 cm?
(b) 5.51 cm 34.6 cm 95.3 cm?
(c) | 9.80 mm 61.6 mm 302 mm?
(a) Circumference = ntd
=m X (2r)
=2mr
=2m(8)
=50.3 cm (to 3 s.f)
Area =mr?
=7 (8%

(b)

(©)

@)

(ii)

=201 cm? (to 3 s.f.)

Circumference = nd
=2nr
.= circumference
21
346
T o
=5.5068 cm (to 5 s.f.)
=5.51 cm (to 3 s.f.)
Area = nr?
= 71(5.5068)?
=95.3 cm? (to 3 s.f)
Area = mr?
= nr?
_ Area
T on
= Area
T
_ [2
7
=9.8046 mm (to 5 s.f.)
=9.80 mm (to 3 s.f.)
Circumference = rtd
=2nr
=2m(9.8046)

=61.6 mm (to 3 s.f.)
Let x be the diameter of the smaller circle.

Circumference of smaller circle = mtx
o circumference

T
314
T
=9.9949 cm (to 5 s.f.)
Radius of semicircle = x
=9.99 cm (to 3 s.f)
Area of semicircle = — X mx?

—1 | =

=— x 7 % (9.9949)*

[\

=156.92 cm? (to 5 s.f.)
Radius of smaller circle = 9.9949 + 2
=4.9975 cm (to 5 s.f.)
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Area of smaller circle = t(4.9975)?

=78.461 cm? (to 5 s.f.)
.. area of shaded region
= area of semicircle - area of smaller circle
=156.92 - 78.461
=78.5cm? (to 3 s.f)

1
(a) Perimeter of figure =5+ 3 + 5 x 27(2)

=8+2m
=14.3 m (to 3 s.f.)
Area of figure = area of triangle + area of semicircle

1 1
= x2(2)x3+ = xmx2?
2 2

=6+2m
=12.3 m? (to 3.s.f)
. 1 18 1
(b) Perimeter of figure :Z{Exnx(?)} + 5 xmx 18
=9m + 97
=56.5 cm (to 3 s.f)

2 18 2
Area of figure =2 l><7r>< 18 +lxnx(—)
2 4 2 2

=191 cm? (to 3 s.f.)
(i) Perimeter of figure = 27(2) + 2(9 - 2 x 2) + 2(3)
=4n+2(5)+6
=4t +10+6
=4+ 16
=28.6 m (to 3s.f)
(i) Area of figure = area of rectangle - area of four quadrants
=9 x [2(2) + 3] - n(2)?
=9x7-4mn
=63 -4mn
=50.4 m? (to 3 s.f.)
Total area of shaded regions
= area of rectangle — area of parallelogram - area of circle —
area of triangle
=(12+14)x (15+10) - (12 + 14 - 5-2) x 10—:5(4)2—% x12x15
=26x25-19x10- 167 -90
=650 - 190 - 167 - 90
=370 - 167
=320 cm? (to 3 s.f.)
Area of figure = area of trapezium ABCE
—area of parallelogram GHDE - area of semicircle

2
1 1 1
— x(12+13+15)x24-13%x16- — x ]
2 2 2

% x 40 x 24 - 208 - % x 7(7.5)*

=480 - 208 - 28.125%
=272 -28.125n
=184 cm? (to 3 s.f.)



10.

11.

(i) Area of cross section of stool
= area of bigger trapezium - area of smaller trapezium

1 1
= 2 X (35+45)x30 - — x (15+30x 15)

=1200 - 337.5
=862.5 cm?
(ii) Area of cross section of new stool
= area of trapezium - area of semicircle

2
:1200—lxnx ﬂ
2 2

=1200 - % x 7t x 152

=1200 - 112.5m
= 846.57 cm? (to 5 s.f.)
Percentage decrease in cross-sectional area

_ 862.5-846.57

-~ 8625

=1.85% (to 3 s.f.)
Area of figure

x 100%

1 1 1
=3 x15%x 3 + [Ex(3+6.6)><6—5><(1.5+3)><3.6}

2
+ l><(6.6+13.5)><6—11t(&)
2 2 2

=225+ (28.8-8.1) +(60.2 - 11.52m)

=103.4 - 11.521

=67.209 cm? (to 5 s.f.)

Area of paper =210 mm x 297 mm
=21cm x29.7 cm

=623.7 cm?
67.209
Percentage of paper used = x 100%
623.7
=10.8% (to 3 s.f.)
Radius of each circle = 0’185 cm
1
Area of shaded region= — x2 0785 |0785
2 T T
0.785
7
=0.250 cm? (to 3 s.f.)
Area of grass within the goat’s reach = 7(1.5)
=2.25m m?

Time the goat needs to eat the grass = 2.251 x 14
=99.0 minutes (to 3 s.f.)

12. The square ABCD is divided into 16 equal smaller squares as

shown.

28 cm

Perimeter of the shaded region

= circumference of one circle

=m(14)

=44.0 cm (to 3s.f)

The squares containing the shaded region can be rearranged as
shown.

.. Area of shaded region

2
=14-=n 14
2

=42.1 cm?(to 3s.f)
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Chapter 13 Statistical Data Handling

TEACHING NOTES
Suggested Approach

In primary school, students have learnt statistical diagrams such as pictograms, bar graphs, pie charts and line graphs. In this
chapter, students revisit pictograms, bar graphs and pie charts. They are expected to know and appreciate the advantages and
disadvantages of each diagram. With such knowledge, students can choose the most appropriate diagram to display the results of
a given statistical investigation. Teachers may want to provide more examples when introducing the various stages of a statistical
study and involve the students in evaluating and discussing the issues that arise in each stage. Knowledge from past chapters may
be required, such as percentages.

Section 13.1: Frequency table

Teachers should define statistics as the collection, organisation, display and interpretation of data. Teachers may
highlight that a frequency table is primarily used to organise the data collected. Terms such as ‘statistical data’,
‘frequency’ and ‘total frequency’ should be clearly defined. An example of how the data in Table 13.1 is organised
vertically can also be shown. Teachers can get the students to give some examples of categorical and numerical data.

Section 13.2: Pictogram

Using the class discussion, students can be guided to interpret pictograms and identify its advantages and
disadvantages (see Class Discussion: Purpose and appropriateness of pictogram). Teachers should remind
students that when drawing a pictogram, the key must always be included. The same picture can be used to
represent all the categories (see, for example, Exercise 13A Question 1). Teachers may ask the students to construct a
frequency table to represent the data given in the pictogram.

To support struggling learners, teachers can recap multiplication of mixed numbers, e.g. 2% pictures of pears

represent 2% x 20 = 50 pears.

Section 13.3: Bar graph

Teachers can build upon what students have learnt about pictograms to introduce bar graphs (see Fig. 13.4 and
13.5). Teachers may involve students in discussing the advantages of the bar graph over a pictogram, and vice versa
(see Class Discussion: Purposes and appropriateness of bar graph). Teachers should stress that the frequency axis
of a bar graph should start from zero, and the bars are spaced at regular intervals.

Section 13.4: Pie chart

Some students may still be unfamiliar with calculating the size of the angle of each sector in a pie chart when attempting
to construct a pie chart (see Class Discussion: Construction and usefulness of pie chart). As such, teachers may wish
to support struggling students by reminding them that the sum of angles at a point is 360°, and 360° represents the
total frequency of a data set.

To guide the students in identifying the advantages and disadvantages of a pie chart, teachers may ask the students
to compare the information displayed in Fig. 13.5 or Fig. 13.6 with those in Fig. 13.8(b).

Section 13.5 Evaluation of statistical representations

Teachers can use the examples in the class discussion (see Class Discussion: Evaluation of statistical representations)
to guide students to evaluate statistical data and to discuss the instances of statistical misuse. The importance of not
engaging in any unethical behaviors, ensuring objectivity and providing the complete picture without omitting any
forms of misrepresentation need to be inculcated in the students at the end of the class discussion.

Section 13.6 Statistical investigation

Teachers can show the four stages of investigation randomly and ask the students to arrange them in the order that
each one is carried out. Using the class discussion as a guide (see Class Discussion: Stages of statistical investigation),
teachers can get the students to discuss considerations and potential issues that can arise at each stage of a statistical
study.

Teachers may want to assign small-scale projects for students where they conduct their own statistical studies (see
Performance Task on page 355). Such projects allow students to apply what they have learnt about statistical data
handling in real-world contexts.
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Worked Solutions

Introductory Problem
100 units were sold in January while 120 units were sold in February.
Since 120 # 2 x 100, Bernard is wrong.

)

Class Discussion (Purposes and appropriateness of pictogram)
Part 1:
1. The favourite fruit is the watermelon.

) Pictogram

2. 50 students chose pear.
3. 75 students chose honeydew.
4. Not every picture can be divided equally into 4.

Part 2:

5. Bernard is correct. According to the key, each picture
represents 5 vehicles. Hence, 3 x 5 = 15 students travel by bus
and 4 x 5 = 20 students travel by car.

.. more students travel by car and the length of the picture does
not affect the number of vehicles.

6. To avoid a misinterpretation of the data, we can replace
each bus and each car in the pictogram with a standard icon.
Alternatively, the bus and the car should be of the same length.

7. It might look odd as a bus is much bigger than a car in real life.
However, it is just a representation.

8. An advantage is that the pictures are colourful and appealing.
Disadvantages include the difficulties involved in drawing
pictures and a fraction of a picture. Inaccurate drawings would
also likely result in misinterpretation.

Practise Now 1A
(i) (a) Profit earned by the company in 2020 = 5.5 x $1 000 000
=$5500 000
(b) Profit earned by the company in 2022 =7 x $1 000 000
=$7 000 000
(ii) The company earned the least profit in 2019.
Decrease in profit from 2018 to 2019 = 1.5 x $1 000 000
=$1500 000

Bar graph

)

Class Discussion (Purposes and appropriateness of bar graph)
Part 1:
1. A pictogram is more visually appealing.

2. There is no need to draw pictures. The values can also be read
off the axis, so there is no need to count the number of pictures
unlike in the interpretation of a pictogram.

Part 2:

3. When the frequency axis does not start from zero, the graph
can be easily misinterpreted.

4. The range of values of the data set will affect whether or not the
frequency axis should start from zero.

Practise Now 1B
1. (i) Black is the least popular colour.
(ii) No, the bar graph does not have a mistake. The y-axis
of the graph shows that the corresponding values are in
thousands, i.e. there are 3500 grey cars and 1500 black cars.

A Sales of television sets in 7 shops

NT. 1
FO November

Number of television sets

Shop 1 Shop2 Shop3 Shop4 Shop5 Shop 6 Shop7
Shop

(i) (a) Total number of television sets sold in the seven shops
in November
=60+30+50+70+40+64+70
=384
(b) Total number of television sets sold in the seven shops
in December
=90+48+80+ 112+ 80+ 88 +96
=594
384
384+ 594
ﬁ x 100%
978
=39.3% (to 3s.f)
70+ 96

(iii) Required percentage = x 100%

(iv) (a) Required percentage = x 100%

@ x 100%
978
=17.0% (to 3 s.f.)

(b) No, I do not agree with the manager. Since Shop 2

sold the least number of televsion sets in November
and December, it should be closed down.
(v) The company performed better in terms of sales in
December. The graph shows that more television sets were
sold in December than November in all seven shops.

Exercise 13A

1. (i) The greatest number of buses were registered in June and
July.
Number of buses registered = 5 x 50

=250

OXFORD

UNIVERSITY PRESS



(ii) Total number of buses registered
=(25+5+5+3.5+2) x50
=18 x50
=900
(iii) Total amount collected = 900 x $220
=$198 000
1.5x50
250
=30%

(iv) Percentage decrease in number of buses = x 100%

(i) Students who play volleyball, basketball or tennis

Volleyball

Key:
Basketball
represents

Tennis 10 students

(ii) Required ratio=4:5

5
(iii) Required percentage = r x 100%
1
=83 3 % or 83.3% (to 3 s.f.)

Newspaper distribution to households

350
300
250

200T

150

100+

Number of copies (in thousands)

50T

2020 2021

=
4

2017 2018 2019

Year
(i) Total number of gold medals attained
=17+7+10+22+39

=95

(ii) Percentage of gold medals attained by France

=19, 100%
95
=10.5% (to 3 s.f.)

(i) Total number of workers employed in the town
=4x1+6x2+5x3+3x4+2x5
=4+12+15+12+10
=53

6.

Number of students

188

OXFORD
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(i)

Total number of shops in the town
=4+6+5+3+2

=20
Number of shops hiring 3 or more workers =5 + 3 + 2
=10
. 10
.. Required percentage = 20 x 100%
=50%

()

Class Class | Class | Class | Class | Class

1A 1B 1C 1D 1E

Number of

students who

scored a distinction 9 1 16 12 20

in Mathematics

Number of

students who

scored a distinction 8 13 12 16 15

in Science

Students who scored a distinction in
Mathematics or Science
25 . O Mathematics
204F— = [ Science
15 =
10 iﬁ
5 l_.
0+
1A 1B 1C 1D 1E
Class
(ii) (a) Total number of students in the 5 classes who score a
distinction in Mathematics
=9+ 11+16+12+20
=68
(b) Total number of students in the 5 classes who score a
distinction in Science
=8+13+12+16+15
=64
. 12
(iii) Required percentage = 5 100%
=17.6% (to 3 s.f.)

(iv) Percentage of students in Class 1D who score a distinction

in Science
16

= — x 100%
40

=40%

(v) No, Waseem is not correct to say that there are 35 students
in Class 1E. There may be students in the class who did not
score distinctions in both Mathematics and Science. There
may also be students in the class who scored distinctions in
both Mathematics and Science.

(i) Number of candidates who took the test in March
=950

(ii) Number of candidates who failed the test in June
=500



(iii) Total number of candidates who failed the test in the six
months
=400 + 350 + 350 + 400 + 450 + 500
=2450

.. Required percentage = x 100%

0

2450

=20.4% (to 3 s.f.)

(iv) The percentage of successful candidates increases over the
six months as candidates who failed in the first few months
could have learnt from their mistakes and passed the test on
their next attempt in the later months.

Pie chart

Class Discussion (Construction and usefulness of pie chart)
Part 1: Construction

1.
Fruit Apple Pear |Honeydew|Watermelon| Orange
Number
of 100 50 75 150 125
students
Angle | 100 55501 20 3600| 72 x 3600| 120 3600 | 122 x 360°
of 500 500 500 500 500
sector |=72° =36° =54° =108° =90°
2.
Apple
Orange
Pear
H

Watermelon oneydew
3. From the pie chart, watermelon is the most popular fruit among

the 500 students. It has the largest sector size (or largest angle).
4. (i) Fraction of students that like orange the most = i

(ii) No, it is difficult to tell from the corresponding bar graphs

1
that orange is the favourite fruit of 1 of the 500 students.

Part 2: Advantages and disadvantages

5.

It is easier to compare the relative size of each category (sector)
with the whole using a pie chart.

It is difficult to compare sectors if they are similar in size.
Based on the 3-dimensional pie chart, Raju spends the most on
entertainment.

Based on the 2-dimensional pie chart, Raju spends the most on
rent.

10.

11.

In a 3-dimensional pie chart, the sizes of the sectors will look
distorted. The sectors towards the back of the pie chart will appear
smaller than those towards the front.

We should be aware that a sector at the back of a 3-dimensional
pie chart may appear smaller than a sector in the front, even if it
corresponds to a larger quantity. Therefore, we should compare
the actual frequency of each sector when a 3-dimensional pie chart
is used.

It is not easy to tell by just looking at the pie chart. However, a
protractor can be used to measure the angles of the sectors.

Practise Now 1C

(@

Imran’s total expenditure on the holiday
= $1000 + $1200 + $400 + $1200 + $200
= $4000

Item Angle of sector
$1000 .
Food $4000 x 360° =90
$1200
Sh i 360° = 108°
opping $4000 X
400
Hotel 3 x 360° = 36°
$4000
Air ticket $1200 x 360° = 108°
$4000
Others $200 x 360° = 18°
$4000
Others

Air ticket
108

108°

Shopping

Practise Now 1D
4x° 4+ 2x° + 237.6° = 360° (Ls at a point)

4x° + 2x° = 360° - 237.6°

6x° =122.4°
x° =204°
Sox =204
4(20.4°
(ii) Required percentage = % x 100%
= 81.6 x 100%
360°

= 22% % or 22.7% (to 3 s.f.)
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(iii) Angle of sector representing cranberry juice = 237.6°
237.6° represent 759 ml

R 759
1° represents m
237.6

360° represent 759 x 360 ml
237.6

= 1150 ml
.. amount of fruit punch in the jar = 1150 ml

Journal Writing (Page 348)

(a) A bar graph or pictogram can be used, where the months are
treated as ‘labels’ for the last two. Twelve sections will be too
cluttered for a pie chart. (For small frequency, a pictogram
without scales can be used, so that fractions of pictures do not
need to be drawn.)

(b) A bar graph or pie chart can be used. The same issue as in part
(b) applies for the use of a pictograms with scales. Line graphs
are not suitable for categorical data.

(c) A pie chart is ideal to display fractions and categorical data.

Evaluation of statistical representations

Class Discussion (Evaluation of statistical representations)

Part 1: Collection of data

2. Itis stated in the article that the poll was conducted on the
UEFA website. As such, the voters who took part in the poll
were most likely to belong to the younger generation who are
more computer-savvy and hence, the voters were unlikely to be
representative of all football fans.

3. Asshown in the article, the number of votes for the three
footballers were close, with 123 582 votes for Zidane, 122
569 votes for Beckenbauer and 119 332 votes for Cruyff. This
is despite the fact that most of the younger generation, who
were most likely to have voted in the poll, may not know who
Beckenbauer and Cruyff are as they were at the peak of their
careers in the 1970s. Hence, if older football fans were to
participate in the poll, Zidane would probably not have come in
first place.

4. The choice of a sample is important as if the sample chosen for
collection of data is not representative of the whole population,
the figures that are obtained may be misleading. Hence, a
representative sample should be chosen whenever possible.

Part 2: Organisation of data

5. Banks and insurance firms, timeshare companies and motor
vehicle companies received the most number of complaints.

6. The article states that banks and insurance firms, which were
grouped together, received the most number of complaints.
If banks and insurance firms were not grouped together, it is
possible that timeshare companies received the most number
of companies. For example, if the 1416 complaints were split
equally between banks and insurance firms, they would have
received 708 complaints each, then the number of complaints
received by timeshare companies, i.e. 1238 complaints, would
have been the greatest.
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7. This shows that when organising data, it is important to
consider whether to group separate entities as doing so might
mislead consumers and result in inaccurate conclusions.

Part 3: Display of data

8. Although the height of the bar for Company E appears to be
twice that of the bar for Company C, Company E’s claim is
not valid as the bars do not start from 0. By reading off the bar
graph, Company E sold 160 light bulbs in a week, which is not
twice as many as the 130 light bulbs sold by Company Cin a
week.

9. For bar graphs, if the vertical axis does not start from 0, the
height of each bar will not be proportional to its corresponding
frequency, i.e. number of light bulbs sold by each company in a
week. Such display of statistical data may mislead consumers.

Part 4: Interpretation of data

10. The conclusion was obtained based on a simple majority,
i.e. since more than 50% of the employees were satisfied
with working in the company, the survey concluded that
the employees were satisfied with the company and that the
company was a good place to work in.

40 x 300

100

= 120 employees

It is stated in the article that 40% of the employees, i.e. 120

employees were not satisfied with working in the company.

11. 40% x 300

As such, even though a simple majority of the employees was
satisfied with working in the company, it cannot be concluded
that most of the employees were satisfied. This shows that we
should not use simple majorities to arrive at conclusions or
make decisions.

12. The amendment of the constitution of a country is a very
serious matter where the agreement of a simple majority is
insufficient, therefore there is a need for a greater percentage
of elected Members of Parliament (MPs) to agree before
the constitution can be amended. As a result, the Singapore
government requires the agreement of at least a two-third
majority before the constitution can be amended.

13. Itis important to have a basis or contention in order to decide
on an issue, and that in some occasions, it is insufficient to
make decisions based on a simple majority.

Part 5: Ethical issues

It is unethical to use statistics to mislead others as it is essentially
a form of misrepresentation and people may arrive at the wrong
conclusions or make the wrong decisions.

Statistical investigation

Class Discussion (Stages of statistical investigation)

1. They have to decide how many and which sports to play. This
can be based on the resources that they have, e.g. they may have
the resources to organise only three sports or the equipment for
certain types of sports.



10.
11.

12.
13.

A possible way is to look at the number of students in the various
sports co-curricular activities (CCA) - which is not a statistical
investigation. However, this is not ideal because a CCA is restricted
by the number of students it can accommodate, and does not
demonstrate the overall popularity of the sport. Another way is
to survey the students.

It is usually not practical, unless the school population is small.
We can survey a number of students, e.g. 100.

Some students may go and play some sports such as soccer or
basketball during recess, and these are the students who may be
more likely to take part in the Games Day.

In this case, we want the sample to be representative of students
who may be more likely to take part in the Games Day.

If we want it to be representative of students who may be more
likely to take part in the Games Day, we should survey students
who are more active in sports or those who play sports during
recess; if we want it to be representative of entire student
population, we have to try to survey students from a variety of
locations in the school during recess.

It is harder for a sample to be representative if its size is too small.
If the sample size is too big, the student council may not find
enough students to survey, and/or they may not have the resources
to organise and analyse such a large amount of data.

Include all sports offered by the school, or all sports the school
council has the resources to carry out, or just the more popular
sports. Exclude sports where the competition is too long to be
completed in one Games Day.

The list can include a category called ‘Others (please specify)’.
Although the question of the statistical investigation posed in Stage
1 might ask for 3 sports, it is sufficient for the survey question to ask
for 1. The 3 sports should be chosen based on the 3 most popular
sports among the student population, and not to individuals. This
will ensure that there will be at least 1 sport for majority of the
students to play.

This facilitates easy counting in multiples of five.

Sport

Tally Number of students

Soccer

176

TEEE
EEE
EEE
EEE
EEE

Volleyball

144

=
ESES

Basketball

100

Hockey

£ EE | EEE

EE =
ESE =

88

Netball

92

£E EE | EE  FEE | EEEE
EE EE | EE EEE EEEE
EE \EE | EE EEE EEEE
X EE | EE  EEE EEEE
EE \EE | EE EEE EEEE

EE \EE | EE  EEE
EE EE | EE EEE

EE
==
ES

Total

600

Table 13.3

14.

15.

16.

17.
18.

19.

Check if the total frequency tallies with the number of survey
participants (or sample size).

Yes, abar graph is an appropriate choice. A pie chart is not suitable
as the aim is not to find the fraction of each category out of the
whole. The likelihood of having to draw fractions of pictures makes
a pictogram with scales unsuitable. Line graphs are for numerical
data and we are not looking at trends over time.

Opinions may be divided, but in general, it may be easier to draw
a conclusion from the bar graph unless the heights of two bars are
almost the same.

Soccer, followed by volleyball and then basketball.

Yes, because the sample may not be representative of the
population.

The student council can conduct another survey to choose between
basketball and netball, but this is time consuming. They can just go
ahead with basketball since it does not entail serious repurcussions.

Exercise 13B
1. Total number of students surveyed = 768 + 256 + 64 + 192
=1280
Mode of transport Angle of sector
Bus 768 x 360° = 216°
1280
Car 256 x 360° = 72°
1280
) 64 o _1g0
Bicycle 280 % 360° =18
Foot 192 x 360° = 54°
1280

(i) Angle of sector that represents number of students who
prefer yam
=90°
(i) Angle of sector that represents number of students who
prefer vanilla
=360° - 120° - 90° - 50° (£Ls at a point)
=100°

o

10
(iii) Required percentage = 36 x 100%

0°

= 27% % or 27.8% (to 3 s.f.)

o

x5

(iv) Total number of students in the class = 360(1

=36
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180°
3. (i) Required percentage = 360° x 100% (iii) Total school population = 45 + 225 + 540
— 50% =810 ,
(ii) Required percentage 72° « 100% Number of female teachers in the school = 3 X 45
= o
q p 8¢ = 3600 a0
=20% ) -
1 Number of females in the school =225 + 30
17 2 =255
(iii) x° = x 360°
1 . 255
.. required percentage = — x 100%
= 63° 810
.. Xx=63 =31.5% (to 3 s.f.)
4. (i) Total number of cars in the survey = 20 + 25 + 20 + 30 + 25 6 > % 360° = 120°
=120 I+x+5
(ii) Total number of people in all the cars 5 0 _ Lo
=20x1+25x2+20x3+30x4+25%5 6+x  360°
=20+ 50 + 60 + 120 + 125 > 1
=375 6+ x 3
(iii) Number of cars with 4 or more people = 30 + 25 1 6+x
=55 Sx =9
55 7. No. The pie chart may lead one to conclude that Brand A has
<. required percentage = 120 % 100% avery significant market share. Based on the percentage of market
5 share, Brand A + Brand B = 35% + 15% = 50% and Brand C +
=45 5 % or 45.8% (to 3 s.f.) Brand D =28% + 22% = 50%. Thus, an accurate chart should show
(iv) Angle of sector that represents number of cars with 1 person a division of exactly half.
=20 3600
120
=60°
Angle of sector that represents number of cars with 2 people
=2 3600
120
=75°
Angle of sector that represents number of cars with 3 people
20
= — x 360°
120
=60°
Angle of sector that represents number of cars with 4 people
=30 60
“ 120 %
=90°
Angle of sector that represents number of cars with 5 people
=2 3600
120
=75°

5. (i) Total angle of sectors that represent number of female
students and teachers in the school
=360° - 240° (Ls at a point)
=120°
Angle of sector that represents number of teachers in the
school

x 120°

[N

0°
Number of female students in the school = 5 x 45
=225

=~ N

(ii) (a

o

240
(b) Number of male students in the school = >0 x 45

=540

OXFORD

UNIVERSITY PRESS



